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•  a model for the medium: 3D-RFD 
•  hadronic rescattering: viscous effects & freeze-out 
•  energy-loss in a realistic medium 
•  medium response 
•  Quarkonium suppression 
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Modeling of 
Relativistic Heavy-Ion Collisions 



Steffen A. Bass Modeling of Relativistic Heavy-Ion Collisions #3 

Exploring QCD Matter at RHIC and LHC 

initial state 

pre-equilibrium 

QGP and 
hydrodynamic expansion 

hadronization 

hadronic phase 
and freeze-out 

Lattice-Gauge 
Theory: 

•  rigorous calculation of QCD quantities 
•  works in the infinite size / equilibrium limit 

Experiments: •  observe the final state + penetrating probes 
•  rely on QGP signatures predicted by Theory 

Phenomenology & 
Transport Theory: 

•  connect QGP state to observables 
•  provide link between LGT and data 
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Survey of Transport Approaches 
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RHIC in the press: Perfect Liquid 

•  on April 18th, 2005, BNL 
announced in a press release 
that RHIC had created a new 
state of hot and dense matter 
which behaves like a nearly 
perfect liquid. 

•  how was the claim of a perfect 
liquid motivated? 

•  Can we use RFD as a basis for 
a comprehensive description of 
soft and hard phenomena at 
RHIC and LHC? 
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Collision Geometry: Elliptic Flow 

elliptic flow (v2): 
•  gradients of almond-shape surface will lead to 

preferential emission in the reaction plane 
•   asymmetry out- vs. in-plane emission is quantified 

by 2nd Fourier coefficient of angular distribution: v2 

  RFD: good agreement with data; QGP EoS necessary 

Reaction 
      plane

x

z

y

•  two nuclei collide rarely head-on, but mostly with an offset: 

only matter in the overlap area gets 
compressed and heated up 
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spatial  
eccentricity 

momentum 
anisotropy initial energy density

 distribution: 

Elliptic flow: early creation 

time evolution of the energy density: 

 P. Kolb, J. Sollfrank and U.Heinz, PRC 62 (2000) 054909 

Most model calculations suggest that flow anisotropies are generated at the
 earliest stages of the expansion, on a timescale of ~ 5 fm/c if a QGP
 EoS is assumed. 
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The Medium: 
3D Relativistic Fluid Dynamics 

C. Nonaka & S.A. Bass, Phys. Rev. C75 014902 (2007) 
T. Hirano & Y. Nara, Nucl. Phys. A743 305 (2004) 
Y. Hama et al. Nucl. Phys. A774 169 (2006) 
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Relativistic Fluid Dynamics 

•  transport of macroscopic degrees of freedom 
•  based on conservation laws:  
•  for ideal fluid: Tμν= (ε+p) uμ uν - p gμν   and  jiμ = ρi uμ 

•  Equation of State needed to close system of PDE’s: p=p(T,ρi) 
  connection to Lattice QCD calculation of EoS 

•  initial conditions (i.e. thermalized QGP) required for calculation 
•  Hydro assumes local thermal equilibrium, vanishing mean free path 

This particular implementation: 
  fully 3+1 dimensional, using (τ,x,y,η) coordinates 
  Lagrangian Hydrodynamics 

  coordinates move with entropy-density & baryon-number currents 
  trace adiabatic path of each volume element 

∂µT
µν = 0 ∂µJ

µ = 0



Initial Conditions: 
•  Energy Density: 

•  Baryon Number Density: 

Parameters: 

•  Initial Flow: vL=η Bjorken’s solution); vT=0 

Equation of State: 
•  Bag Model + excluded volume 
•  1st order phase transition (to be replaced by Lattice EoS)  

Steffen A. Bass Modeling of Relativistic Heavy-Ion Collisions #10 

3D-Hydro: Parameters 

max( , , ) ( , ; ) ( )x y W x y b Hεε η η=

max( , , ) ( , ; ) ( )BBn x y W x y bn Hη η=

  EOS (entropy density) 

µ=0 

� 

B
1

4 = 233 [MeV]
η0=0.5 ση=1.5 
εmax=55 GeV/fm3, nBmax=0.15 fm-3 
τ0=0.6 fm/c 
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3D-Hydro: Comparison to RHIC 

separate chemical f.o. 
simulated by rescaling p,K 

•  address all data in the 
soft sector with one 
consistent calculation 

b=6.3 fm 
Nonaka & Bass:  
PRC75, 014902 (2007) 
See also Hirano; Hama et al. 
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Ideal RFD: Challenges 

•  centrality systematics of v2 less than perfect 
•  no flavor dependence of cross-sections 
•  separation chemical and kinetic freeze-out: 

•  normalize spectra by hand 
•  PCE: proper normalization, wrong v2 

Nu Xu 

Viscosity: 
•  success of ideal RFD argues for a low 

viscosity in QGP phase 
  compatible with AdS/CFT bound of 1/4π 
•  viscosity will stongly change as function 

of temperature during collision 
  need to account for viscous corrections 

in hadronic phase 

Csernai 

HG: Prakash et al. 

QGP: Arnold,  
Moore & Yaffe 



Full 3-d Hydrodynamics 

QGP evolution Cooper-Frye 
formula    

UrQMD 

t fm/c 

hadronic
 rescattering 

Monte Carlo 

Hadronization 

TC TSW 

3D-Hydro + Micro Model 

•  ideally suited for dense systems 
–  model early QGP reaction stage 

•  well defined Equation of State 
•  parameters: 

–  initial conditions 
–  Equation of State  

Hydrodynamics        +  micro. transport (UrQMD) 
•  no equilibrium assumptions 

  model break-up stage 
  calculate freeze-out 
  includes viscosity in hadronic phase 

•  parameters: 
–  (total/partial) cross sections matching condition:  

•  use same set of hadronic states for EoS as in UrQMD 
•  generate hadrons in each cell using local T and µB 

S. A. Bass & A. Dumitru, Phys. Rev. C61 064909 (2000) 
D. Teaney, J. Lauret & E.V. Shuryak, nucl-th/0110037  
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3D-Hydro+UrQMD: Results 

  good description of 
cross section 
dependent features & 
non-equilibrium 
features of hadronic 
phase 
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3D-Hydro+UrQMD: Reaction Dynamics 

Hadronic Phase: 
•  significant rescattering ±3 units in y 
•  moderate increase in v2 

•  rescattering of multi-strange baryons 
strongly suppressed 

•  rescattering narrows v2 vs. η distribution 



3D-Hydro+YAM: mass-ordering of v2(pT) 
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protons 

pions 

mass ordering violated for ϕ meson: 

• ϕ meson freezes out early w/o 
hadronic rescattering 

 is not affected by interactions 
leading to mass ordering 

mass ordering of v2(pT) is mostly due to: 
• hadronic rescattering  
• interplay between radial and elliptic flows 
 magnitude of v2 sets early, splitting late 

T. Hirano, U.W. Heinz, D. Kharzeev, R. Lacey & Y. Nara: Phys Rrev C77: 044909 (2008) 



RHIC HBT Puzzle: 3+1D to the rescue? 

1D/3D Hydro+UrQMD 

3D Hydro + YAM 

HBT source radii: 
•  15% improvement in Rout/Rside, still 40% off 
Source Imaging: 
•  kT dependence lacking compared to data 

Hirano & Nara 

S.A. Bass, C. Nonaka & S. Pratt, in preparation 



Initial Conditions vs. EoS 

•  Glauber Initial Conditions: 
•  implies early thermalization 
•  ideal QGP fluid describes v2 data 

•  CGC Initial Conditions: 
•  viscosity needed in QGP phase to 

describe v2 data 

• soft (non-ideal) EoS in QGP phase 
leads to reasonable description of 
v2 with CGC initial conditions 

 need better understanding of 
initial conditions 

 fix EoS from Lattice 

T. Hirano, U.W. Heinz, D. Kharzeev, R. Lacey & Y. Nara, Phys. Lett. B636 299 (2006)  
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The Hard Sector: 
Initial State & Jet Energy-Loss Schemes 

M. Gyulassy & X.N. Wang: Nucl. Phys. B420 (1994) 583 
B.G. Zakharov: JETP Lett. 63 (1996) 952 
R. Baier, Y.L. Dokshitzer, A.H. Mueller, S. Peigne & D. Schiff: Nucl. Phys. B483 (1997) 291 
X.-F. Guo & X.-N. Wang: Phys. Rev. Lett. 85 (2000) 3591 
M. Gyulassy, P. Levai & I. Vitev: Phys. Rev. Lett. 85 (2000) 5535 
P. Arnold, G.D. Moore and L.G. Yaffe: JHEP 11 (2000) 001 
N. Armesto, C. Salgado & U.A. Wiedemann: Phys. Rev. Lett. 94 (2005) 022002 



Steffen A. Bass Modeling of Relativistic Heavy-Ion Collisions #20 

Jet-Quenching: Basic Idea 

•  partons lose energy and/or fragment 
differently than in the vacuum: radiative 
energy loss 

 transport coefficient q is sensitive to 
density of (colored) charges 

hadrons 

q 

q 

hadrons 

leading 
particle 

leading
 particle 

•  fragmentation of hard 
scattered partons into 
collimated “jets” of hadrons 

 p+p reactions provide a 
calibrated probe, well 
described by pQCD 

what happens if partons 
traverse a high energy 
density colored medium? 

What is a jet? 

hadrons 

q 

q 

hadrons 

leading 
particle
 suppressed 

leading
 particle
 suppressed 

q q
g

L

  
q̂ = ρ q2dq2 dσ

dq2∫ ≡ ρσ kT
2 =

µ2

λ f
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The Soft/Hard Disconnect 
•  Heavy-ion collisions at RHIC have produced a state of matter which 

behaves similar to an ideal fluid 
  (3+1)D Relativistic Fluid Dynamics and hybrid macro+micro models 

are highly successful in describing the dynamics of bulk QCD matter 

•  Jet energy-loss calculations have reached a high level of technical 
sophistication (BDMPS, GLV, higher twist…), yet they employ a 
variety of rather simple models for the evolution of the underlying 
deconfined medium… 

•  all conclusions to be drawn from jet energy-loss calculations are 
necessarily with respect to the nature of the medium assumed in 
the calculation  

  need to overcome this disconnect and treat medium and hard 
probes consistently and at same level of sophistication!  

  same medium necessary for comparison of different energy-loss 
schemes and vice versa! 
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Jet-Tomography: Medium Dependence 

BDMPS/ASW jet energy loss calc. 
medium modeled via: 
1.  2+1D Hydro (Eskola et al.) 
2.  parameterized evolution (Renk) 
3.  3+1D Hydro (Nonaka & Bass) 

  ± 50% spread in values for K 

  same jet energy-loss scheme and medium asssumption, yet large sys. 
error in tomography analysis due to different evolution descriptions 

  need standard model for evolution to gain predictive and 
discriminative power 

( ) ( )3
4ˆ 2q Kξ ε ξ= ⋅ ⋅

T. Renk, J. Ruppert, C. Nonaka & S.A. Bass 
Phys. Rev. C75: 031902 (2007) 
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Jet Energy-Loss Schemes 

Gyulassy, Levai, Vitev (GLV): 
• medium of heavy static scattering 
centers w/ Yukawa-like potentials 

• parton picks up transverse kicks ~μ2 

• operator formalism that sums order by 
order in opacity n=L/λg 

Armesto, Salgado, Wiedemann (ASW): 
• medium of heavy static scattering centers 
w/ Yukawa-like potentials 

• parton pics up transverse kicks ~μ2  
• path integral over multiple scatterings in 
the medium 

Arnold, Moore, Yaffe (AMY): 
• thermalized partonic medium in HTL 
approx.  (T∞ and g0) 

• hard parton comes on-shell, receives 
hits of μ~gT 

• resummation over multiple 
scatterings and absorptions 

Higher Twist (HT): 
•  few medium assumptions: short color 

correlation length 
•  calculates modification of n-hadron FF 

due to mult. scattering in medium 
•  scattering encoded as HT gluon-gluon 

field strength: can be expanded twist-
by-twist or resummed for multiple 
scattering 
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Initial State 

 

d 2σ h

dyd 2 pT
= 1

π dxa dxb Ga
A xa( )Gb

B xb( )∫∫
dσ ab→xX

dt̂

Dc z( )
z

• ensure that all jet energy-loss calculations use same initial state 
• parton distribution function G(x): CTEQ5 
• vacuum fragmentation functions: KKP (pions) & AKK (protons) 

• entire effect of energy loss is concentrated in medium-modified 
fragmentation function D(z): AMY, GLV, HT & ASW constitute four 
different schemes to estimate this quantity from pQCD 

• note that despite this connotation, all approaches describe the change 
in the gluon radiation spectrum due to the medium and hadronization 
occurs in vacuum via vacuum fragmentation functions 
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Hirano & Nara: Phys. Rev. C66 (2002) 041901 
Hirano & Nara: Phys. Rev. C69 (2004) 034908 
Hirano & Nara: Nucl. Phys. A743 (2004) 305 
Renk, Ruppert, Nonaka & Bass: Phys. Rev. C75 (2007) 031902 
Majumder, Nonaka & Bass: Phys. Rev. C76 (2007) 041902 
Qin, Ruppert, Turbide, Gale, Nonaka & Bass: Phys. Rev. C76 (2007) 064907 
Bass, Gale, Majumder, Nonaka, Qin, Renk & Ruppert: arXiv:0808.0908 

Jet Energy-Loss in a 3D Hydrodynamic Medium 
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Connecting high-pt partons with the 
dynamics of an expanding QGP 

color: QGP fluid density 
symbols: mini-jets 

Au+Au 200AGeV, b=8 fm 
transverse plane@midrapidity 
Fragmentation switched off 

hydro+jet model 

x 

y 

• 1st work combining realistic hydro and jet energy-loss 
• good description of single-inclusive spectra and RAA 
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Higher Twist: 
•  fix starting value of q; hadronic phase can be taken into account via 

coefficient cHG: 

BDMPS/ASW: 
• define local transport coefficient along trajectory ξ (K as parameter to fix 

transport coefficient of medium): 

Energy-Loss Implementation in 3D RFD 

  
q̂ ξ( ) = K ⋅2 ⋅ ε

3
4 ξ( )

 

q̂ r ,τ( ) = q̂0
γ (r ,τ )T 3(r ,τ )

T0
3 ΓQGP (

r ,τ ) + cHG 1− ΓQGP (
r ,τ )( )⎡⎣ ⎤⎦

3D hydrodynamic evolution provides ε, T, γ and ΓQGP as function of (τ,x,y,η) 

AMY: 
• evolution of jet-momentum distribution is obtained by solving set of 

coupled rate eqns, with transition rates depending on the coupling 
constant αs, local temperature T and flow velocity γ (q~T3) 



Steffen A. Bass Jet Energy-Loss in a 3D Hydrodynamic Medium #28 

•  common choices for scaling: 

  identical results only for ideal QGP 

Scaling with the Medium: T, ε or s? 
•  how does the transport coefficient scale with the thermodynamic 

properties of the medium? Does the choice of T, ε or s matter? (a priori 
not known, but should be calculable) 

•  EoS for ideal QGP (ideal gas of ultrarelativistic bosons): 

q̂ ~ T 3 q̂ ~ ε 3/4 q̂ ~ s

ε = π 2
30 gDOFT

4

•  for non-ideal EoS, value of q will 
be affected by choice of scaling 
variable, in particular if energy-
loss persists into hadronic phase 

•  choice of cHG=0.2 mimics scaling 
with entropy-density s 
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Discriminative Power of RAA 

•  RAA in (semi-)central 
collisions is well 
described by all jet 
energy-loss schemes 

•  parameters reflect 
tuning of medium 
structure hard-wired 
into schemes 

•  do differing medium 
assumptions have 
impact on analysis? 

 more sophisticated 
analysis/observables 
needed! ASW HT AMY 

K=3.6 Q0=4.3 αs=0.33 (value for gluon jet) 
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AMY HT & ASW: Azimuthal Spread 

•  ratio of in-plane vs. out-plane RAA 
shows same & can be easily evaluated 
as function of centrality   

 study energy-loss as 
function of reaction plane 
and centrality: 

•  ASW/BDMPS shows a 
significantly  stronger 
azimuthal dependence of RAA 
than AMY & HT 

see also: 
A. Majumder: Phys. Rev. C75 (2007) 021901 
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Azimuthal Dependence ctd. 

  investigate temporal & spatial 
characteristics of energy-loss in 
different schemes! 

• AMY & HT: same azimuthal spread, 
but difference in magnitude: 

• comparison shows near identical 
trends for HT, ASW and AMY 

 convergence of approaches allows 
to shift focus from formalism to 
physics analysis  

P(x, y) = TAB (x, y) ⋅ RAA (x, y)
dxdy TAB (x, y) ⋅ RAA (x, y)∫



Steffen A. Bass Jet Energy-Loss in a 3D Hydrodynamic Medium #32 

Quantitative Comparison:  

  
q̂ ξ( ) = q̂0 ⋅ Γ ξ( ) with Γ =

T
T0

⎛

⎝⎜
⎞

⎠⎟

3

,
ε
ε0

⎛

⎝⎜
⎞

⎠⎟

3/ 4

,
s
s0

⎛

⎝⎜
⎞

⎠⎟

• define local transport coefficient along trajectory ξ for all three 
approaches and compare initial maximum value q0: 

• for ASW, use Baier formula: 

• For AMY use: 
  q̂0 = 2K ⋅ ε0

3
4

q0 [GeV2/fm] ASW HT AMY 

T 10 2.3 4.1 

ε 18.5 4.5 X 

s 4.3 X 

(all values quoted for a gluon jet) 

•  different medium scaling can affect q by a factor of 2 
•  need higher precision data and theory advances to provide guidance 

for proper medium scaling 

  
q̂0 = C g 2

4π
⎛

⎝⎜
⎞

⎠⎟
T0

3 8 ×16π
9
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Heavy Quarks & Charmonium 



Charmonium Suppression in a 
3D Hydro Medium 
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• best fit to PHENIX data: (TJ/ψ, Tχ, fFD) = (2.00 Tc, 1.34 Tc, 10%)   
•   TJ/ψ  can be determined in a narrow region via χ2 fit, guidance  for Tχ 

from MEM-Lattice caculations
• onset of J/ψ suppression at Npart ~ 160 (highest T reaches  2.0 Tc) 
• gradual decrease of SJ/ψ

tot above Npart~160 indicates transverse area 
with T>TJ/ψ increases 

T. Gunji, H. Hamagaki, T. Hatsuda & T. Hirano: Phys. Rev. C76 051901 (2007) 
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The Vice Versa:  
Medium Response to a Hard Probe 

T. Renk and J. Ruppert: Phys. Rev. C73 (2006) 011901 
H. Stoecker, B. Betz & P. Rau: PoS CPOD2006:029 (2006), nucl-th/0703054 
J. Casalderrey-Solana, E.V. Shuryak & D. Teaney: Nucl. Phys. A774 (2006) 577 
A. Majumder, B. Müller & S.A. Bass: Phys. Rev. Lett. 99 (2007) 042301 
C.Y. Wong: Phys. Rev. C76 (2007) 054908 
R. Hwa: arXiv:0708.1508 
A. Dumitru, Y. Nara, B. Schenke & M. Strickland: arXiv:0710.1223 
R.B. Neufeld, B. Müller & J. Ruppert: arXiv:0802.2254 
A. Dumitru, F. Gelis, L. McLerran & R. Venugopalan: arXiv:0804.3858 
R.B. Neufeld: arXiv:0805.0385 
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•  starting point is a dissipative Vlasov-Boltzmann (ABM) eqn: 

•  with the diffusion tensor: 

•  and color Lorentz force: 

•  assume matter in local thermal equilibrium with shear viscosity: 

•  taking moments of evolution eqns. yields eqns. of motion for the medium: 

Derivation of a Source Term for 
Hydrodynamics 

 

∂
∂t

+
p
E


∇r − ∇ pi

Dij
p,t( )∇ pj

⎡
⎣⎢

⎤
⎦⎥
f x, p,t( ) = C f[ ]

 

Dij
p,t( ) = d ′t

−∞

t

∫ Fi
x,t( )Fj

x,t( )

 
Fi
x,t( ) = gQa t( ) Ei

a x,t( ) + v ×

B( )i

a x,t( )( )
T µν = ε + p( )uµuν − pgµν − η ∇µuν +∇νuµ −

2
3
Δµν∂αu

α⎛
⎝⎜

⎞
⎠⎟

∂µT
µν = Jν

 

Jν =
dppν

2π( )3
∇ pi

Dij
p,t( )∇ pj

f x, p,t( )∫

q̂ = −2gijDij
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Mach-Cones induced by fast Partons 

 

J 0 ρ, z,t( ) = d ρ, z,t( )γ u2 1− γ u(z − ut)
ρ

⎛
⎝⎜

⎞
⎠⎟

Jz ρ, z,t( ) = uJ 0 ρ, z,t( ) − d ρ, z,t( )u2 z − ut
ρ

with d ρ, z,t( ) = α sQp
2mD

2

8π ρ2 + γ 2 z − ut( )2( )3/2

J⊥ ρ, z,t( ) = −d ρ, z,t( )u2

x⊥
ρ

•  explicit form for souce term: 

Linearalized Hydro: 
• clear Mach-Cone for 

small values of η/s 

R.B. Neufeld, B. Müller & J. Ruppert: arXiv:0802.2254 
R.B. Neufeld: arXiv:0805.0385 
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Δη - Δϕ Correlations: the Ridge 

Δφ 

Δη 

Trigger 

Assoc. 

• RHIC experiments observe 
a broadening of the near 
side two-particle correlation 
function in Δη 

two component ansatz: 
  decompose measurement into jet and ridge 
  jet yield remains const. w/ Npart, ridge rises 

Physics driving the formation of the ridge: 
•  longitudinal expansion of the medium? 
•  Glasma flux tubes? 
•  Phantom Jets? 
•  momentum kicks? 
•  dynamics of gluons in turbulent color fields? 
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•  assume factorization between medium-
induced emission of soft gluons and 
their subsequent evolution 

•  use ABM eqn. for propagation of gluons 
in turbulent color fields: 

  clear broadening of initial distribution in 
Δη but not in Δϕ is observed 

  hadronization chemistry still needs to be 
worked out (reco vs. fragmentation) 

Gluon Diffusion in Color Fields 

 

∂
∂t

+
p
E


∇r − ∇ pi

Dij
p,t( )∇ pj

⎡
⎣⎢

⎤
⎦⎥
f x, p,t( ) = C f[ ]

A. Majumder, B. Müller & S.A. Bass:  
Phys. Rev. Lett. 99 (2007) 042301 



Summary and Conclusion 
•  Heavy-Ion collisions at RHIC have produced a state of matter which 

behaves similar to an ideal fluid and can be well described by 3D-RFD 
•  microscopic treatment of hadronic phase important for the description 

of flavor-sensitive phenomena, viscous effects and freeze-out 
•  Initial conditions and EoS still require systematic improvements to 

resolve ambiguities in calculation 

•  Hydrodynamic evolution may serve as realistic medium for hard probe 
calculations: jet energy-loss, Quarkonium suppression, photon & 
lepton production 

•  different energy-loss schemes can only be consistently tested and 
applied to data if the same hydrodynamic evolution is utilized to 
describe the underlying medium  (currently: BDMPS, HT & AMY)  

  consistent treatment of hard and soft physics crucial for progress! 

Next steps: 
  incorporate medium response into 3D Hydro calculations 
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The End 
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Virtual Journal on QCD Matter 

•  digest of preprints on  
  hot & dense QCD matter 
  the QGP 
  relat. heavy-ion collisions 

•  targeted at graduate 
students & junior postdocs 

•  aims to provide a bigger 
picture, on how individual 
publications shape the 
advancement of the field 

http://qgp.phy.duke.edu/ 


