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Abstract

We study the formation of rst bound objects in the Universe after recombination. We
trace the evolution of a spherically symmetric density perturbation in the = 1 Cold Dark
Matter (CDM) model with baryon and dark matter contributions respectively b = 0 1 and
dm = 0 9. Physical processes in the collapsing gas relevant to various stages of the nonlinear
collapse of low mass objects are considered. We nd that the rst density perturbations which
collapse to form luminous objects have baryon mass in the range 103 ; 104 . The nal
collapse of these objects is triggered by the cooling due to 2 molecules and it starts early
at redshifts  20. The role of the initial baryon overdensity in the collapse of density
perturbations in CDM model is studied.
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1 Introduction
Cosmological observations [1], [2] strongly suggest that the rst generation of luminous objects
in the Universe could form at high redshifts, possibly as high as z  10 ; 30 [3]. These rst
baryonic objects usually are referred to as Population III stars. The formation of rst Population
III objects ended "dark ages" [4] in the evolution of the Universe. In most popular cosmological
models with hierarchical structure formation, the rst baryonic objects form from a few  ( 3 )
density uctuations on small scales that collapse rst [5].
1 This research is partially supported by the Polish State Committee for Scienti c Research (KBN), grant no.
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To study the structure formation powerful 3-dimensional simulations techniques are now
available (e.g. [6]). However, much simpler 1-dimensional calculations are sucient to assess
the role of gas dynamical processes which in uence crucially the dynamics of collapse of lowmass gas clouds. In this approach the formation of the rst cosmological bound objects was
studied recently by Haiman, Thoul and Loeb [5] who included in the hydrodynamical simulations
detailed thermal and non-equilibrium chemical evolution of the primordial gas. They found that
objects of mass lower than linear-theory Jeans mass can form at redshifts z > 10. A similar
analysis was performed by Tegmark et al. [7] who considered the problem how small were the
rst cosmological objects.
In this paper we consider the evolution of a single spherically symmetric density perturbation
in the early Universe starting soon after recombination until it nally forms a bound stationary
object. As an underlying cosmology we choose the = 1 Cold Dark Matter model with b = 0:1
and dm = 0:9. Our aim here is to extend the analysis of Ref.[5] to study how some assumptions
concerning the initial perturbations made in Ref.[5] a ect conclusions regarding the cosmological
formation of low-mass objects. In particular, we study the sensitivity of the collapse of rst
clouds to the initial value of the baryon matter overdensity for a given dark matter density
perturbation and to di erent forms of this perturbation.
We start tracing the initial expansion of the perturbation at high redshift when its density
contrast is still small. Then we follow decoupling of the perturbation from the Hubble ow and
its subsequent collapse and formation of a virialized cloud. We include gas dynamics and various
cooling and heating processes operating in the expanding and collapsing cloud. The chemical
evolution of the collapsing primordial gas cloud is also accounted for.
After the initial collapse, a virialized gas cloud is formed. The kinetic energy of the infalling
gas is dissipated through shocks and the cloud becomes pressure supported. We study the
further evolution of the cloud which is determined by its ability to cool suciently fast. The
most important cooling mechanism for clouds of baryon mass in the range 103 ; 104 M is the
radiation of excited H2 molecules. The presence of a small amount of the molecular hydrogen H2
is crucial for triggering the nal collapse of low mass clouds which can form the rst luminous
object in the Universe.

2 Nonlinear evolution of a spherically symmetric density perturbation
A major approximation we use is the assumption of spherical symmetry. This assumption is
best justi ed in the case of rst objects formed in the Universe which are supposed to originate
from the rare highest uctuations in the primordial density eld [8]. It allows us to assess the
role of gas dynamics in the collapse of rst low-mass clouds.
The spectrum of density uctuations has more power on small scales, hence the rst nonlinear
structures are expected to occur on relatively small scales [9]. As we are interested in small
scales, much lower than the horizon, we use Newtonian gravity and treat the expansion of the
Universe as a hydrodynamical ow. To describe the evolution of a spherically symmetric density
perturbation in the nonlinear regime we use Lagrangian coordinates. We divide both baryonic
and dark matter into concentric shells. The dynamics of primordial matter is given by the
equations below.
The continuity equation for baryonic matter reads

dMb = 4r2% ;
(1)
b b
drb
where rb is the radius of a sphere of mass Mb . The radial velocity of the surface of this sphere is
2

drb = v ;
dt b

(2)

dvb = ;4r2 dp ; GM (rb) ;
b dM
dt
rb2
b

(3)

and the acceleration satis es the dynamical equation
where M (rb ) = Mb (rb ) + Mdm (rb ) is the total mass within radius rb .
The energy conservation condition for baryonic matter reads
du = p d%b +  ;

(4)
%2b dt %b
where u is the internal energy per unit mass, p is the pressure and %b is the baryon density. The

dt

last term in the eq.(4) describes cooling/heating of the gas, with  being the energy absorption
(emission) rate per unit volume.
We use the equation of state of the ideal gas

p = ( ; 1)%bu;

(5)
where = 5=3, as the primordial baryonic matter after recombination is assumed to be composed
of monoatomic hydrogen and helium with a small (but very important) admixture of molecular
hydrogen H2 .
Dynamics of dark matter is simpler, as we assume it to be collisionless. The continuity
equation is

dMdm = 4r2 % ;
(6)
dm dm
drdm
where rdm is the radius of dark matter sphere of mass Mdm . The radial velocity of this sphere
is

and the acceleration reads

drdm = v ;
dm
dt

(7)

dvdm = ; GM (rdm) :
2
dt
rdm

(8)

To solve the above equations we must specify the cooling/heating function  and the the
initial conditions.

3 Initial conditions
Let us begin with the initial conditions. We start to follow the evolution of the perturbation
soon after the recombination at a suciently high redshift that the perturbation is still in the
linear regime. We choose the initial redshift to be zi = 500 as in [5]. It corresponds to the time
ti = 1:1  106 y after the singularity.
We use two initial density pro les: the perturbation used by Haiman, Thoul and Loeb [5],
and the commonly used Gaussian perturbation. The density pro les of baryonic and dark matter
perturbations used by Haiman, Thoul and Loeb [5] are of the form
% (r) = % (1 +  sin kr );
(9)
i

i c

i

3

kr

where i = b; dm and %c is the critical density of the Universe, %c = 3H 2=8G with H being
the actual value of the Hubble parameter. The quantities b and dm measure, respectively, the
baryon and dark matter density enhancement with respect to the mean densities %b = b %c and
%dm = dm %c.
For the pro le (9) there exist two distinguished values of the radius, r0 and rz which correspond, respectively, to the rst zero and the rst minimum of the function sin(kr)=kr. Inside
the sphere of radius r0 = =k which contains mass M0 , the local density contrast is positive.
The mass M0 and the radius r0 will be referred to as the cloud mass and the cloud radius,
respectively. The local density contrast is negative for rz > r > r0, with the average density
contrast vanishing for the sphere of radius rz = 4:49341=k with the mass Mz . According to
the gravitational instability theory in the expanding Universe, the shell of radius rz will expand
together with the Hubble ow not su ering any additional deceleration. It can thus be regarded
as the boundary of the perturbation and the mass Mz will be referred to as the bound mass.
We have made also some calculations with the Gaussian form of the initial overdensity:
!#

"

2
%i(r) = i %c 1 + i exp 2;Rr2 :
(10)
f
(e.g. [10]), and we de ne the mass of the cloud M0 as the mass inside the sphere of radius 2Rf

[11].
As the initial velocity we use the Hubble velocity for baryon matter,

vb(r) = Hr;

(11)

whereas for dark matter the initial velocity is [5]

vdm (r) = Hr(1 ; 31 < dm >r ):

(12)
The expression in brackets indicates averaging over the sphere of radius r. The slower expansion
of dark matter at zi = 500 results from the fact that the dark matter perturbations start to
grow earlier than do the baryon matter ones.
Finally, the amplitudes of baryon and dark matter perturbations, b and dm should be
speci ed. To do so one should use the power spectrum corresponding to the initial redshift
zi = 500 that provides rms density uctuations at a given mass M0 . For Cold Dark Matter
model we use the spectrum due to Bardeen et al. [12]. One should remember that the actual
value of the rms density uctuation  (z; M0) depends on the shape of the window over which
the density is averaged. However, this dependence is quite weak. For example,  (zi; 100M ) is
0.110 and 0.115 for top-hat and Gaussian windows, respectively [5]. Corresponding values for
M0 = 104M are (zi; M0) = 0:104 and  (zi; M0) = 0:100, for top-hat and Gaussian windows,
respectively [5].
There is considerable uncertainty in the initial value of the baryon density enhancement as
the baryon density perturbations start to grow only after the recombination. Below we treat the
ratio of baryon to dark overdensity as a phenomenological parameter that is not well known. In
our calculations we use a few values of b =dm in order to assess the sensitivity of the results to
a particular value of this parameter.
The Hubble constant value used in the calculations is H0 = 50km=sMpc.
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4 Baryonic matter components, chemical reactions and thermal e ects
To specify the cooling/heating function  in Eq.(4) one should include all relevant thermal and
chemical processes in the primordial gas. There are many papers discussing the most important
contributions to the function  (see e.g.[6]). We have collected for completeness useful formulae
from various sources in Appendix B.
The primordial gas consists of neutral atoms and molecules, ions and free electrons. In this
paper we have taken into account nine species: H, H; , H+ , He, He+ , He++ , H2 , H+2 and e; .
Some authors (e.g. Galli and Palla [Gal98]) include also deuterium and lithium.
It is useful to introduce the mass fraction yi for each component i

yi = %i ni ;

(13)

9 X
9
9
X
dni = X
a
k
n
n
+
dt l=1 m=1 lmi lm l m j =1 bji j nj :

(14)

b

where ni is the number density and i is the molecular mass of the species i. The abundance of
various species can, generally, change with time as the chemical reactions between species occur
and the ionization and dissociation photoprocesses take place in the hot gas. The chemical
reactions include such processes as e.g. the ionization of hydrogen and helium by electrons, the
recombination of ions with electrons, the formation of negative hydrogen ions, the formation
of H2 molecules, etc. The full list of relevant chemical reactions is given in the Appendix B.
Photoprocesses include ionization of neutral hydrogen H and helium He and He+ by photons,
and dissociation of negative hydrogen ions H ; and H2 molecules by photons.
Time evolution of the number density of the component ni is described by the kinetic equation:

At the right-hand side of the equation the rst component describes chemical reactions and
the other one describes photoionization and photodissociation. The coecients klm are reaction
rates, the quantities n are photoionization or photodissociation rates and almi and bji are
numbers equal to 0, 1 or 2 depending on the reaction.
All reaction rates, photoionization and photodissociation rates are given in the Appendix B.
The cooling (heating) function  includes terms due to such processes as the collisional
ionization of H; He and He+ , the recombination to H; He and He+ , the collisional excitation of
H and He+, Bremsstrahlung, the Compton cooling and the cooling due to H2 molecules. The
formulae for the heating/cooling contributions of various processes are given in the Appendix
B. They were taken from [5], [13] and [14].
The cooling function given in the Appendix B is a general one and can be applied in a wide
range of temperatures and densities encountered in cosmological objects. One should note that
for low mass objects which have virial temperatures of the order of a few hundred K, only a
limited number of reactions are important. Some authors attempt to select only those reactions
which are relevant in this restricted temperature range. These are so-called minimal models
proposed by Tegmark et al. [7] and by Abell et al. [13]. These approximations seem to be,
however, too crude for our purpose. In the calculations reported here we decided to include
most of the relevant reactions and processes.
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5 The role of molecular hydrogen H2
One of necessary conditions for a virialized gas cloud to collapse is the presence of an e ective
cooling mechanism. For high mass clouds that have virial temperatures of the order of 105K or
greater, the line emission is the ecient cooling mechanism. Also other processes listed in the
Appendix B can contribute. However, the virial temperature of gas clouds that have masses of
order of 103 M is only a few hundred Kelvins. The only known mechanism that may be e ective
in such temperatures is so-called H2 cooling, i.e. cooling by radiation of excited rotational and
vibrational states of H2 molecules.
The primordial gas is thought to include a small admixture of H2 molecules. The initial
fraction of H2 is very small, of the order of 10;6 . The H2 molecules may be created via two
channels, called H; channel

H + e; ! H ; + h
H + H ; ! H2 + e;
and the H+2 channel

H + H + ! H2+ + h
H2+ + H ! H2 + H + :
Both of these channels can operate because the recombination of cosmic plasma is not complete
[17]. There is some residual fraction of unrecombined electrons and positive hydrogen ions left in
the primordial gas after recombination, at the level of 10;4 (at z  100 [17]). The H ; channel is
not very e ective at redshifts z > 100 as the H ; molecule is easily photodissociated by photons
of CBR. At lower redshifts this channel dominates the production of H2 molecules.
The fraction of molecular hydrogen H2 in gas clouds which collapse becomes higher than the
initial value  10;6 . With increasing density in the collapse regions the fraction of molecular
hydrogen increases to about 10;4 ; 10;3 [17].

6 Numerical code
The dynamical equations (1)-(8) are solved numerically. At each timestep also the chemical
composition of the gas is updated by solving Eq.(14) and the appropriate value of the cooling
function  is calculated. We based our numerical code on the code described by Thoul and
Weinberg [11], which is the standard, second-order accurate, Lagrangian nite-di erence scheme.
We handle timesteps and central boundary conditions in the way proposed by Thoul and
Weinberg [11]. For dark matter, to avoid the unphysical collapse to black hole which is an
artefact of spherically symmetric calculations, we treat the center as a hard sphere of some
"small" radius rc . In order not to a ect the results of calculations the value of rc should be
much less than any other characteristic radius in the problem but it should not be too small
because smaller rc means worse energy conservation and longer computation time. We have
compared calculations with a few di erent values of rc and it seems to be a good idea to choose
rc similar to the initial radius of the most innermost dark matter shell.
In the collapse of baryon matter one encounters the formation of shocks. In our code shocks
are treated with the arti cial viscosity technique [15].
When writing the code we have faced a problem how to deal with the bounce of dark matter
n and
shells o the hard sphere. Let's assume, that for the step n the shell i has radius rdm;i
n;1=2 (in this scheme velocities are taken in half-time between iterations).
velocity vdm;i
6

In case there is no bounce for the step n + 1 the velocity and radius should be
and

n+1=2 = v n;1=2 ; Gmni dtn
vdm;i
dm;i
(rn )2
dm;i

(15)

n+1 = rn + v n+1=2dtn+1=2 ;
rdm;i
(16)
dm;i
dm;i
where mni is the total mass (baryonic and dark) inside rin for n-th iteration. Now let us assume
n+1 turns out to be less than r . Naively, we should leave the same radius and
that the value rdm;i
c

simply change the sign of velocity
and

n+1 ;! rn+1
rdm;i
dm;i

(17)

n+1=2 ;! ;v n+1=2 :
vdm;i
dm;i

(18)
However, we must remember that velocities are taken in half-time between iterations and such
simple operation may lead (and leads) to incorrect results. Instead, we should take the "old"
value of ri and reverse velocity:
and

n+1 ;! rn = rn+1 + (rn ; rn+1 )
rdm;i
dm;i
dm;i
dm;i
dm;i

(19)

n+1=2 ;! ;v n+1=2 :
vdm;i
dm;i

(20)
This procedure assures proper time iterations. Results obtained using this method will be
labelled with "M".
Haiman [21] has suggested another solution:
and

n+1 ;! rn+1
rdm;i
dm;i

(21)

n+1=2 ;! ;v n+1=2 + Gmni dtn ;
vdm;i
dm;i
(rn )2
dm;i

(22)

which gives the same ri but adds to vi some extra outward velocity. This shift is necessary
n+1=2 is taken dt=2 later
because radii and velocities are taken in slightly di erent times, e.g. vb;i
n . Further curves showing solutions obtained with this method will be labelled with "H".
than rb;i
Both methods are equivalent and give the same results.
The choice of the timestep is of great practical importance. For a given shell one can de ne
the following time scales [11]:
s

2 3
b =  rb;i ;
dyn;i
8GMi
 = ui %i :

cool;i

i

Cour;i = prb;i ; rb;i;1 ;
( ; 1)ui
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(23)
(24)
(25)

and
b = rb;i ; rb;i;1 ;
vel;i
vb;i ; vb;i;1

(26)

For baryonic matter we use as the timestep the minimum value

dtb = min
fc  b ; c  ; c  ; c  b g;
i d dyn;i C Cour;i c cool;i v vel;i

(27)
where cd , cC , cc and cv are some safety constants. We have used the following values: cd = 0:02,
cC = 0:2, cc = 0:1, cv = 0:05 [11].
For the dark component we use the timestep
where

dtdm = min
fc  dm ; 4c  dm g;
i d dyn;i v vel;i
s

dm =
dyn;i

and

3
 2rdm;i
8GMi ;

(28)
(29)

dm = rdm;i ; 0:9rc ;
vel;i
(30)
vdm;i
where cd and cv are de ned above and rc is the radius of the hard sphere. Because the calculations
for the baryonic matter are relatively long, if dtdm < dtb we were doing a few iterations for the

dark matter during one iteration for the baryonic matter.
Because the baryons were locked to the CBR until the epoch of recombination, it is necessary
to choose lower values of the initial overdensities for baryons than for dark matter. The proper
value of the baryon matter overdensity is not well determined. Haiman, Thoul and Loeb [5]
have chosen somewhat arbitrary value b;i = 0:1dm;i. To test the sensitivity of the calculations
to this assumption we have made some calculations for di erent values of b;i . We used higher
value b;i = 0:2dm;i corresponding to somewhat faster growth of baryonic uctuations after
recombination. We also used b;i = 0 in order to see if dark matter perturbations can trigger
collapse of gas clouds which are initially uniform.
To check our numerical code we have chosen the initial parameters close to parameters used
by Haiman, Thoul and Loeb [5] who have made a detailed study of density peaks in the b = 0:1
and dm = 0:9 Universe with the Hubble parameter H0 = 50km=(s  Mpc). We have found that
the best way to check the numerical code was to reproduce results of Haiman et al. for the cloud
mass M0 = 1000M and dm;i = 0:39. In this case only the most innermost shells collapse at
z ' 10 and a tiny change in conditions could prevent them from collapsing or make also outer
shells to collapse. In other cases considered in [5] either there was no collapse after virialization
(M0 = 500M ; dm;i = 0:26 and M0 = 1000M ; dm;i = 0:26) or the collapse was quite fast
(M0 = 5000M ; dm;i = 0:26).
The cosmological observable is the redshift. To convert time in our evolutionary calculations
into redshift we give the appropriate formula in Appendix A.

7 Results and conclusions
We expect that as the dark matter dominates in the model the behaviour of dark matter shells
will play the crucial role in the cloud collapse. Due to our assumptions, dark matter is collisionless, so there is no energy loss mechanism apart from possible gravitational energy exchange.
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The expected evolution of the dark matter shells in the absence of baryonic matter is that their
radii increase to some maximal value, then the shells collapse and after some oscillations due
to bounces o the hard sphere the dark matter cloud becomes stationary. In the presence of
baryonic matter the behaviour of dark matter shells should be similar because the amount of
baryonic matter is much less than the amount of dark matter.
The expected behaviour of baryon matter shells is that after reaching maximum radii, the
shells collapse and the shock develops at some stage due to pressure crowding of neighbouring
shells [5]. The shock stops the collapse and the baryon shells virialize. After virialization they
can undergo the nal collapse.
Results of our calculations are displayed in Figs. 1 { 11. In Fig.1a and Fig.1b we show
the evolution of dark matter shells and baryon matter shells for the cloud mass M0 = 1000M
and M0 = 5000M , respectively. The values of the dark matter density enhancement are,
respectively, dm;i = 0:39 and dm;i = 0:26.
The curves displayed in Fig. 1a and Fig. 1b correspond to radii of 10 shells of baryon matter
and dark matter. The innermost shell encloses 7% of the bound mass, next shells enclose,
respectively, 17%; 27%; :::; 97% of the bound mass. This fractional division of mass applies to
both dark matter and baryon matter shells. In the following gures we display always shells
containing the same fraction of mass as in Figs. 1a and 1b. The initial density perturbation has
the form (9) used by Haiman, Thoul and Loeb [5]. In the following this form will be referred to
as the sinusoidal perturbation. Most of the results displayed below correspond to this form of
the initial perturbation.
Dark matter shells expand to some maximum radius and then collapse to about a half of this
value. The radius of the hard sphere is rc = 0:1r0. The behaviour of dark matter is very similar
for both values of the cloud mass. This means that the evolution of dark matter is not very
sensitive to the mass of the cloud. In contrast, the behaviour of baryon matter shells strongly
depends on the cloud mass. In the case of Fig.1a, corresponding to the run 7 in [5], baryonic
shells expand to maximum radii then virialize, but only the innermost shell undergoes the nal
collapse at redshift z = 9. For higher cloud mass, Fig.1b, many inner shells undergo the nal
collapse after virialization, starting at redshift z  20. We see that higher mass clouds start to
collapse at higher redshift than those of lower mass.
Figs. 2a and 2b show the comparison of the two methods H and M of the correct implementation of the bounce of the dark matter shells o the hard sphere in the numerical calculations.
The results for both methods are indistinguishable within numerical errors. This proves that
both methods are equivalent.
Results presented in Figs. 2a and 2b correspond to the case of neglecting the radiation
contribution to the mass density at the initial redshift, zi = 500. When this contribution is
included, the expansion rate of the Universe at the redshift zi slightly changes. This a ects
somewhat the behaviour of dark and baryon matter density perturbations. The e ect is shown
in Figs. 3a and 3b where the evolution of dark and baryon matter shells is presented. As one
can see with the radiation contribution included the shells stop to expand at somewhat lower
redshift than in case of no radiation contribution. This is a result of higher expansion rate at
the initial redshift. Figs. 4a and 4b show the same, but for the Gaussian perturbation.
The in uence of the H2 cooling on the collapse of baryon matter is shown in Figs. 5-7.
The role of this cooling mechanism is crucial for triggering the nal collapse of baryon matter
after virialization. In Figs. 5a and 5b we show the evolution of baryon and dark matter shells,
respectively, for M0 = 1000M and dm;i = 0:39. The dashed curves correspond to the case of
no H2 cooling and the solid curves are for the case of operating H2 cooling.
The innermost baryon shell in case of no molecular hydrogen cooling does not shrink any
more after virialization. It becomes gravitationally stable supported by the pressure of the warm
gas, which, in absence of H2 cooling cools very slowly. When the H2 cooling is included, the
9

shell after virialization begins to shrink and around z  10 undergoes the nal collapse. The H2
cooling does not a ect dark matter shells as is seen in Fig. 5b. The shells evolve in the same
way irrespective to the presence of H2 cooling mechanism.
The role of H2 cooling is very pronounced in Fig. 6 where the virialized mass and the
collapsed mass are shown as functions of redshift, for the same cloud parameters as in Fig. 5a.
By virialized mass we mean the mass of the shell that all baryonic shells inside have density
greater than 18 2c , where c is the actual mean density of the Universe. The collapsed mass
corresponds to shells of mean density exceeding the virialization density by a factor of 100. The
virialized object starts to emerge at redshift z  30 and by z  10 essentially all the cloud mass
meets the virialization criteria irrespective to the presence of the H2 cooling. With H2 cooling
included about 20 % of the cloud mass collapses by z  10 (lower curve in Fig. 6). With no H2
cooling, no shell meets the collapse condition.
In Fig. 7 we show the temperature of shells as a function of redshift. The curves indicating
temperatures of baryonic shells behave in an opposite way than the radii of baryonic shells.
The temperature falls during expansion and increases in the collapse phase. After virialization
the temperature remains rather constant. Oscillations in Fig. 7 are of purely numerical origin.
There is only a tiny di erence between the cases with and without H2 cooling.
The in uence of the initial baryon overdensity on the collapse behaviour of baryonic shells
is shown in Figs. 8a and 8b. The evolution of shells is essentially identical for b equal to 0,
0.1dm and 0.2dm . These results indicate that the initial value of the baryon overdensity is
not an important parameter of the model. The dark matter perturbations create gravitational
potential wells deep enough to trigger collapse of baryon matter even in the case when its density
is uniform at the initial redshift.
In Fig. 9 we compare calculations with sinusoidal and Gaussian perturbations. For the
sinusoidal perturbation the inner shells collapse faster and outer ones collapse slower than for
the Gaussian perturbation. This behaviour can be easily understood. For the Gaussian shape
of the perturbation at the center the density falls faster but the overdensity is always positive
while for the sinusoidal perturbation for r > r0 overdensity starts to be negative and for r = rz
the mean overdensity is equal to zero. For the Gaussian perturbation mean overdensity is always
positive.
Fig. 10 shows the time evolution of density pro les of both baryonic and dark components
of collapsing clouds. We show curves corresponding to the initial redshift zi = 500, then to
some lower redshifts and the last curves are for z = 8. Radii and densities are in comoving
coordinates. For both components we can see the evolution from an almost at initial density
distribution with a tiny overdensity to an almost power-law pro le %  r;2:25 near the center
predicted by Bertschinger [16] for a self-similar relaxation. Dark matter distribution follows this
behaviour very closely.
The abundance of various species as a function of redshift is shown in Fig. 11. The results
correspond to the shell of mass M = 0:12Mz of the same cloud as in Figs. 5-10. One can notice
the increase of the amount of H2 molecules at later redshift when the shell collapses. This makes
H2 cooling more ecient, triggering the nal collapse of inner shells.
To conclude, we have studied the nonlinear collapse of low-mass density perturbations in the
CDM cosmology. The rst gas clouds that collapse in this model have baryon mass of the order
of 103 ; 104M . These objects which are the rst bound and luminous objects in the Universe
correspond to 3 perturbations of the lowest mass which can still e ectively cool. The virial
temperatures of these clouds are low and the crucial role is played by the H2 cooling mechanism
which triggers the nal collapse after virialization.
In this paper we have extended the analysis of [5] to investigate the role of the initial baryon
overdensity b;i for a given dark matter perturbation. We have found that the collapse of baryon
matter shells is essentially independent of the value of b;i . The shells collapse in the same way
10

for b;i = 0:2dm;i and for b;i = 0. This indicates that the dark matter perturbations create
potential wells deep enough to induce the collapse of baryon clouds which are of uniform density
at the initial redshift, soon after recombination. We have also calculated the evolution of clouds
which have initially a Gaussian form. There are some di erences in the collapse of subsequent
shells of baryon and dark matter as compared to the case of sinusoidal perturbations (Fig. 9)
resulting from somewhat di erent density distributions in both cases. We have also included
the radiation contribution to the mass density of the Universe. This changes somewhat results
obtained with no radiation contribution included.
We are grateful to Dr. Zoltan Haiman for very useful discussions.

Appendix A Relations between H, t and z
The mass density % of the Universe has at least two components: %M , the matter contribution,
which is proportional to (1 + z )3 , and %r the radiation contribution, which behaves as (1 + z )4.
Usually in the matter-dominated era the radiation component is neglected and vice versa but,
however, the presence of the radiation may a ect the results. In some models, also cosmological
constant contributes to %. The corresponding energy density % does not change with redshift.
The exact formula for H (z ) in cosmological models with matter, radiation and cosmological
constant reads
q

(31)
H = H0 M (z + 1)3 + r (z + 1)4 +  + (z + 1)2(1 ; M ; r ;  ):
where i = %i =%c with %c being the actual critical density of the Universe. Thus, the relation
between time and redshift is
1

(z + 1);1dz
(32)
3 + r (z + 1)4 +  + (z + 1)2(1 ; M ; r ;  )
(
z
+
1)
M
z
This formula, but without r , may be found e.g. in Peebles [17], eq. 13.9.
Equation (32) allows us to calculate the time since the Big Bang t from redshift z for
cosmological models with given M and  . Unfortunately, analytical solutions may be found
in some special cases only { e.g. if r = 0 and M +  = 1 ( at Universe without radiation).
To perform numerical integration we have used three functions from Numerical recipes in C [18]
(midpnt and midinf, called by function qromo). We have compared results of numerical and
analytical calculations for models with M +  = 1 and  = 0, for values of M from 0.01
to 1. In the rst case, numerical values were systematically greater by the factor of 1.0000648.
In the second case, this factor was a bit greater : 1.0000648 for M = 1:00, 1.0000701 for
M = 0:24, 1.0001048 for M = 0:03 and 1.0001564 for M = 0:01. Anyway, for M  0:25 it
was less than 1.00007 and we have decided that this accuracy is enough for our purposes. Let
us stress that the e ects of non-zero r are much greater, especially for low values of M .

H0t(z) =

Z

p

Appendix B Cooling functions, reaction rates and cross-sections
We have adopted contributions to the cooling function , reaction rates and cross-sections from
Cen [19], Haiman, Thoul and Loeb [5], Tegmark et al. [7], Galli and Palla [14] and Abel et al.
[13]. The cooling function  is in ergs/(scm3), reaction rates are in cm3/s and cross-sections in
cm2 . T is temperature in Kelvins, thermal energy E = kT is in eV, Tn is temperature in 10n K
and Poly is polynomial function Poly(x; a0; a1; :::an) = a0 x0 + a1 x1 + a2 x2 + ::: + an xn .
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Cooling and heating contributions
All coecients in ergs/(scm3), from Ref.[5].
a) Collisional ionization of H, He and He+ :
1
1
H (T ) = 1:27  10;21 T 2 (1 + T52 );1 exp(;157809:1=T )nenH
1
1
He(T ) = 9:38  10;22 T 2 (1 + T52 );1 exp(;285335:4=T )nenHe
1
1
He+ (T ) = 4:95  10;22 T 2 (1 + T52 );1 exp(;631515=T )nenHe+

(33)
(34)
(35)

b) Recombination to H, He and He+ :
1
H+ (T ) = 8:70  10;27T 2 T3;0:2(1 + T60:7);1 ne nH+
He+ (T ) = 1:55  10;26T 0:3647ne nHe+
1
He++ (T ) = 3:48  10;26T 2 T3;0:2(1 + T60:7);1 ne nHe++

(36)
(37)
(38)

c) Dielectric recombination to He:
He+ (T ) = 1:24  10;13T ;1:5 exp(;470000=T )(1 + 0:3 exp(;94000=T ))nenHe+
d) Collisional excitation of H and He+ :
1
H (T ) = 7:50  10;19(1 + T52 );1 exp(;118348=T )nenH
1
He+ (T ) = 5:54  10;17T ;0:397(1 + T52 );1 exp(;473638=T )nenHe+

(40)
(41)

e) Bremsstrahlung:

g = 1:10 + 0:34 exp(;(5:50 ; log T )2=3:0)
1
Brem(T ) = 1:42  10;27 g T 2 ne (n+H + nHe+ + 4nHe++ )

f) Compton cooling:

(39)

(42)
(43)

Comp(T ) = 1:017  10;37 T 4(T ; T )ne

(44)

g) H2 cooling [7]:
The total hydrogen density is:
The cooling rate in LTE:
"

n = nH + nH+ + nH; + 2(nH2 + nH+2 ):
!

(45)
#

9:5  10;22 T33:76 exp(;(0:13=T )3) + 3  10;24 exp(;0:51=T ) :
3
3
n
1 + 0:12T32:1
The critical hydrogen density is:

L(lte) 

1

(46)

(lte)
ncr  LL(n!0) n;

(47)

log L(n!0)  Poly(log T; ;103:0; 97:59; ;48:05; 10:80; ;0:9032):

(48)

where L(n!0) is the low-density limit of the cooling function, given by [14]:
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Now we can calculate the cooling function:
(lte)

(49)
(T ) = 1 +L n =n :
cr
Radiative H2 cooling is thermodynamically impossible when T < T (T is the CBR temperature), so it is necessary to use the net cooling rate [7]
H2 (T ) = (T ) ; (T ):

(50)

It is worth to note that Haiman, Thoul and Loeb [5] have used somewhat di erent expression

T:
H2 (T ) = (T ) TT ;
+T

Reaction rates

All coecients in cm3/s.
(1) H + e; ! H + + 2e; [5]
1

k1 = 5:85  10;11T 21 (1 + T52 );1 exp(;157809:1=T )
(2) He + e; ! He+ + 2e; [5]
1

k2 = 2:38  10;11T 21 (1 + T52 );1 exp(;285335:4=T )
(3) He+ + e; ! He++ + 2e; [5]
1

k3 = 5:68  10;12T 21 (1 + T52 );1 exp(;631515:0=T )
(4) H + + e; ! H + h [5]

k4 = 8:40  10;11T ; 12 T3;0:2(1 + T60:7);1
(5) He+ + e; ! He + h [19]

k5 = 1:50  10;10T ;0:6335
(6) He++ + e; ! He+ + h [5]

k6 = 3:36  10;10T ; 21 T3;0:2 (1 + T60:7)
(7) H + H + ! H2+ + h [13]
exp[Poly(ln(E ); ;20:06913897; 0:22898; 3:5998377  10;2 ;
55512  10;3; ;3:10511544  10;4; 1:0732940  10;4 ;
k7 = > 84::36671960
 10;6; 2:2380623  10;7)]
E > 0.1 eV
>
:
;
9
1:428  10
E  0.1 eV
8
>
>
<

(8) H2+ + H ! H2 + H + [5]
(9) H + e; ! H ; + h [5]

k8 = 6:40  10;10
k9 = 5:57  10;17T 21
13

(51)

(10) H + H ; ! H2 + e; [5]

k10 = 1:30  10;9

(11) H2+ + e; ! 2H [5]
(12) H2+ + H ; ! H2 + H [5]

k11 = 1:68  10;8(T=300);0:29

(13) H ; + H + ! 2H [5]

k12 = 5:00  10;6T ; 12
k13 = 7:00  10;7T ; 12

(14) H2 + e; ! H + H ; [5]

k14 = 2:70  10;8 T ; 23 exp(;43000=T )
(15) H2 + H ! 3H [13]
(16)
(17)
(18)
(19)
(20)

k15 = 1:067  10;10T 2:012 exp[;(4:463=E )(1 + 0:2472E )3:52]
H2 + H + ! H2+ + H [5]
k16 = 2:4  10;9 exp(;21200=T )
H2 + e; ! 2H + e; [5]
k17 = 4:38  10;10 exp(;102000=T )T 0:35
H ; + e; ! H + 2e; [5]
k18 = 4:00  10;12 T exp(;8750=T )
H ; + H ! 2H + e; [5]
k19 = 5:30  10;20 exp(;8750=T )T 2:17
H ; + H + ! H2+ + e; [13]

291  10;10E ;0:4
E  1.719 eV
k20 = 82::4258
 10;10E ;10:4 exp(;1:301=E ) E > 1.719 eV

Photoionization and photodissociation cross-sections

For each reaction there is a threshold frequency 0 . Cross-sections are in cm2 .
(21) H + h ! H + + e; [20]
(22) He+ + h ! He++ +pe;
A0 = 6:30  10;18cm2, " = =0 ; 1, h0 = 13:6Z 2eV, Z = 1 for H and Z = 2 for He.


0  4 exp[4 ; 4(arctan ")="]
21;22 = A
Z 2 0
1 ; exp(;2=")
(23) He + h ! He+ + e; [20]

23 = 7:83  10;18

"


;2:05
;3:05


; 0:66 
cm2 ; 0 =c = 1:983  105cm;1
1:66
0
0
#



(24) H ; + h ! H + e; [13]
14

24 = 7:928  105 ( ; 0 )3=2 ;3cm2; h0 = 0:755eV
(25) H2+ + h ! H + H + [13]

25

0
10;18h ; 9:4  10;17cm2
= > 61::24 
 10;18h ; 1:48  10;17cm2
>
:
2:5  10;14(h );2:71cm2
8
>
>
<

for
for
for
for

h < 15:42eV
15:42eV  h < 16:50eV
16:50eV  h < 17:7eV
h  17:7eV

(26) H2 + h ! H2+ + e; [13]
log 26 = Poly(h; ;1:6547717  106; 1:8660333  105 ; ;7:8986431  103;
148:73693; ;1:0513032); h0 = 2:65eV
(27) H2 + h ! H2 ! 2H [5], [13]

27 = 3  10;22cm2 for 12:24eV  h < 13:51eV
(28) H2 + h ! 2H [13]
L0 +  W 0) + y ( L1 +  W 1 );
28 = y +1 1 (28
28
y + 1 28 28

where

dex(15:1289 ; 1:05139h ) 14:675eV < h < 16:820eV
10;18cm2  : dex(;31:41 + 1:8042  10;2 (h )3 ; 4:2339  10;5 (h )5)
16:820eV  h < 17:6eV
W
0
;
18
2
28 =
10 cm  dex(13:5311 ; 0:9182618h ) 14:675eV < h < 17:7eV
:0218406 ; 0:819429h ) 14:159eV < h < 15:302eV
L
1
;
18
28 = 10 cm2  dex(12
dex(16:04644 ; 1:82438h )
15:302eV < h < 17:2eV
W
1
;
18
2
28 =
10 cm  dex(12:87367 ; 0:85088597h ) 14:159eV < h < 17:2eV
L0 =
28

8
<

where y is the ortho-H2 to para-H2 ratio, y = 3 [7], [14].
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Fig. 1. Shell radii as functions of redshift for baryon matter and dark matter. The plots a and
b correspond, respectively, to 1000 M and 5000 M clouds.
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Fig. 2. The evolution of shell radii calculated with the H and M methods. Plots a and b
correspond to baryon matter and dark matter, respectively.
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Fig. 3. Shell radii as functions of redshift. Solid curves are for the case when the radiation
contribution is included. Dotted curves are the same as in Fig. 1a. Plots a and b correspond to
baryon matter and dark matter, respectively.
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Fig. 4. The same as in Fig. 3 for the Gaussian form of the initial density perturbation.

20

R[kpc]

1

M
M, no H2 cooling

0.1

0.01

0.001

a)
100

10

z+1

R[kpc]

1

M
M, no H2 cooling

0.1

0.01

0.001

b)
100

10

z+1
Fig. 5. Shell radii as functions of redshift with H2 cooling (solid curves) and with no H2
cooling (dashed curves). Plots a and b are for baryon matter and dark matter, respectively.
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Fig. 6. The collapsed mass and the virialized mass as functions of redshift with H2 cooling
and with no H2 cooling.
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Fig. 7. The temperature of shells as a function of redshift. We show the temperature
evolution with H2 cooling and with no H2 cooling.
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Fig. 8. The evolution of shell radii with redshift for di erent values of initial baryonic
overdensities. Plots a and b correspond, respectively, to baryon matter and dark matter.

23

R[kpc]

1

M
M, Gauss

0.1

0.01

0.001

a)
100

10

z+1

R[kpc]

1

M
M, Gauss

0.1

0.01

0.001

b)
100

10

z+1
Fig. 9. Shell radii as functions of redshift for the sinusoidal (solid curves) and Gaussian
(dashed curves) form of initial density perturbations. Plots a and b are for baryon matter and
dark matter, respectively.
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of redshift.
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