
 

Załącznik nr. 1 / Attachment No. 1 
 

 

 

 

 

Teksty publikacji wchodzących w skład osiągnięcia naukowego 

 

Texts of the publications included into scientific achievement 

 

 

 
[H1] M. Gałązka, P. Zieliński, Strain coupling and scaling invariants in search for 

effective critical parameters of uniaxial ferroelectrics, Solid State Sciences 11, 740-746 

(2009). 
 

[H2] M. Gałązka, E. Juszyńska, P. M. Zieliński, General specific heat dependences on 

temperature in neohexanol and its isomers, Physica B: Physics of Condensed Matter 406, 

4342-4349 (2011). 
 

[H3] M. Gałązka, P. Zieliński, Strain-polarisation coupling and elastic constant 

determined from polarisation and strain curves in order-disorder uniaxial ferroelectrics, 

Phys. Status Solidi B 249, 1682-1691 (2012). 
 

[H4] M. Gałązka, P. Zieliński, E. Juszyńska, P. M. Zieliński, R. Pełka, P. Szklarz, 

Description of isomorphous transformations in materials with various kinds of molecular 

disorder, Phase Transitions 86, 238-250 (2013). 
 

[H5] E. Juszyńska-Gałązka, M. Gałązka, M. Massalska-Arodź, A. Bąk, K. Chłędowska, 

W. Tomczyk, Phase behavior and dynamics of the liquid crystal 4′-butyl-4-(2-

methylbutoxy)azoxybenzene (4ABO5*), J. Phys. Chem. B 118, 14982-14989 (2014). 
 

[H6] M. Gałązka, E. Juszyńska-Gałązka, N. Osiecka, M. Massalska-Arodź, A. Bąk, On 

new scaling of dielectric response, J. Appl. Phys. 118, 064101 (6 pp.) (2015). 
 

[H7] M. Gałązka, E. Juszyńska-Gałązka, N. Osiecka, A. Bąk, Universal scaling of 

dielectric response of various liquid crystals and glass-forming liquids, Phase Transitions 

89, 341-8 (2016). 
 

[H8] E. Carignani, L. Calucci, E. Juszyńska-Gałązka, M. Gałązka, M. Massalska-Arodź, 

C. Forte, M. Geppi, Dynamics of the chiral liquid 4’-bytyl-4-(S)-(2-

methylbutoxy)azoxybenzene in the isotropic, cholesteric and solid phases: a fast field-

cycling NMR Relaxometry Study, J. Phys. Chem. B 120, 5083-5092 (2016). 

  



 

 

 

 

 

 

 

[H1] 
 

M. Gałązka, P. Zieliński, 

Solid State Sciences 11, 740-746 (2009) 



Strain coupling and scaling invariants in search for effective critical parameters
of uniaxial ferroelectrics
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a b s t r a c t

A scaling equation of state giving a realistic ratio of Curie–Weiss constants and accounting for coupling of
the order parameter with a strain (secondary order parameter) is used to describe the temperature
dependence of the electric susceptibility in an external biasing field applied in case of uniaxial ferro-
electrics. Explicit expressions for the resulting scaling invariants are given. The power laws for the
temperature and field dependence of the maxima and of the inflection points of the susceptibility curves
are found. The theory is exemplified by the effective critical behaviour of iono-molecular crystals
(CH3NH3)5Bi2Cl11 (MAPCB) and (CH3NH3)5Bi2Br11 (MAPBB).

� 2008 Published by Elsevier Masson SAS.

1. Introduction

The scaling hypothesis [1–5] gives a general framework for
construction of equations of state in the vicinity of the critical point.
In principle an equation of state gives a relation of parameters of
the system in the thermodynamic equilibrium. Nevertheless it has
been shown that the scaling equations of state provide a correct
description of real experiments where the full equilibrium is
probably not attained because of a finite rate of temperature
changes [6–8]. The actual parameters of the material then are
a result of an interplay between static and dynamical critical
phenomena. The corresponding effective critical exponents are
usually different from those implied by universality classes because
their values result from both: the properties of the material and
from the experiment.

The scaling hypothesis does not determine the explicit expres-
sion of the equation of state, but rather offers a variety of different
forms compatible with the general framework. A systematic
method of obtaining the adequate form of the equation of state for

a given system does not exist and all we can do is to compare
reasonable trial expressions with experimental data.

In the present paper we consider an equation of state which
involves a coupling of the electric polarization P, being the primary
order parameter in ferroelectric phase transitions, with a secondary
order parameter as is a mechanical strain, 3. As the generic form of
the scaling equation of state we use the expression proposed by
Domb [9] completed with a stabilizing term needed when the
critical exponent gs1. An advantage of this form of equation
of state, called in what follows modified Domb equation of state
[10–12], is that the resulting ratio of the Curie–Weiss constants
G�=Gþ, the ratio of the slopes between the low temperature, G�,
and the high temperature, Gþ, part of the inverse susceptibility,
depends on phenomenological parameters of the system and is not
rigidly equal to d� 1, [7,12–15], where d is a critical exponent. In
fact the equality G�=Gþ ¼ d� 1 is usually not observed in real
experiments [5,7,8,10–18].

In Section 2 we give the explicit expression for the auxiliary free
energy (analogue to Landau free energy) in a system obeying the
completed Domb’s equation of state and showing the simplest
coupling of the primary order parameter with the strain. We show
that the elimination of the strain degrees of freedom results in an
effective equation of state compatible with the modified Domb’s
form. Subsequently we present the explicit expressions for electric
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susceptibility in a biasing field as well as for the characteristic
points: maxima and inflection points of the corresponding
susceptibility curves. Section 3 gives, for the first time to our
knowledge, the explicit formulae for some scaling invariants
useful in the determination of the critical parameters and in the
verification of the validity of scaling hypothesis itself in the
material under study. In particular we show that the coupling with
strain, equivalent to the additional term in Domb’s equation of
state, makes the invariants (otherwise being only functions of the
critical exponents) dependent of phenomenological parameters of
the system. Sections 4 and 5 present a comparison of the results
with experimental data of uniaxial ferroelectrics MAPCB and
MAPBB.

2. Modified Domb equation of state in presence of coupling
with strain

According to Griffiths’ and Widom’s scaling hypothesis [1–5] the
singular part of the thermodynamical functions in the vicinity of
the critical point are generalized homogeneous functions of the
reduced temperature s ¼ ðT � TCÞ=TC and of the quantities serving
as the primary and the secondary order parameters.

Domb [9] proposed the equation of state for the uniaxial
ferroelectrics in the following form

E ¼ P
�

asþ bjPj1=b
�g
; (1)

where P is the electric polarization and E is an external biasing field.
The critical exponent b describes the behaviour of the spontaneous
polarization PSfð�sÞb and the exponent g that of the susceptibility
c� ¼ G�jsj�g at E ¼ 0. The subscript ‘‘þ’’ corresponds to s > 0 and
‘‘�’’ to s < 0. One uses also a combination of the critical exponents
d ¼ g=bþ 1. The equation of state (1) cannot be applied literally to
uniaxial ferroelectric crystals where the critical exponent g differs
from unity (for example see Refs. [7,12,16]), because it then entails
a divergence or zero of the electric susceptibility for g > 1 or g < 1,
respectively, at the zero biasing field below the critical temperature
TC [10–12]. Completion of the Eq. (1) with a term proportional to Pd

on the right-hand side removes this inconsistency. The completed
Domb equation of state predicts that the inverse Curie–Weiss
constant ratio G�=Gþ is a function of both critical exponents and of
phenomenological parameters of the model (see Eq. (16) in
Ref. [10]).

In the presence of the strain 3 one can write down the general
term of the auxiliary free energy function as follows

�
jPj2þðg�AÞ=bsA

�B=2
32�B: (2)

The expression (2) is homogeneous irrespective of the values of the
exponents A and B. When B ¼ 2 one finds the general term of the
free energy in a purely ferroelectric phase transition [7,19,20]. The
value A ¼ 0 then corresponds to the stabilizing term in the primary
order parameter. This term is proportional to Pðdþ1Þ and reasonably
assumed to be temperature independent [7]. In turn the value A ¼
g produces the lowest order term in polarization P. This term is of
second order which ensures a smooth minimum of the free energy
at T > TC and at the same time produces a linear field–polarization
relation. The value B ¼ 0 corresponds to a purely elastic term. It
seems reasonable to postulate this term to be of second order in
analogy with the primary order parameter. Such a choice ensures
a stress–strain proportionality or, in other words, the generalized
Hooke’s law [20]. It should be stressed, however, that the scaling
hypothesis itself does not impose restrictions on the values of the
exponents A and B. Therefore one should not preclude some devi-
ations from linearity of the field–polarization and/or stress–stain

relations close enough to the critical point (see Refs. [10–12] and
references cited therein). In the present paper we keep the classical
relations however. Additionally we assume, as it is usually the
case in classical approaches, that the coupling of the strain with
polarization is temperature independent and that it is of first order
in the strain. Consequently the coupling term corresponds to A ¼ 0
and B ¼ 1. With the above assumptions the auxiliary free energy
reads

FðP; 3; sÞ ¼
Z P

0

�
asþ bjPj1=b

�g
PdP þ

~c
dþ 1

jPjdþ1þ1
2

cel3
2

þ 2g
dþ 1

3jPjðdþ1Þ=2�EP � s3; (3)

where a, b, ~c and g are phenomenological constants and cel is a bare
elastic constant. The external electric field and stress are denoted
by E and s, respectively. One more assumption underlying our
model is that there is only one combination of strains 3 coupled to
the order parameter P. The term in Eq. (3) with the coefficient ~c is
the stabilization term in the polarization P lacking in the original
Domb’s equation of state [10–12].

Now the state of the system is defined by two equations cor-
responding to the necessary condition of minimum of the auxiliary
free energy (Eq. (3))

E ¼
h�

asþ bjPj1=b
�g
þ~cjPjg=b

i
P þ g3PjPjðd�3Þ=2 (4a)

and

s ¼ cel3þ
2g

dþ 1
jPjðdþ1Þ=2: (4b)

According to Widom’s scaling relation d ¼ g=bþ 1. In what follows
we suppose the material being free of external stresses. Inserting 3

from Eq. (4b) at s ¼ 0 into Eq. (4a) one obtains the effective
equation of state in the form

E ¼ P
h�

asþ bjPj1=b
�g
þcjPjg=b

i
; (5)

where

c ¼ ~c� 2g2

ðdþ 1Þcel
:

One should remark that the effective stabilizing coefficient c would
be negative in the presence of the coupling with the strain if there
were no coefficient ~c in the original expression for the free energy
function or if it were too weak. This would obviously infringe the
global stability of the system. This is one more point for the addi-
tional term in the original Domb equation of state.

The strain 3 is a power function of the polarization P with the
exponent ðdþ 1Þ=2 that follows from Eq. (4b). This is compatible
with the previous experimental and analytical study on the strain–
polarization coupling [7]. As a function of temperature s < 0 at
s ¼ 0 and E ¼ 0 the strain 3 is

3 ¼ �2g
ðd� 1Þcel

�a
b

�g
2þb
ð�sÞg=2þb:

This is also corroborated by preliminary dilatometric measurements.
The electric susceptibility c is given by

cðs; PÞ ¼ 3�1
0

��
asþ dbjPj1=b

��
asþ bjPj1=b

�g�1
þdcjPjg=b

��1

;

(6)

where 30 is the permittivity of the vacuum.
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In general the curves cðs; EÞ considered as functions of reduced
temperature s at constant biasing fields E possess a maximum
and a number of inflection points. The conditions for maxima and
inflection points of these curves can be derived from Eqs. (5) and
(6). The resulting field dependent temperature of the maximum
reads

smaxðEÞ ¼ a�1b1=dðr1 � 1Þ
�
rg

1 þ zg��ðd�1Þ=ðdgÞ
Eðd�1Þ=ðdgÞ; (7)

where r1 is a function of the critical exponents and of the coeffi-
cient z. The explicit form of the function r1 is given in Appendix A,
Eq. (A.1). The parameter z is defined as

z ¼ c1=g=b: (7a)

The parameter z vanishes in the simplest forms of the scaling
equation of state: the original Domb’s equation [12] and in the one
obtained by a shear replacement of the integer powers by the
corresponding fractional ones in the Landau expansion of the
auxiliary free energy [10,11]. Therefore, the presence of this coef-
ficient is a signature of a deviation of the actual equation of state
from its simplest form and/or of the existence of a coupling with
other quantities. As we will see in the next section the presence of
this parameter may be detected by an independent determination
of some scaling invariants, of the critical exponents and of the ratio
G�=Gþ.

The maximum of the susceptibility cðs; EÞ shifts toward higher
temperatures with increasing biasing field E according to a power
law with the exponent 1=D, where D ¼ gd=ðd� 1Þ is the gap
exponent [5,21]. This feature is easily seen in Fig. 1a and b showing

the experimental temperature dependences of the susceptibility
cðs; EÞ for ferroelectrics MAPCB and MAPBB, respectively.

In the same way one can obtain the power law for the order
parameter P dependent on the reduced temperature s or on
the biasing field E just at the temperature of the maximum smax of
the susceptibility curves cðs; EÞ. Then Pfsb

max and Psmax fE1=d. At the
temperature of the maximum smax the value of the susceptibility
cðs; EÞ is a function of the biasing field, cmaxðEÞfE�ðd�1Þ=d

cðsmaxÞ ¼ 3�1
0

�
r1

r1 � 1

	�g�
1þ g

b
r�1

1 þ dzgr�g
1

	�1

ðasmaxÞ�g;

(8)

where smax is a function of the field E according to Eq. (7).
Apart from maxima, the curves of the susceptibility in a biasing

field are characterised by at least two inflection points where the
second derivative of the susceptibility vanishes, v2cðs; EÞ=vs2 ¼ 0.
The following equation gives expression for the temperature of the
inflection point lying right to maximum, sinf > smax

sinf ðEÞ ¼ a�1b1=dðr2 � 1Þ
�
rg

2 þ zg��ðd�1Þ=ðdgÞ
Eðd�1Þ=ðdgÞ (9)

for the field dependence of the reduced temperature of the
inflection points, sinf , where r2 is a function of the critical expo-
nents and of the coefficient z (see Appendix A, Eq. (A.2)), and

c
�
sinf

�
¼ 3�1

0

�
r2

r2 � 1

	�g�
1þ g

b
r�1

2 þ dzgr�g
2

	�1�
asinf

��g

(10)

for the temperature dependence of the susceptibility c at the
inflection point on the right-hand side of the maximum of the
susceptibility.

In a similar way one obtains the conditions for the inflection
point on the left-hand side of the maximum of the susceptibility
cðs; Es0Þ. This inflection point is also given by a power law:
sinf ðEÞfE1=D. The usefulness of the inflection point left to the
maximum of the susceptibility is, however, belittled by its close-
ness to the critical point TC.

One sees that the reduced temperature sinf is a power function
of the biasing field E with the exponent 1=D, Eq. (9). The suscep-
tibility also shows a power law behaviour at the inflection points
cinf ðEÞfs�g, Eq. (10). The power laws for Pðsinf Þ, Psinf ðEÞ are char-
acterised by the exponents b and 1/d, respectively.

3. Use of the scaling invariants in the determination of the
critical exponents

The susceptibility cðs; EÞ measured as a function of two vari-
ables : reduced temperature s and external biasing filed E, gives rise
to some quantities which should be independent of the field E as
long as the scaling hypothesis is fulfilled [6,7,12–16]. These quan-
tities are called scaling invariants.

The invariant Q is defined in Ref. [13] as

Qh
cðsmax; E ¼ 0Þ
cðsmax; Es0Þ ; (11)

where smax is the reduced temperature at which the susceptibility
cðs; Es0Þ has its maximum. The numerator of Eq. (11) is taken at
the same temperature smax but for zero biasing field.

The invariant G [6,12,16]

Gh
c
�
sinf ; E ¼ 0

�
c
�
sinf ; Es0

� (12)
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Fig. 1. Experimental temperature dependences of the susceptibility c in various
biasing fields E for ferroelectrics (a) MAPCB and (b) MAPBB. Values of biasing fields are
given in figure legends.
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is defined in a similar way but at the inflection points of the
susceptibility curves cðs; Es0Þ. To determine the experimental
values of the scaling invariants Q and G one needs to know the
values of the susceptibility measured at the temperatures
prescribed in the definitions (11) and (12). This is a potential source
of experimental uncertainty of these quantities.

In particular, the inflection point located below the maximum
sinf < smax is usually very close to the critical temperature. The zero
field susceptibility takes very high values there and should diverge
at s ¼ 0. In practice, however, the susceptibility is much lower
because of structural defects, of local fields and of a finite size of the
sample [22]. The numerators of expressions (11) and (12) then
show a particularly large uncertainty and/or systematic error. On
the other hand the inflection point at sinf < smax provides impor-
tant insight into the system. It has been shown by the present
authors that the field independence of the position of this inflection
point is a signature of a classical (Landau) behaviour [7,12].

There are, however, scaling invariants that do not require the
knowledge of the values of the susceptibility but only the location
of characteristic points of the susceptibility curves. A representative
of such a scaling invariant is [6,12,16]

Uh
smax

sinf
(13)

involving the temperatures of maximum and of the inflection
points.

The numerators of the expressions in Eqs. (11) and (12) are
simplified by the fact that the temperatures of the maximum and of
the inflection points lie above the critical temperature sinf ; > 0.
Then

cparaðs; E ¼ 0Þ ¼ 3�1
0 ðasÞ�g: (14)

Inserting Eqs. (8) and (14) into Eq. (11) one obtains

Q ¼
�

r1

r1 � 1

	g�
1þ g

b
r�1

1 þ dzgr�g
1

	
: (15)

Similarly one gets the formula for the scaling invariant G from
Eqs. (10), (12) and (14)

G ¼
�

r2

r2 � 1

	g�
1þ g

b
r�1

2 þ dzgr�g
2

	
: (16)

The scaling invariants Q and G depend on the critical exponents g,
b and on the coefficient z already defined in Eq. (7a). As we have
seen in Section 2 a non-zero coefficient z is a signature of a coupling
of the order parameter with a secondary order parameter and/or of
the presence of the additional term in Domb’s equation of state.
When the parameter z vanishes the scaling invariants Q, G and U

are exclusively functions of critical exponents. The presence of the
coefficient z makes them dependent on the parameters of the
model. One more consequence of the coefficient z is that it makes
the ratio G�=Gþ of the low to the high temperature parts of the
inverse susceptibility (Curie–Weiss constant ratio) deviate from the
value d� 1 [10]. In fact

z ¼
�

R1=ðg�1Þ � 1
��1

;

where R ¼ ðG�=GþÞ=ðd� 1Þ, (see Eq. (16) in Ref. [10]). Therefore
the existence of the coupling with a secondary order parameter can
be detected an exact determination of the critical exponents, the
scaling invariants and of the Curie–Weiss constants ratio. Since the
experimental critical exponent g is usually close to 1, the parameter
z is close to zero at g < 1 and close to 1 at g > 1. Therefore it is
legitimate to expand the invariants in power series of z. Below we

show the expansions at g < 1 which is the case in the materials
MAPCB and MAPBB discussed later

Q ¼ Q D þ Q1zþ Q 2z2 þ. (17)

and

G ¼ GD þ G1zþ G2z2 þ.; (18)

where QD and GD are the scaling invariants for Domb equation of
state [12] and Q1, Q2, G1, G2 are the coefficients given explicitly in
Appendix B, Eqs. (B.1), (B.2) and (B.4).

Putting Eqs. (10) and (12) into Eq. (16) one gets the formula

U ¼ r1 � 1
r2 � 1

�
r2 þ zg

r1 þ zg

	d�1
dg

; (19)

for the scaling invariant U for the inflection point on the right-hand
side of the maximum of the susceptibility cðs; Es0Þ. Eq. (19) can be
also expanded into a power series of the coefficient z

U ¼ UD þ U1zþ U2z2 þ.; (20)

where UD is the scaling invariant for Domb equation of state [12]
and U1, U2 are the coefficients of the power expansion. Their
dependences on the critical exponents are given in Appendix B, Eqs.
(B.3) and (B.5). In conclusion to obtain practically the effective
critical exponents from realistic experimental data one has to fit the
coefficient z.

4. Properties of MAPCB and MAPBB crystals

The theoretical considerations of previous sections will be
exemplified on the uniaxial ferroelectric materials pentakis meth-
ylammonium undecachlorodibismuthate(III) (abbreviated MAPCB)
and pentakis methylammonium undecabromodibismuthate(III)
(abbreviated MAPBB) of chemical formulae (CH3NH3)5Bi2Cl11 and
(CH3NH3)5Bi2Br11, respectively. They belong to a family of alky-
loammonium halogenoantimonate(III) and halogenobismuthate(III)
crystals. Both of these materials undergo continuous phase tran-
sition at TC ¼ 307:65 K [7,12,16], MAPCB crystal, and at
TC ¼ 311:52 K [12,16], MAPBB crystal. The symmetry relation is
Pcab/Pca21 in both cases [7,12,17] so that the low temperature
phase of both materials is uniaxial ferroelectric. The mechanism of
the phase transitions in both materials involves ordering of the
polar methylammonium cations [7,12,17,23–26].

Numerous studies of the spontaneous polarization PS and of the
susceptibility c at zero biasing field indicate that these substances
do not belong to the Landau universality class as far as the effective
critical exponents, possibly depending on the experimental
condition, are considered. Although the critical exponents g are
close to the unity (to the classical value) for both materials [7,12],
the critical exponents b [7,12,26–29] are rather close to the three-
dimensional Ising or three-dimensional Heisenberg models [1].
Moreover, the measurements of the zero field susceptibility in both
phases show strong deviations from Landau theory for both crys-
tals. A careful consideration of the inverse Curie–Weiss constants
ratios G�=Gþ show that these quotients significantly differ from 2
as in Landau theory or from 2g�1g=b as in the three-dimensional
Ising model [2]. The experimental ratios G�=Gþ are equal to
3:83� 0:03 for MAPCB [7,12,27] and 3:90� 0:02 for MAPBB [7,12]. It
was shown for ferroelectric TGS that domains or adiabatic effects
can affect the ratio G�=Gþ increasing its value but no more than by
10–20% [30]. The simplest two-term equation of state implies that
the inverse Curie–Weiss constants ratios then should be equal to
2:60� 0:28 and 2:64� 0:29 for MAPCB and MAPBB crystals [7,12],
respectively. The considered modified Domb’s equation of state
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with the non-classical critical exponents gives good agreement
with experimental data [10–12].

5. Application to the experimental data

Fig. 1a and b represents the experimental data of electric
susceptibility c at biasing fields E for the ferroelectric crystals
MAPCB and MAPBB, respectively. The susceptibility c was
measured with the Agilent 4284A Precision LCR meter at the
frequency of 200 Hz, which has been shown to be a good approx-
imation of the static susceptibility [7]. The temperature was
changed at a rate 0.02 K/min. The overall error in estimation of the
susceptibility c was about 5%. The dimensions of the samples were
of order of 5� 3� 1 mm3. The preparation of the crystals and the
experimental details are given in Refs. [7,31]. The values of the
coercive fields are about 1:7� 105½Vm�1� for MAPCB [32] and about
1:2� 105½Vm�1� for MAPBB [33] crystals at 300 K. Close to the
transition points they decrease to the values 9:5� 104½Vm�1� for
MAPCB at 306 K [32] and 2:4� 104½Vm�1� for MAPBB at 310 K [33].
They are smaller than used biasing fields E in the temperature range
covering the experimental data of the non-zero field susceptibility.

The experimental values of the scaling invariants Q, G and U

have been obtained from the data of Fig. 1a and b and from those
cðs; E ¼ 0Þ presented elsewhere [4,9,10,24,25]. Fig. 2 show the
experimental and the mean values of the scaling invariants Q, G and
U for MAPCB and MAPBB. The experimental scaling invariants are
independent of the biasing field within their experimental errors.
The independence of the scaling invariants of the biasing field E
indicates that the scaling hypothesis is fulfilled in the study of the
ferroelectrics MAPCB and MAPBB. The mean values of the experi-
mental scaling invariants Qexp, Gexp and Qexp are gathered in Table 1.
Knowing the experimental critical exponents bexp, gexp and dexp,
shown in Table 2, one can calculate, with the use of Eqs. (15)–(20),

the theoretical values of the scaling invariants Qtheo, Gtheo and Utheo.
Comparing the values of the theoretical and experimental scaling
invariants one notes that the differences between them are within
the region of the sums of their errors. These agreements confirm
that the modified Domb equation of state describes correctly the
effective behaviour of the uniaxial ferroelectric materials in the
vicinity of the critical temperature TC at zero and at non-zero
biasing fields E.

The critical exponents b, g and d can be obtained from one of the
scaling invariants. Using Widom’s equality one can make one of the
critical exponents (for example b) dependent on the exponents g

and d. This operation reduces the number of unknown parameters
to fit. Then one of critical exponents would be determined with
a good precision (for example g) and the other would be obtained
with a lower precision (for example d). On the other hand, the
exponents g and d can be obtained more preciously from the set of
two of three scaling invariants. The critical exponents obtained
from the pairs of the scaling invariants are presented in Table 2. One
sees that almost the whole differences between theoretical and
experimental critical exponents are smaller than the sums of their
errors for both materials.
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Fig. 2. Experimental (circles and triangles) and mean values (dotted lines) of scaling invariants Q and G for ferroelectrics (a) MAPCB, (b) MAPBB and scaling invariant U for crystals
(c) MAPCB and (d) MAPBB.

Table 1
Average experimental and theoretical values of scaling invariants Q, G and U.

MAPCB MAPBB

Qexp 1.61� 0.12 1.71� 0.12
Gexp 1.09� 0.08 1.17� 0.08
Uexp 0.584� 0.012 0.564� 0.035
Qtheo 1.61� 0.08 1.60� 0.07
Gtheo 1.12� 0.03 1.13� 0.03
Utheo 0.592� 0.009 0.596� 0.009
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6. Conclusion

The coupling of the primary order parameter, here the polarization
P, with the secondary order parameter, most plausibly a strain 3, gives
rise to an additional term in the effective equation of state relating
polarization with electric field. This term is of the same general form as
the one introduced formerly to the Domb equation of state [10–12] to
make it applicable at non-classical critical exponent g. This form of the
equation of state is consistent with the significant deviation of the
Curie–Weiss ratio G�=Gþ from the value d� 1 observed in many
materials (for example see Ref. [12]). The explicit expression for the
scaling invariants given in Section 3 are helpful in obtaining the critical
parameters from experimental data. The scaling invariants of the
present model are dependent on the critical exponents as well as of
some phenomenological parameters in accordance with the sugges-
tion of Westwański et al. [34] ‘‘the scaling invariant Q must depend not
only on the critical exponent d but also on some other quantity’’. The
dependence of the scaling invariants on the model parameters can be
reliably expressed by power expansion in the quantity z of Eq. (7a). The
degree of the independence of the experimentally determined
invariants Q, G and U of the biasing field E is an evidence of the
adequacy of the scaling hypothesis to the effective, even possibly
dependent on the experimental procedures, critical behaviour of the
methylammonium salts MAPCB and MAPBB.
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Appendix. A

The susceptibility curves cðs; Es0Þ given by Eq. (6), where the
order parameter P is the solution of the equation of state (5), have
the maximum and two inflection points. The maximum corre-
sponds to vcðs; EÞ=vs ¼ 0. Because the biasing field E does not
depend on temperature one can write vE=vs ¼ 0. These two
conditions produce Eq. (7) for smaxðEÞ with the function r1

r1 ¼
1
2

dðd�2Þzþd�g

2b

þ1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2ðd�2Þ2z2þðdðd�gÞ�2ðd�2ÞÞzþ

�
d�g

b

	2
s

: (A.1)

Solving the condition v2cðs;EÞ=vs2 ¼ 0 one gets Eq. (6) for the
dependence sinf ðEÞ of the inflection point on the right-hand side of
the maximum of the susceptibility cðs;Es0Þ with r2 given by

r2 ¼
1

2ðgþ 1Þ

 
r
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2 þ r

ð1bÞ
2 z

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

rð1aÞ
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2 z
�2
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�
rð2aÞ

2 þ rð2bÞ
2 zþ rð2cÞ

2 z2
�r !

;

(A.2)

where

rð1aÞ
2 ¼ 1

b2

�
4bgd� 2bg2 � 3bgþ gdþ 2bd� g2

�
;

r
ð1bÞ
2 ¼ d

b

�
5bgd� 6bg� 4bþ g2dþ bd� 2g2

�
;

rð2aÞ
2 ¼ � g

b3ðd� gÞð3bd� g� bg� 2bÞ;

rð2bÞ
2 ¼ � d

b2

�
� 5bg2d� 9bgd� 2b� g� 6bgd2 þ 4bgþ g2

� 4bd� gdþ 9bg2 þ 3g3 � dg3
�

rð2cÞ
2 ¼ �d2

b

�
� 10bgd� 2bdþ 6bgþ 5b� dg2 þ 2g2 þ 3bgd2

�
:

The formula for the inflection point on the left-hand side of the
maximum of the susceptibility cðs; Es0Þ is also given by Eq. (9) but
with function r2 which should be obtained from Eq. (A.2) with the
‘‘plus’’ sign replaced by ‘‘minus’’ in front of the square root symbol.

Appendix B

The expansion coefficients of the scaling invariants Q, G and U
given by Eqs. (15), (16) and (19) for z << 1 are

QD ¼
�

d� g

d

	g�1

ð1� bÞ�g
; (B.1)

GD ¼ ð1� r3Þ�g
�

1þ g

b
r3

	
; (B.2)

UD ¼
dð1� bÞ
1� r3

�
r3

b

	1
d

ðd� gÞ1=d�1
; (B.3)

where

r3 ¼
b
�

d2 þ dþ 3dg� 2g2 � 2g
�

2gðd� gÞð2d� 1� gÞ

�

0
B@1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4gðd� gÞðgþ 1Þð2d� 1� gÞ�

d2 þ dþ 3dg� 2g2 � 2g
�2

vuuut
1
CA:

The quantities QD, GD and UD [9] are the scaling invariants resulting
from the equation of state proposed by Domb [25]. When the

Table 2
Experimental and theoretical values (obtained from the scaling invariants) of critical
exponents b, g and d. Pairs of down indexes QG, QU and GU mean that critical
exponents have been obtained from corresponding scaling invariants.

MAPCB MAPBB

bexp 0.379� 0.030 0.375� 0.030
gexp 0.985� 0.030 0.989� 0.030
dexp

a 3.60� 0.28 3.64� 0.29
bQG

a 0.367� 0.071 0.400� 0.076
gQG 1.020� 0.050 1.017� 0.050
dQG 3.78� 0.40 3.54� 0.36
bGU

a 0.390� 0.048 0.397� 0.041
gGU 0.995� 0.050 0.997� 0.050
dGU 3.55� 0.19 3.50� 0.13
bQU

a 0.383� 0.043 0.388� 0.040
gQU 0.990� 0.050 0.991� 0.048
dQU 3.58� 0.19 3.55� 0.14

a Values of critical exponent obtained from Widom’s equality g ¼ bðd� 1Þ [1,9].
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coefficient z << 1, as is the case in MAPCB and MAPBB, then one
can use Eqs. (B.1)–(B.3) instead of Eqs. (17), (18) and (20).

The remaining coefficients of the expansions (17) and (18) can
be approximated by formulae

Q1 ¼ �2:32þ 7:11bþ 2:82gþ 1:83b2 � 0:373g2 � 9:32bg;

(B.4a)

Q2 ¼0:405þ 16:5b� 4:14gþ 22:2b2 þ 9:11g2 � 47:9bg

� 19:3b3 � 4:95g3 þ 28:4bg2 � 8:04b2g; ðB:4bÞ

G1 ¼ �0:333þ 1:27bþ 0:389g� 0:682b2 þ 0:073g2

� 1:31bg; (B.4c)

G2 ¼ 0:053þ 4:69b� 0:716g� 3:51b2 þ 1:36g2 � 8:10bg

þ 0:224b3 � 0:612g3 þ 3:69bg2 þ 3:72b2g:

(B.4d)

The error on the quantities in Eqs. (B.4a)–(B.4d) lies between 3 and
6%.

The coefficients U1 and U2 are similarly given by

U1 ¼ 0:078� 0:212b� 0:033g� 0:044b2 � 0:059g2

þ 0:388bg; (B.5a)

U2 ¼ 0:058þ 0:199b� 0:196g� 0:740b2 þ 0:078g2

þ 0:065bgþ 0:626b3 þ 0:054g3 � 0:266bg2 þ 0:254b2g

(B.5b)

with errors about 4–6%.
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a b s t r a c t

The Gibbs free energy, in the form resulting from Landau considerations of the first order phase

transitions, is used to describe resulting temperature behaviour of the specific heat of neohexanol and

its isomers given by the general formula C6H13OH. Analyses of the data give power dependences of the

specific heat on temperature with exponent one half in the vicinity of the melting points and almost

one and a half far below phase transformation temperatures.

& 2011 Elsevier B.V. All rights reserved.

1. Introduction

Full theoretical description of temperature behaviour of the
specific heat and the entropy, the order parameter in the phase
transition analyses involves applying one of the equations of state
resulting from a rich family of models and theories proposed by
Landau, Heisenberg, Ising, Wilson, Khmelnitsky, Domb or Potts (for
example see Refs. [1–5] and references cited therein) in the vicinity
of the transition point in the first or in the second order phase
transitions. All of the mentioned models and theories predict that in
the vicinity of the phase transition temperature the physical
quantities, such as the order parameter (polarisation, magnetisation,
density or viscosity), the specific heat, the entropy and the suscept-
ibility, are governed by the power law dependences on the reduced
temperature with different values of exponents. However, far below
the transition points all of dependences resulting from previously
mentioned theories contribute to growing divergences between
theoretically predicted dependences and those obtained from
experimental measurements. To describe, for example, the beha-
viour of the specific heat in the broad temperature region, this
means in the vicinity of the transition point as well as far below this
point, one applies two different models to these regions or, as would
be shown for isomers of neohexanol C6H13OH [6–9], use an effective
description allowing quantities, being believed to take the constant
values, to become temperature dependent. As it would be presented

for isomers of neohexanol in the vicinity of the transition tempera-
ture from the crystalline phase to the isotropic phase, being
considered as the first or weak first order phase transition, one
deals with a power law dependence of the specific heat on the
reduced temperature with exponents whose values depend on a
kind of fit procedure. The exponents can take the value one half, as
for discontinuous case, under the condition that one allows some
constant coefficient to appear in the temperature dependence of the
specific heat, not resulting strictly from the phenomenological
Landau theory of phase transitions. On the other hand, the expo-
nents determined from the experimental measurements of the
specific heat take a bit larger values than one half without the
mentioned constant coefficient. However, far below the transition
temperature one gets good agreement between theoretical and
experimental curves of the specific heat with exponents equal to
almost one and a half for all of the isomers of neohexanol. Summing
up, this means that isomers of neohexanol despite having different
properties and polymorphisms (described further within this sec-
tion) are described very well by the power law dependences on the
reduced temperature with closely located values of the exponents.
This is in accordance with theories brought at the beginning of this
section that all substances belonging to the same classes of
universality (or to the same family) have the same exponent.

The dimethylbutanol (DM-B) molecules, i.e. 2,2-dimethylbutan-1-
ol (2,2-DM-1-B)—CH3CH2C(CH3)2CH2OH [7,10–16], 3,3-dimethylbu-
tan-1-ol (3,3-DM-1-B)—(CH3)3CCH2CH2OH, 3,3-dimethylbutan-2-ol
(3,3-DM-2-B)—(CH3)3CCH(OH)CH3 and 2,3-dimethylbutan-2-ol (2,3
-DM-2-B)—(CH3)2CHC(CH3)2OH, belong to the ‘‘C1’’ symmetry group
and their axes, planes and centres of symmetry cannot be deter-
mined. There is only one element of symmetry E. The 1-butanol
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molecules have methylene groups CH2, in contrast to the 2-butanols
having the CH groups. Due to the molecular structure, 2,2-DM-1-B
and 3,3-DM-1-B are the primary alcohols, 3,3-DM-2-B—the second-
ary and 2,3-DM-2-B—the tertiary one. Thanks to branched structure
of C–C bonds the molecules of DM-B are nearly of globular shapes.
Different molecular structures of the isomers influence strongly on
dynamics and the polymorphism of solid phases. The geometry of
molecules determines the appearance of the plastic ODIC type phases
(orientationally disordered plastic crystal) in these substances, in
addition to the completely ordered crystalline phases [10]. The ODIC
phases are characterised by long-range arrangement of gravity
centres of molecules in the crystal lattice but due to free rotation of
molecules they are also called as rotational phases [17]. Thus in
melting of the ODIC phase, only translational degrees of freedom are
activated and the temperature of melting is lower than for the
ordered crystalline phase. For organic substances several intermedi-
ate phases with the different degrees of freedom may occur between
the ordered crystal and the disordered liquid phase [18]. The study of
polymorphism of four DM-B substances was carried out using mainly
three methods, namely, DSC [7], DTA [11,12,14,15] (only for 2,2-DM-
1-B) and adiabatic calorimetry [9,10]. The isotropic liquid phase and
crystalline or ODIC phases for isomers of neohexanol were found
using calorimetry methods and different methods as well. A glassy
phase of liquid was found on cooling for 3,3-DM-1-B [6,9,10]. Addi-
tionally, the crystallisation of supercooled liquid phase was observed
there on heating after softening of the glass of liquid phase [6,9,10].
For 2,3-DM-2-B only crystallisation of an ordered crystal has been
observed on cooling [9]. One transition of about 10 K below the
melting temperature (with very small entropy jump) on heating has
been observed [6,7]. No glassy phase was found there. A crystal-
lisation of an orientationally disordered crystal (ODIC phase) occurs
for 3,3-DM-2-B and 2,2-DM-1-B on cooling [6–9]. The softening of
the glass of ODIC phase were observed on heating for mentioned
samples [6,7,9]. However, on heating four [6,7,9] and two [6,7,9]
ODIC phases were observed for 3,3-DM-2-B and 2,2-DM-1-B, respec-
tively. Moreover, independent of cooling rate only glass of C4 ODIC
phase for 3,3-DM-2-B, below about 240 K, and ordered crystalline
phase for 2,3-DM-2-B, below about 195 K, were observed [6–9]. The
polymorphisms in the isomers of neohexanol are determined by:
the shapes and the geometries of the molecules, an existence of the
hydrogen bonds, a location of the OH group and possible confor-
mations of the molecules. In Table 1 the values of the melting
temperature and related changes of enthalpy and entropy are
collected. Small values of the enthalpy and the entropy of melting
(smaller than 21 kcal/mol given by Timmermans criterion [19]) of
2,2-DM-1-B and, 3,3-DM-2-B alcohols confirm that the transforma-
tions occur for the ODIC phases. However, the large values of entropy
of melting observed for 2,3-DM-2-B and 3,3-DM-1-B correspond to
the transformation of the highly ordered crystalline phases into the
liquid phase. These findings were confirmed by dielectric spectro-
scopy studies [8,10–12,14–16], the DSC method [6,7] and the DTA
method [11–16]. Vibrational dynamics of the DM-B molecules was
identified using the so-called incoherent inelastic neutron scattering
(IINS) and optical spectroscopy in the far and mid infrared frequency
ranges [9,20].

Here, we consider a free energy density function in the Landau
theory as presented in Section 3. The dependence of the specific
heat on temperature, shown in Section 3, is for the first order
phase transition. To the theoretical analysis some temperature TM,
higher than the melting temperature Tm, has been used. As it
would be shown in Sections 4 and 5, using this procedure makes
the description of behaviour of the specific heat easier.

2. Experimental

Heat capacity measurements of three isomers of neohexanol
have been performed by adiabatic calorimetry in the temperature
range from 100 K to 300 K with several experimental runs.
A laboratory made adiabatic calorimeter at the Institute of Nuclear
Physics, Polish Academy of Sciences [6,8] with the dedicated soft-
ware [21], used to control parameters of the experiment and to
acquire the data, was employed. Heat capacity measurements have
been performed in the wide temperature range from 13 K to 302 K
[10,22,23] for 3,3-DM-1-B at the Osaka University, Japan.

The masses of samples used for the calorimetric measure-
ments were 5.528 g, 6.601 g, 5.368 g and 6.135 g with errors
0.001 g for 2,2-D-1-B, 2,3-DM-2-B, 3,3-DM-1-B and 3,3-DM-2-B,
respectively.

The purities of the investigated samples of 2,3-DM-2-B and
3,3-DM-2-B were 99þ% and 98%, respectively. The neohexanol
isomers 2,3-DM-2-B, 3,3-DM-1-B and 3,3-DM-2-B were bought
from Aldrich Chemical Company and the 2,2-D-1-B sample was
synthesised in the Jerzy Haber Institute of Catalysis and Surface
Chemistry, Polish Academy of Sciences, Cracow.

3. Specific heat dependence on temperature in the first order
phase transition

3.1. Specific heat—general information

The specific heat Cp is the heat capacity per mole determined
by the following formula:

Cp ¼
CpðobsÞ�CpðemptyÞ

m
ð1Þ

where Cp(obs) is the total observed heat capacity of the sample
and the sample cell, Cp(empty) is the heat capacity of the empty
cell and m is the mass of the sample in mole. The excess specific
heat data associated with the Cr–Is transition (crystal–isotropic
transition), related to the melting of the crystalline phase, is
determined by the following relation:

DCp ¼ Cp�CðbgÞ
p ð2Þ

where the specific heat Cp is obtained from Eq. (1) and CðbgÞ
p

represents the background heat—a contribution of the vibrational
degrees of freedom. The background heat CðbgÞ

p is shown as solid
lines in Fig. 1(a)–(d) for all of the isomers of neohexanol. The Cr–Is
transitions are of the first order for all of the neohexanol isomers.

3.2. First order phase transition in the Landau expansion

In accordance with the Landau assumptions related to the
phase transitions the free energy density function F, also called
the Gibbs free energy, can be expanded into a power series of an
order parameter j [1–3,5]

F ¼ f0þatj2þbj4þcj6 ð3Þ

where t¼T/T0�1 is the reduced temperature, T0 is the temperature
at which the coefficient of j2 changes a sign (it is the critical
temperature in the second order phase transition), a, b and c are the

Table 1
Values of melting temperatures and changes of enthalpy and entropy at the

melting points for isomers of neohexanol.

Quantity Unit 2,2-DM-1-B 2,3-DM-2-B 3,3-DM-1-B 3,3-DM-2-B

Tm K 233.11 261.90 235.68 275.55

DHfus kJ mol�1 4.4 7.2 9.5 1.7

DSfus J K�1 mol�1 17.9 27.4 40.9 6.2
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temperature independent coefficients and f0 is some constant
depending on temperature. As one can easily check it has the simple
symmetry F(j,T)¼F(�j,T). One can cut the expansion given by
Eq. (3) on the fourth power of the order parameter j in the second
order phase transition and, moreover, assume that the coefficients a

and b are take positive values. In the first order phase transition the
coefficient b is a negative quantity; therefore the term proportional
to j6 is desired in the expansion to describe an equilibrium state of
the system. Eq. (3) also describes the tricritical transition in which
the term proportional to j4 disappears. The equilibrium states
result from the condition for the minima of the free energy density
function F with respect to the order parameter, which means that
qF/qj¼0. The phase transition in the first order transformation does
not take place at the temperature T0 but at some temperature Tm,
Tm4T0, for which two conditions: qF/qj¼0 and F(j0,T)�F(0,T)¼0
are fulfilled, where j0 is a value of the order parameter at Tm. These
conditions lead to the set of two equations:

j0ðatmþ2bj2
0þ3cj4

0Þ ¼ 0

j2
0ðatmþbj2

0þcj4
0Þ ¼ 0

(
ð4Þ

where tm¼Tm/T0�1. One simply gets from Eq. (4) that the first
solution is j0¼0 and any positive value of the reduced temperature

tm or, assuming that j0a0, the second solution is given by

Tm ¼ T0 1þ
b2

4ac

� �
ð4aÞ

f0 ¼

ffiffiffiffiffiffiffi
9b9
2c

s
ð4bÞ

The free energy density function F, given by Eq. (3), gives the
temperature dependences of the order parameter j, the entropy S

and the specific heat DCp proportional to the term (1þ3ac/b2(�t)),
which after mathematical transformations gives that quantities j, S

and DCp are proportional to

3ac

b2T0
T0 1þ

b2

3ac

� �
�T

� �

Now, giving a new definition of the reduced temperature tM in the
following form:

tM � T=TM�1 ð4cÞ

where

TM ¼ T0 1þ
b2

3ac

� �
ð4dÞ
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Fig. 1. Experimental specific heat data (open circles, open and filled triangles) and theoretical background (solid lines) below and above melting temperature for (a) 2,2-

DM-1-B; (b) 2,3-DM-2-B; (c) 3,3-DM-1-B and (d) 3,3-DM-2-B. Filled triangles in (c) are specific heat around an anomaly at about 231.3 K. In (d) open triangles are specific
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transition temperature in (d).
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dependences of the order parameter j, the entropy S and the
specific heat DCp are given by simpler relations. Eqs. (4a) and (4d)
give T0oTmoTM. Below the temperature T0 the free energy density
function F, given by Eq. (3), has two minima—positive and negative
(symmetrical about zero). For temperatures T0rToTM one gets
three minima: zero and two symmetrical about zero (ja0) and
two maxima (unstable solutions). In the end, for T¼TM there are
only three minima: zero and two symmetrical in regard to zero.
The solution j¼0 is a metastable one for T0rToTm and a stable
one for TmrT, while the solution ja0 is a stable one for T0rTrTm

and a metastable one for TmoTrTM. This means that T0 can be
treated as the lower limit of an overcooling of the liquid (isotropic)
phase below the melting temperature Tm (in an absence of a
pressure and under not high cooling rate), because the solution
j¼0, proper for the isotropic phase, is the metastable solution for
T0rToTm. While TM can be called the upper limit of an overheating
the crystalline phase above Tm (in an absence of a pressure and
under not high heating rate), because the solution ja0, proper for
the crystalline phase, is the metastable solution for TmoTrTM.
Summing up, one can say that for temperatures T0rTrTM two
phases—the crystalline and the liquid (isotropic)—may coexist, but
the liquid phase below Tm and the crystalline phase above Tm are
energetically unfavourable states. Exactly at the melting temperature
Tm one deals with two stable solutions j¼0 and ja0, so there is,
typical for the first order phase transitions, a coexistence of two
phases. The limits of the overcooling or the overheating can be lower
than T0 or larger than TM, respectively, when one does experiments
with the use of external pressures or with high cooling/heating rates.

One easily gets, after some long mathematical calculations,
that the specific heat below the melting point, defined as DCp �

�Tð@2F=@j2Þ, is the power function:

DCppð�tMÞ
�1=2

ð5aÞ

One simply gets the ratio

DCpðT0Þ

DCpðTmÞ
¼

1

2
ð5bÞ

It should be pointed out that the Landau expansion, given above,
is not appropriate for description of all of the first order phase
transitions. In contrast to the secondary order phase transitions,
for which the symmetry of one phase is a subgroup of the second
one, the symmetry groups of both phases can have no common
elements in the first order phase transitions. Then one has to
construct the free energy density function separately for both
phases. But, as long as the crystalline phase can be described by
Eq. (3), the specific heat below the melting point is the power
function of the reduced temperature tM with the exponent �½ as
it has been pointed out above. Similar relations and dependences
as those shown above (Eqs. (4) and (5)) are obtained using the
Landau–de Gennes model (for example see Refs. [24,25] and
references cited therein), which considers terms proportional to
j2, j3 and j4. Dependences of j, S and DCp in Landau–de Gennes
model differ only in numerical coefficients in comparison to the
adequate relations resulting from Eq. (3).

3.3. General temperature dependence of the specific heat

Generally, in the second order phase transitions, the specific
heat below the transition point is a power function of the reduced
temperature t:

DCppð�tÞ�a ð6aÞ

where a is the critical exponent (for example see Refs. [1–5,26]). The
power law, defined by Eq. (6a), is fulfilled in the vicinity of the
critical point only. Moreover, the definition of the critical exponent a
does not impose any restrictions both on the value and on the sign

of this exponent. Scaling hypothesis considerations (for example see
Refs. [1,4,26–28]) put on the six critical exponents four scaling
relations [1,26–29], which should be fulfilled in the vicinity of the
critical point or, equivalently, the scaling hypothesis makes the
critical exponents dependent on two scaling parameters [1,26–29].
The Renormalization Group theory [30] has shown that the scaling
exponents depend on the dimensionality of the space and on the
dimensionality of the order parameter only [1,2,4,5,26]. Moreover,
the following dependence of the specific heat

DCpðtÞ ¼ A7 9t9�að1þD7
1 9t9D1

þD7
2 9t92D1

þ . . .ÞþBcr ð6bÞ

results from the considerations of the Renormalization Group
approach [1,26,31–33]. The superscripts plus (þ) and minus (�)
refer to the high and to the low-temperature phase, respectively.
The coefficients A and Bcr in Eq. (6b) are the critical amplitude and
the critical contribution to the regular specific heat, respectively.
Generally, the coefficients D7

i , for i¼1,2,y, are the higher-order
nonanalytic corrections-to-scaling terms. Value of the exponent D1

depends on the dimension of the order parameter [31,34]. The
exponent D1 takes values from 0.465 for zero-dimensional order
parameter, as for polymers, to 0.55 for three-dimensional order
parameter [34]. Eq. (6b) is valid only in the critical region deter-
mined by a Ginzburg criterion (for example see Refs. [1,2,29]).

Comparing the dependences of the specific heat on the
reduced temperature t given by Eqs. (5a), (6a) and (6b) one can
conclude that below the transition point the specific heat asso-
ciated with the phase transition is given by

DCpðTÞ ¼ Að1�T=TM=CÞ
�a1þB0 ð6cÞ

where TM/C is the temperature TM given by Eq. (4d), or the critical
temperature TC for the first or the second order phase transition,
respectively. The coefficient B0 is the constant term and the subscript
zero (0) is used to distinguish from the renormalized amplitude Bcr.
Authors used exponent a1, in Eq. (6c), to make a distinction between
the critical exponent and, generally, we would use Eq. (6c) to
describe the specific heat behaviour in the vicinity of the melting
point Tm with exponent a1 obtained from the experimental data.

4. Data analysis

4.1. Determination of the temperatures Tm and TM from

experimental data

To fit Eq. (6c) to the experimental data of the specific heat,
associated with the melting, one has to determine the temperature
TM. Therefore, the specific heat data have been extrapolated by two
polynomials; in the C1 crystal and in the Is isotropic phases and
crossing of the extrapolating curves has been taken as the tempera-
ture Tm and the value of the specific heat at Tm for the isomers of
neohexanol. The melting temperatures Tm, shown in Table 1, have
been chosen as the maximal values of the specific heat. The
‘‘theoretical’’ melting temperatures Tm, shown in Table 2, are located
between the experimental maximal values of Cp in the C1 phase and
the first point in the Is isotropic phase. One can easily notice that the
differences between experimental and ‘‘theoretical’’ Tm values do
not exceed the value of 0.08 K, which is similar to the errors of Tm.
On the basis of Eq. (5b) the temperatures T0 have been obtained.
Knowing the temperatures T0 and Tm the temperatures TM have
been estimated from Eqs. (4a) and (4d).

4.2. Specific heat data analysis

Three of the four isomers of neohexanol, i.e., 2,2-DM-1-B, 2,3-
DM-2-B and 3,3-DM-2-B, show rich solid state polymorphisms.
The detailed analysis of all phase transformations are given in
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Refs. [6–10]. The polymorphism of the isomer 3,3-DM-1-B exhibits
only the melting transformation, which means that the fully ordered
crystalline phase goes through this process. But a detailed analysis of
the specific heat data shows that at the temperature about 231.3 K
(shown as filled triangles in Fig. 1(c)) one deals with some anomaly,
appearing as a shoulder of the melting peak [10]. Therefore, for the
theoretical analysis the points around this anomaly have been
cut out.

The transition between C2 and C1 phases in 3,3-DM-2-B is
characterised by very small entropy jump [6–10]. Therefore, for

the theoretical consideration of the temperature dependence of the
specific heat the data C2 and C1 phases have been taken. Also, as it
would be shown in this section and in Section 5, the behaviour of
the specific heat data in C2 phase can be described by the power law
with the coefficients estimated in C1 phase. This means that at this
crystal–crystal transformation only some orientational degrees of
freedom are activated that confirms the earlier assumptions [6–10].

Eq. (6c) has been fitted to the experimental data of the specific
heat with the temperatures TM in four different ways: (i) with
fixed value of the exponent a1 equals to ½ and B0a0; (ii) with

Table 2
Values of parameters obtained from fit of power law given by Eq. (6c) in three different ways: (i) with fixed value of the exponent a1 equals to ½ (ii)

with fixed B0 equals to zero, done at the low temperatures of the C1 phase; (iii) with fixed B0 equals to zero, done in the vicinity of the melting

temperature Tm; for four isomers of neohexanol.

Fit Quantity Unit 2,2-DM-1-B 2,3-DM-2-B 3,3-DM-1-B 3,3-DM-2-B

Tm K 233.1970.05 261.9570.05 235.7070.05 275.6370.05

TM K 233.6470.05 262.0870.05 235.8270.05 276.1370.05

(i) A JK�1 mol�1 40.471.9 15.570.70 285713 7.6770.34

B0 JK�1 mol�1
�(186.5712.1) �(103.276.8) �(1.7470.12)U103

�(37.672.6)

(ii) A JK�1 mol�1 0.2970.02 (4.7970.21)U10�2 1.1170.05 (8.3970.38)U10�2

a1 – 1.4670.05 1.4870.05 1.4470.05 1.3570.05

(iii) A JK�1 mol�1 2.6770.12 5.1470.25 64.072.9 1.4470.07

a1 – 0.9570.04 0.6270.04 0.6970.04 0.7370.04
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Fig. 2. Experimental specific heat data (open circles for C1 phase and open triangles for C2 phase) and theoretical curves (solid and dotted ones) for isomers of neohexanol:

(a) 2,2-DM-1-B; (b) 2,3-DM-2-B; (c) 3,3-DM-1-B and (d) 3,3-DM-2-B. Left parts of panelled figures represent fits of the power law with a1 ¼ 1=2 and B0a0. Central parts of

panelled figures present fits of the power law with B0¼0 done at the low temperature of the C1 phase (solid curves) and in the vicinity of the melting temperature Tm

(dotted curves). Right parts of panelled figures show the power law fits with B0¼0 and with the effective exponent a1 depending on temperature.
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fixed B0¼0, done at the low temperatures of the C1 phase (much
below the melting point Tm); (iii) with fixed B0¼0, done in the
vicinity of the melting temperature Tm and (iv) the ‘‘best’’ fit with
B0¼0 and an effective exponent a1 varying with temperature.
Values of the obtained coefficients are presented in Table 2 for fits
(i)–(iii). Fig. 2(a), (b), (c) and (d) shows the experimental data of
the specific heat in the C1 phase (open circles) and the theoretical
curves (solid ones) obtained from fitting Eq. (6c) to the experi-
mental points for 2,2-DM-1-B, 2,3-DM-2-B, 3,3-DM-1-B and 3,3-
DM-2-B, respectively. The left part of panelled Fig. 2(a)–(d) is the
result of using Eq. (6c) with the fixed value of the exponent a1¼1/2.
This procedure is called as fit (i). The central parts of all panelled
Fig. 2(a)–(d) are obtained from fitting Eq. (6c) to the experimental
data of the specific heat with B0¼0 in the vicinity of the melting
temperature Tm (dotted curves) and much below Tm (solid curves).
These procedures are called as fit (iii) and fit (ii), respectively. As
one can see, one gets very narrow regions of compatibility of the
theoretical curves with the experimental data in the vicinity of the
melting points Tm (see left and central (dotted curves) parts of
panelled Fig. 2(a)–(d)). But the agreement between the theoretical
curves and experimental data occurs in a much broader range when
one applies Eq. (6c) with B0¼0 and a1E1.5 (see solid curves in
central parts of panelled Fig. 2(a)–(d) and fit (iii)). Summing up the
previous results, one can conclude that exponent a1, used in Eq. (6c),
can be dependent on temperature and changes from the value ½ in
the vicinity of Tm to the value almost 1.5 far below Tm. A similar
description of the materials behaviour below the critical point has
been used in cases of the second order phase transitions (see for
example Refs. [35,36] and references cited therein). This kind of
description is called the effective one. The widths of convergences
of the theoretical curves with the experimental points are given in
Table 3.

5. Discussion

Ranges of convergences of the theoretical curves with the
experimental data of the specific heat depend on the substance
and on the used method of the fit (see Table 3). As one can see,
there is no possibility to fit power law with a1 ¼ 1=2 without the
constant term B0 (compare the effects of the fits (i) and (iii) done
in the very vicinity of the melting points). Fixing the value of the
exponent a1 to one half one gets that the constant coefficient B0

has to be present in Eq. (6c). On the other hand, on fixing the
coefficient B0 to zero, there is no possibility to obtain the
exponent a1 ¼ 1=2. The compatibilities of the theoretical curves
with the experimental data, for fit (i) with fixed exponent
a1 ¼ 1=2, spread on narrow temperature region of about 3.4 K,
4.0 K, 5.0 K and 5.1 K for 2,3-DM-2-B, 3,3-DM-1-B, 2,2-DM-1-B
and 3,3-DM-2-B, respectively (see Table 3 and the left parts of

panelled Fig. 2(a)–(d)). The obtained constant coefficients B0 are
much smaller than the values of the specific heat at the melting
temperatures. Moreover, they are negative quantities as for systems
undergoing the second order phase transitions with the critical
exponents a equal to zero (discontinuity like in Landau considera-
tions or logarithmic corrections) [33] or higher than zero [31,33].
Fixing B0¼0 one can fit power law, given by Eq. (6c), to the
experimental data of the specific heat in the very vicinity of the
melting temperature Tm or far below this point. The exponents a1

are equal to 1.35, 1.44, 1.46 and 1.48 for 3,3-DM-2-B, 3,3-DM-1-B,
2,2-DM-1-B and 2,3-DM-2-B, respectively, in fit (ii) (see Table 2).
As one can see, the exponents a1 are of about 1.5 and, moreover,
they are close to each other. The function F in the form given by
Eq. (3) is right only in the vicinity of the transition temperature. It
should be pointed out that in the considered case of fit (ii) one deals
with a fit far below the melting temperature Tm and, therefore, the
free energy density function F ought to include terms with the order
parameter to power higher than six, i.e., eight, ten, etc. Then, one
would get an effective power law dependence of the specific heat on
the reduced temperature with an exponent a1 higher than one half.
Agreement between the theoretical curves and the experimental
points of the specific heat was obtained in the temperature regions
of about 8.5 K for 3,3-DM-1-B, 11.2 K for 2,3-DM-2-B, 14.4 K for 3,3-
DM-1-B and 19.4 K for 2,2-DM-1-B—see Table 3 fit (ii) and compare
the central parts of panelled Fig. 2 (solid curves). The mentioned
ranges of convergence of theoretical curves with experimental data
cover up almost the total C1 phases of all of isomers of neohexanol
excluding very narrow regions in the vicinity of Tm, where the power
law with a1 ¼ 1=2 runs very well. The third way of fit, called fit (iii),
with the coefficient B0 fixed to zero gives the exponents a1 equal to
0.62 (2,3-DM-2-B), 0.69 (3,3-DM-1-B), 0.73 (3,3-DM-2-B) and 0.95
(2,2-DM-1-B)—(see Table 2). These fits have been done in the vicinity
of the melting temperatures Tm. Obtained exponents a1 differ from
one half. Additionally, one easily notices that the theoretical curves
are in accordance with the experimental points of the specific heat in
the very narrow regions of about 1.0 K (2,3-DM-2-B and 3,3-DM-1-B),
2.1 K (3,3-DM-2-B) and 2.4 K (2,2-DM-1-B) in the vicinity of the
melting points—see Table 3 fit (iii) and the central parts of panelled
Fig. 2 (dotted curves). Summing up fits (i)–(iii), one sees that in the
vicinity of the melting temperature Tm the specific heat DCp is
described well by the power law with a1E0.5 (or higher)—see
results of the fits (i) and (iii), whereas at the low temperatures of the
C1 crystalline phase with a1E1.5, see fit (ii). Therefore, one can
conclude that the exponent a1 can be temperature dependent. Let us
call such a kind of fit (iv) an effective one with the effective exponent
aeffective. As shown in panelled Fig. 2 agreements between the
theoretical curves and the experimental data of the specific heat
(see the right parts of panelled Fig. 2) were obtained in temperature
ranges of about 11.9 K (2,3-DM-2-B), 15.2 K (3,3-DM-1-B), 19.2 K
(3,3-DM-2-B) and 21.3 K (2,2-DM-1-B), covering the total C1 crystal-
line phases—see Table 3 fit (iv). Some differences between the
theoretical and experimental curves are visible around the anomaly
at about 231.3 K in 3,3-DM-1-B—see the right part of panelled
Fig. 2(c). Probably this anomaly, connected with some kind of phase
transition or a transition of some crystal admixture coexisting with
C1 phase, can be described by an additional power law, similar to
Eq. (6c), which should be added to the obtained one. As one can
notice, the results for 3,3-DM-2-B C2 and C1 crystalline phases are
well described, see the right part of panelled Fig. 2(d), excluding four
points around C2-C1 phase transition. This transition is charac-
terised by the small entropy jump, about 0.04 [ J K�1 mol�1] [6–10],
and the small l-peak of the specific heat appearing ‘‘on the slope’’ of
the melting peak. One can say that the system is dominated by the
melting of C1 phase to the Is isotropic one and therefore the results
for both C2 and C1 phases can be described by the same set of the
coefficients.

Table 3
Ranges of convergence of theoretical curves with experimental data of the specific

heat for four isomers of neohexanol given in kelvins (T) and width of these ranges

(DT) in kelvins.

Fit Quantity 2,2-DM-1-B 2,3-DM-2-B 3,3-DM-1-B 3,3-DM-2-B

(i) T [K] 227.5–232.5 258.4–261.8 231.7–235.7 270.0–275.1

DT [K] 5.0 3.4 4.0 5.1

(ii) T [K] 211.2–230.6 250.0–261.2 220.5–234.9 265.1–273.6

DT [K] 19.4 11.2 14.4 8.5

(iii) T [K] 230.1–231.5 260.8–261.8 234.7–235.1 273.19275.2

DT [K] 2.4 1.0 1.0 2.1

(iv) T [K] 211.2–232.5 250.0–261.9 220.5–235.7 256.9–275.1

DT [K] 21.3 11.9 15.2 19.2
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Comparing the panelled Fig. 2(a)–(d) and the values presented
in Table 3 one sees that the broadest temperature regions of good
agreement between the theoretical curves and the experimental
data one gets using the ‘‘best’’ fit procedure. The compatibilities of
the theoretical curves with the measured data of the specific heat
are the results of the dependences of the effective exponent
aeffective and the effective coefficient Aeffective on the temperature.
Generally, the effective exponent aeffective is defined as

aeffective �
@lnDCp

@lnð�tMÞ
ð7aÞ

and the effective coefficient Aeffective as

Aeffective � lnDCp�lnð�tMÞ
@lnDCp

@lnð�tMÞ
ð7bÞ

Therefore, the effective coefficients Aeffective take values equal to
the coefficients A for fit (iii) in the vicinity of the melting point Tm

and equal to the coefficients A for fit (ii) far below Tm (in the regions
where the effective exponents aeffective are described by the plateau
regions). The values of the effective exponent aeffective, presented
in panelled Fig. 3, and of the effective coefficient Aeffective are
the average values resulting from applying Eqs. (7a and b) to
the experimental data of the specific heat. The dependence of the
effective coefficient Aeffective on the temperature entails the tempera-
ture dependences of the coefficients b and c [3,4] in Eq. (3). The
dependences of the effective exponents aeffective and of the effective
coefficients Aeffective on the temperature allow to obtain very broad
regions of the compatibilities between the theoretical curves and the
experimental data therefore the fit (iv) should not be treated as
the most appropriate one. The temperature dependences of the
effective exponents aeffective, presented in panelled Fig. 3, show that
in the very narrow region in the vicinity of the melting temperature
Tm, of about 0.3–0.5 K, there is a possibility to obtain power law
dependence, given by Eq. (6c), with the set of parameters a1 ¼ 1=2
and B0¼0. The broader the temperature region of the power law fit,
the more the exponent a1 differs from one half.

The presence of the constant coefficient B0 in the power law
with a1 ¼ 1=2 can be a result of a change in the dynamics of all

processes taking place in the vicinity of the melting temperature.
Similarly in the second order phase transition analysis, one has to
take into consideration an introduction of a constant value of the
susceptibility exactly at the critical temperature because of
obtaining the finite experimental value of this quantity instead
of expected divergence. As it was shown in Ref. [37], the experi-
mental conditions and a purity of a substance affect the behaviour
of the susceptibility at the critical point, which finally manifest
themselves in the finite value of the susceptibility at the critical
point. Therefore, one can expect the presence of the coefficient B0,
which can be regarded as some kind of a correction to the
experimentally obtained values of the specific heat around the
melting point.

Summing up, the power law, given by Eq. (6c), with a1 ¼ 1=2
and B0¼0, see Fig. 3, can be fitted to the experimental data in the
very narrow regions, of about 0.3–0.5 K, i.e., in the very vicinity of
the melting point Tm. Keeping B0¼0 and broadening the tem-
perature region of the fit give 0.5ra1o1.5—see results of fit
(iii) and Fig. 3. To obtain the power law with a1¼1/2 one has got
to leave the coefficient B0 as a free parameter, see results of fit (i).
As shown the power law can be used to describe the behaviour of
the specific heat far below the melting point Tm but then the
exponents a1 take values of about 1.5—see results of fit (ii) and
the plateau regions of aeffective in panelled Fig. 3.

6. Conclusions

To summarise, detailed studies, including the DSC [6,7] and DTA
[11–16] methods, calorimetric measurements [9,10], dielectric
[8,10–12,14–16], neutron (IINS) [9,20] and optical [9,20] spectro-
scopies, have been carried out for four isomers of neohexanol. Rich
polymorphisms of all of the isomers of neohexanol obtained from
the calorimetric studies have been observed and confirmed by other
complimentary methods, such as DSC, DTA, dielectric, neutron and
optical spectroscopies.

One can divide four isomers of neohexanol into two groups:
the first one containing the substances showing a highly order
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crystal–isotropic phase transition (2,3-DM-2-B and 3,3-DM-1-B)
and the second one showing an ODIC–isotropic phase transition
(2,2-DM-1-B and 3,3-DM-2-B). As one can notice the representa-
tives of the first group have the exponent a1 closely located to
each other, equalling to about 0.6–0.7 (see Table 2 for fit (iii)) and
of the second group—differing more from one half in the vicinity
of the melting temperatures Tm. The differences of the values of
exponent a1 grow out of the structure of the phase below Tm. The
highly ordered phase, translationally and orientationally ordered,
melts to isotropic phase for the first group, whereas the ODIC
phase, translationally ordered and orientationally disordered,
melts to isotropic phase for the second group. Therefore the
former transition can be treated as the first or very weak first
order phase transition, while the latter one is weakly discontin-
uous phase transition, because the C1 crystalline phases for 2,2-
DM-1-B and 3,3-DM-2-B have the solid and liquid properties.
Moreover, the representatives of the first group are characterised
by higher values of the constant coefficient A than of the second
group. Additionally, 2,3-DM-2-B and 3,3-DM-1-B are charac-
terised by very narrow cross-over regions of exponents a1, about
2 K, which change from one half in the vicinity of Tm to one and a
half far below Tm (see Fig. 3). In contrast to the behaviour of the
representatives of the first group, 2,2-DM-1-B and 3,3-DM-2-B
possess more broader cross-over regions of exponents a1 about 5–
6 K (see Fig. 3). This means that the polymorphisms, or more
precisely taking kinds of the phases (highly ordered or ODIC one),
being subordinate to melting to the isotropic phase, influence on
the values of the coefficients A, physical and chemical properties
and the kind of the phase transition: the first, the very weak or
the weak first order phase transition.

The phenomenological Landau theory is well suited for a
description of the first or the second (or weak first/second) order
phase transitions. It allows one to obtain theoretical temperature
dependences and also predicts adequate values for the exponents
resulting from these relations of quantities as the order parameter
(polarisation, magnetisation, density or viscosity), the specific
heat, entropy, enthalpy and susceptibility in the vicinity of the
transition temperature. As it has been shown the mean field
approximation (the Landau theory) describes very well the
behaviour of the specific heat in the very vicinity of the melting
temperature Tm (see results of fit (i) and (iii)). Moreover, including
terms with the order parameter to power higher than six into
the free energy density function one can describe, for example,
the behaviour of the specific heat far below Tm (see results of fit
(ii) and fit (iv)). Additionally, curves of the entropies of the
isomers of neohexanol, obtained from the specific heat data,
below the melting temperatures are very similar to the square
root of the reduced temperature tM [6,10] that is in accordance
with the predictions resulting from Landau theory. Equations
being compatible with the scaling hypothesis or resulting from
the Renormalization Group theory are appropriate in an applica-
tion to an analysis of experimental data in very narrow region of
the transition temperature. Therefore very precise and frequently
done measurement points of the specific heat around Tm are
needed then.

As mentioned in the Introduction the density or the viscosity
parameters are the order parameters in the first order phase
transition. Therefore measurements of these quantities as a
function of temperature, their behaviour in the broad tempera-
ture region covering all of ODIC or crystalline phases and the
discontinuities exactly at the melting temperatures Tm would give

a clear answer concerning the kind of the phase transition for the
four isomers of neohexanol. Moreover, behaviour of the viscosity
parameters as functions of temperature gives basic information
concerning the isotropic phase, the overcooled liquid phase and
also the ODIC phases and possibilities to obtain the glassy phase
of liquid or glass of the crystalline phases.
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tions 79 (2006) 899.
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[20] E. Juszyńska, K. Ho"derna-Natkaniec, M. Massalska-Arodź, I. Natkaniec,
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A practical method is developed to determine the strain

dependence of the pseudospin–pseudospin interaction

parameters in discrete models of the continuous order–

disorder improper ferroelastic phase transitions from exper-

imental data on the primary order parameter (polarisation).

The temperature dependence of the mechanical strain can be

then deduced from the spontaneous polarisation data only. It is

also shown that the dependence of the elastic constant on the

temperature can be obtained from the polarisation and the

strain data. The temperature dependences of the coupling

constant and the elastic constant between the molecular

dipoles of the methylammonium ions in the uniaxial ferro-

electrics (CH3NH3)5Bi2Cl11 (MAPCB) and (CH3NH3)5Bi2Br11

(MAPBB) are determined and shown to be at the origin of

the particular shape of the polarisation and the strain curves.

� 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction The phenomenon of ferroelectricity
may essentially involve two mechanisms. In simple ionic
crystals, e.g. BaTiO3, SrTiO3, KTaO3 [1–8], the spontaneous
polarisation results from mutual displacements of the
positive and negative charges of atomic ions, whereas in
more complex molecular crystals [e.g. Rochelle salt,
(CH3NH3)5Bi2Cl11 (MAPCB), (CH3NH3)5Bi2Br11 (MAPBB)
[8–12]] it arises from orientational ordering of permanent
dipolar moments of molecules having a rotational freedom in
high temperatures. In the former case the phase transition is
accompanied with a soft phonon mode involving displace-
ments of atoms and then one speaks of displacive phase
transition. The orientational disorder is usually a result of
jumps among few discrete minima of energy, which minima
become inequivalent in the ordered phase. In such cases one
deals with an order–disorder phase transition. In fact any
realistic example is a mixture of both mechanisms, because
even the positions of single atomic ions may show a number
of discrete minima of energy and an orientational ordering is
often coupled with translational displacements of the mass
centres of the molecular ions [4, 6, 13–15]. Usually the order
parameter saturates in displacive phase transitions at lower

temperatures than in order–disorder phase ones [4, 6]. The
saturation in displacive phase transitions has some quantum
grounds, such as a freezing of fluctuation degrees of freedom
[1–7], or it can be a result of an anharmonicity of local
potentials. The saturation in the order–disorder phase
transitions corresponds to all the permanent dipoles oriented
parallel [8, 12, 16]. The rate at which the spontaneous
polarisation attains its saturation varies from material to
material. The first reason for that comes from the number
of accessible equilibrium states of the ions (see Potts model
[8, 12, 16]). Another reason for that lies in a coupling with
additional degrees of freedom forming what is known as
secondary order parameters. Technological applications
often require that the order parameter be well saturated in
the useful range of temperatures.

Many systems with evidently two accessible orienta-
tional states of a single dipolar ion show an order parameter
saturation much faster than that implied by the Pseudospin
Ising Model [8, 12, 16]. This indicates that more degrees of
freedom and their coupling with the primary order parameter
should be considered. The most natural candidate for that is
the strain e, because it affects intermolecular distances so that
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the ferroelectrics are often improper ferroelastics and a
combination of strain components is a secondary order
parameter [10]. A coupling between the primary and the
secondary order parameters modifies the rate of saturation
and, when strong enough, can make the phase transition
discontinuous [10, 17]. When the quantity e is a combination
of the strain tensor components, the corresponding model is
called compressible pseudospin model [10]. Generally, the
strain e may be a macroscopically detectable deformation
of the lattice, but there are cases where a microscopic
rearrangement of atoms within the unit cell comes into play
as an ‘‘internal strain’’ [18]. The main difficulty in the
appropriate description of pseudospin systems is the
unification of the predictions in the critical region, where a
possibly nonclassical critical behaviour is expected, with
that in the technologically interesting region of saturation of
the order parameters where the mean field approach is well
justified. The results of the present paper show how a such
unification can be practically achieved. In particular one
obtains an equation of state which is compatible with the
scaling hypothesis [8, 12, 19, 20] in the vicinity of the critical
point, thus allowing one to account for the appropriate
critical indices, whereas in the region far enough from the
critical point is identical with the predictions of the mean
field theory [8, 12, 16].

The equations of state of the compressible pseudospin
model allows one to obtain the secondary order parameter
(strain) e dependence on the primary order parameter
(polarisation) hsi. This can be compared with experimental
data of the strain. On the other hand, the ordering of
molecular dipoles affects the elastic constant elements cij
which in the vicinity of the phase transition often show an
anomalous behaviour different from so called ‘‘bare’’ elastic
constants [21]. The latter, which are crucial in the present
developments, correspond to the situation without coupling,
e.g. to the high temperature limit. The modern first-principle
methods based on the DFT calculations [22–31] permit to
obtain temperature dependences of the elastic constant
elements cij. Then one can determine a dependence of the
elastic constant cel, being a combination of the elastic
constant elements cij, on temperature. However, the elastic
constant cel can be obtained from the primary hsi and the
secondary e order parameters data. This method arises from
the compressible pseudospin model and it can be classed as
the complimentary method, beside the first-principle ones
(e.g. see Refs. [22–31]), of determining the temperature
dependence of the elastic constant cel.

In the present paper we consider a two state pseudospin
model (Ising model) on a compressible lattice so that the
ordering of the spins induces lattice deformation being the
secondary order parameter as it should be in the improper
ferroelastics. Sections 2 and 3 collect useful mathematical
expressions concerning the compressible pseudospin model.
Using the mean field technique of obtaining expectation
values, valid out of the direct vicinity of the critical point, we
show in Section 4 that a careful insight into the curve of
the spontaneous polarisation hsi may provide quantitative

information on the secondary order parameter e up to the
‘‘bare’’ elastic constant. As it is shown in Section 5, the theory
allows us to obtain very good agreements between theoretical
and experimental curves of hsi and e and, moreover, to
calculate the polarisation–strain coupling function J and the
temperature dependence of the effective elastic constant cel.

2 Two state compressible pseudospin model
The self-consistent equations of state in the compressible
pseudospin model [10] in the mean field approximation are

sh i ¼ tanh
J eð Þ sh i þ h

kT

� �
(1a)

and

s ¼ cel e�
1

2
sh i2 @J eð Þ

@e
; (1b)

where J eð Þ is a strain dependent coupling constant between
the pseudospins, k the Boltzmann’s constant, cel is a ‘‘bare’’
elastic constant, i.e. the parameter showing to what extent
the free energy of the system increases with strain in the
absence of changes in the ordering of the pseudospins. The
symbol h denotes the external field (external biasing field)
conjugated to the primary order parameter hsi and s (stress)
is an external field conjugated to the secondary order
parameter e. The external fields h and s, and the elastic
constant cel are given in the units of energy.

The explicit form of the coupling function J eð Þ is
responsible for the strength at which the spontaneous ordering
of the pseudospins entails the deformation of the lattice and,
on the other hand, determines the rate at which the order
parameters attain saturation. The latter property is essential for
stability of the ferroic state of the material at the given
temperature range. The function J eð Þ can be approximated by
a power series of the strain e as long as e � 1:

J eð Þ ¼ J0 þ J1 eþ J2 e2 þ . . . ; (2)

where

J0 ¼ kTC (3)

is the Ising exchange parameter on a rigid lattice.
As long as sh i � 1 and e � 1 one can expand Eqs. (1a)

and (1b) into the power series of the primary order parameter
hsi and of the secondary order parameter e. Then the
corresponding free energy density function reads

F sh i; e; t; h; sð Þ ffi 1

2
J0t sh i2 þ 1

12
kT sh i4 þ 1

2
cel e2

� 1

2
J1e sh i2 � h sh i � seþ . . . ;

(4)

where t ¼ T � TCð Þ=TC.
Most of the existing theories are limited to the lowest

order coupling J1 of the order parameters (for example see
Refs. [21–23]). Equation (4) is the Landau (classical)
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expansion of the free energy density valid in the very vicinity
of the critical point TC only. The explicit expressions for the
temperature dependent spontaneous values of the primary
hsi and of the secondary e order parameters, in the zero fields
conditions, are given in Appendix A. Is it also shown there
how non-classical effective exponents may be included to
the theory.

3 Practical determination of the coupling
function J(e) The knowledge of the temperature depen-
dence of the primary order parameter hsi below the critical
temperature TC allows one to obtain the coupling function
J eð Þ from Eq. (1a)

J eð Þ ¼ kT
artanh sh i

sh i
(5)

at zero external field, h¼ 0. This means that values of the
coupling function J can be obtained from the temperature
dependence of the primary order parameter in the mean field
approximation without any need to deal with experimental
spontaneous stain. Equation (5) allows one to immediately
check whether the interaction constant J of the pseudospins
is or not dependent on an additional degree of freedom: a
constant value of the right hand side of Eq. (5) preclude such
a dependence. However, the temperature dependence of the
strain is needed to determine the coupling constant J as a
function of its argument. Indeed, Eq. (1b) gives

@J eð Þ
@e

¼ 2cel e
sh i2

(6)

at zero field, s¼ 0. Therefore, the derivative of the coupling
function with respect to the secondary order parameter,
@J=@e, can be obtained from the measurements of the
primary order parameter hsi and of the secondary order
parameter e on the basis of Eq. (6). If the coefficient cel is not
known, the function @J=@e is calculated up to a multi-
plicative factor. More details concerning powers of the
strain e in the dependences of the coupling J and the
derivative of the coupling with respect to the strain @J=@e are
given in Appendix B.

4 Polarisation–strain relation Simple mathemat-
ical developments summarised in Appendix C show that
the strain e can be obtained from Eqs. (5) and (6) up a
multiplicative constant with the use of the temperature
dependence of the spontaneous polarisation hsi. In particu-
lar, the square of the strain is proportional to the following
integral

e2cel
k

¼�T

�
1þ sh i

2

� �
ln 1 þ sh ið Þþ 1� sh i

2

� �
ln 1� sh ið Þ

�����
T

TC

þ
ZT
TC

h
1 þ sh ið Þ ln 1 þ sh ið Þ þ 1 � sh ið Þ ln 1 � sh ið Þ

i
dT 0:

(7)

The significance of Eq. (7) is twofold. If the bare elastic
constant cel is known, we can predict the complete
temperature dependence of the strain e. If, however, the
bare elastic constant cel is not known, it can be simply fitted
from the comparison of the formula (7) with the experimen-
tal temperature dependences of the strain e, and of the
polarisation hsi. Additionally, the proportionality of the
theoretical strain deduced from Eq. (7) to the experimental
stain curve can serve as a test of the adequacy of the model
in what concerns the number of equilibrium states of
the pseudospin, and of the number of secondary order
parameters involved.

5 Application to experimental data
5.1 Properties of ferroelectrics MAPCB and

MAPBB and experimental details The theoretical
considerations of the previous sections will be exemplified
on the uniaxial ferroelectric salts (CH3NH3)5Bi2Cl11–
MAPCB and (CH3NH3)5Bi2Br11–MAPBB undergoing
continuous phase transition at TC ¼ 307.65 K [13, 32, 33]
and at TC ¼ 311.52 K [13, 23], respectively. The symmetry
relation is Pcab!Pca21 in both cases [10, 13, 32]. The
mechanism of the phase transitions involves ordering of
one of three types of the methylammonium cations [10, 11,
13, 32, 34–37].

The spontaneous polarisations hsi are described by
power laws with apparently the non-classical and at
the same time non-universal effective exponents beff [11,
13, 32, 38, 39] close to the critical temperature TC in both
ferroelectrics. The effective exponents beff fitted in the range
0.0016� jtj � 0.0098 are 0.379� 0.020 for MAPCB and
0.375� 0.020 for MAPBB. Nevertheless, the effective
exponents geff are close to the classical one and they are
equal to 0.985� 0.030 for MAPCB [13, 32, 33, 39–42] and
0.989� 0.030 for MAPBB [13, 32, 33, 39–42].

The pyroelectric current was measured by a KEITHLEY
617 electrometer with temperature rate 0.5 K/min. The
dilatometric measurement were performed by a thermo-
mechanical analyser Perkin Elmer TMA-7 with temperature
scanning rate 4 K/min. The overall errors in measurements
were about 5%. The dimensions of the samples were of order
5� 3� 1 mm3. The preparation of the crystals and the
experimental details are given in [13, 43].

5.2 Application to spontaneous strain and
polarisation data Figure 1(a) and (b) present the
experimental spontaneous strain e for MAPCB and MAPBB,
respectively. The strain e is extracted from the dilatometric
measurements [44]. The spontaneous ‘‘pancake’’ strain e,
defined in Ref. [21] as

e � � 2 e33 � e11 � e22ð Þ
. ffiffiffi

3
p

; (8)

turns out to be the strongest spontaneous strain appearing in
the low temperature phase. The saturation values of the
strain are about esat ¼ 0.0056 at tsat¼�0.35 for MAPCB
and esat¼ 0.0125 at tsat¼�0.55 for MAPBB. The decrease
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and the sudden increase in the strain e below tsat¼�0.35 for
ferroelectric MAPCB is connected with an anomaly and
an ordering of another methylammonium cation at 170 K
[10, 35, 36, 44–46]. The similar anomaly occurs at 77 K for
ferroelectric MAPBB [36, 44, 47].

Figure 2(a) and (b) show the measurements of the
spontaneous polarisation hsi for the ferroelectrics MAPCB
and MAPBB, respectively. To make Fig. 2(a) and (b) clearer
some experimental data (open circles) of the spontaneous
polarisation have been selected for presentation. The solid
curves in Fig. 2(a) and (b) are fitted to Eq. (1a) at zero
biasing field, h¼ 0, with the coefficients J0, J1, J2, and c

ðTdep:Þ
el

[obtained by comparing experimental strain eexp and
theoretical dependence ec1=2

el from Eq. (7)] presented in
Table 1. The saturation values of the polarisation are
Psat ¼ 0.0101 and 0.0288 [C/m2] at about tsat ¼ �0:35 for
the ferroelectrics MAPCB and MAPBB, respectively.
Measurements have been done from temperatures about
252.0 K (tstart ¼ �0:18) for MAPCB and about 282.7 K
(tstart ¼ �0:092) for MAPBB to a temperature about 5 K
higher than the critical ones. The spontaneous polarisations
hsi at tstart are taking values about 0.98 and 0.95 for MAPCB

and MAPBB, respectively, that are close to the saturation
ones. The low temperature anomalies at 170 K (t ¼ �0:45)
and at 77 K (t ¼ �0:75) for MAPCB and MAPBB,
respectively, are considered as the ordering of another
sublattice [10, 45] and, moreover, for the reduced tempera-
ture t higher than tstart the electric dipoles that become
ordered below these anomalies are in a disordered state and
they have practically no contribution to the spontaneous
polarisation values in the region studied here. Therefore, for
t � tstart one can use our model with one two-state sublattice
for the description of the behaviour of the ferroelectrics
MAPCB and MAPBB. The agreements between experimen-
tal and theoretical curves are very good for both molecular
crystals as well close to the phase transition points TC as
far below these points. Insignificant divergences between
theoretical and experimental curves of hsi are visible in
the region of the spontaneous polarisation saturation. These
disagreements grow out of the discrepancies between the
dependences of the coupling J on the strain e taken exactly
from Table 1 and those obtained from experimental data of
spontaneous polarisation and Eq. (5). Some details concern-
ing the fit procedure are given in Appendix D.
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Figure 1 Experimental dependences of the strain e on the reduced temperature t below the phase transition points at zero biasing field and
stress-free samples for ferroelectrics (a) MAPCB and (b) MAPBB.

Figure 2 Some experimental points and fitted curves to the data of the spontaneous polarisation sh i for (a) MAPCB and (b) MAPBB
crystals. Fitted parameters are given in Table 1.
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5.3 Determination of the coupling function J
from experimental data of the spontaneous
polarisation and strain Figure 3(a) shows the coupling
functions J eð Þ for both molecular ferroelectrics MAPCB
(solid curve) and MAPBB (dotted curve) obtained with the
use of Eq. (5) and of the spontaneous polarisation data for
the strain e � 0:0045 (see Appendix D for more details). The
power series given by Eq. (2) up to the square term in the
strain e have been fitted to the functions J eð Þ shown in
Fig. 3(a) for crystals MAPCB and MAPBB. The obtained
coefficients J0, J1 and J2 are given in Table 1 for both
molecular ferroelectrics MAPCB and MAPBB. As it has
been demonstrated in Appendix B the lowest power-terms
with respect to the strain e should be proportional to about
e0:88 and e1:12 for the exponents b and g obtained for both
crystals MAPCB and MAPBB. However, on the basis of
considerations made in Appendix B, the coefficient standing

at e0:88 would be many times lower than the coefficients
standing at e1:12 for both molecular ferroelectrics. Moreover,
the powers of the strain e marginally differ from integer
numbers therefore Eq. (2) up to e2 has been used to fit
‘‘theoretical’’ dependence J eð Þ obtained from Eq. (5) and
experimental data of hsi. The constant term J0 in Eq. (2) has
been kept as a free parameter taking a value as close as
possible to the quantity given by Eq. (3). Therefore
coefficients J0, given in Table 1 in units of the temperature,
differ from the critical temperatures TC for both molecular
ferroelectrics MAPCB and MAPBB. Sums of the square of
the difference between the values of ‘‘experimental’’ J,
obtained from Eq. (5), and calculated from ‘‘theoretical’’
strain dependence given by Eq. (2) up to e2, e3 or e4 are equal
to about 693.1, 228.2 and 10.8, respectively. These lead to
average absolute error about 1.1, 0.35 and 0.02%, respect-
ively. As one can see the power series up to e2 in the coupling
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Table 1 Parameters of coupling function J eð Þ and elastic constants obtained in two different ways: the average elastic constant c
ðconstÞ
el

and the temperature dependent elastic constant c
ðTdep:Þ
el obtained from comparison of experimental spontaneous strain eexp [presented in

Fig. 1] with theoretical quantity ec1=2
el [presented in Fig. 4]; and the average elastic constant c

ð2;constÞ
el and the temperature dependent elastic

constant c
ð2;Tdep:Þ
el obtained from comparison of calculated derivative of the coupling J [presented in Fig. 3(a)] with respect to the strain e

and the dependences c�1
el @J=@e [presented in Fig. 3(b)]. All of quantities are given in units of temperature (K).

quantity term proportional to MAPCB MAPBB

J0/k – 307:27 � 0:25 311:347 � 0:25
J1/k – 2:53 � 0:07ð Þ � 104 3:13 � 0:09ð Þ � 104

J2/k – 5:06 � 0:15ð Þ � 106 3:40 � 0:10ð Þ � 106

c
ðconstÞ
el

�
k – 7:86 � 0:94ð Þ � 106 6:88 � 0:51ð Þ � 106

c
ðTdep:Þ
el

�
k 1 6:31 � 0:19ð Þ � 106 5:26 � 0:16ð Þ � 106

t � 2:70 � 0:03ð Þ � 107 � 8:67 � 0:26ð Þ � 107

t2 – � 8:66 � 0:26ð Þ � 108

c
ð2;constÞ
el

�
k – 6:01 � 0:81ð Þ � 106 5:72 � 0:75ð Þ � 106

c
ð2;Tdep:Þ
el

�
k 1 4:44 � 0:14ð Þ � 106 4:02 � 0:12ð Þ � 106

t � 3:27 � 0:09ð Þ � 107 � 1:47 � 0:05ð Þ � 108

t2 – � 2:21 � 0:07ð Þ � 109

Figure 3 (a) Coupling functions J eð Þ and (b) derivatives of the coupling function with respect to the secondary order parameter divided
by the coefficient cel, c

�1
el 	 @J=@e, for ferroelectrics MAPCB (solid curve) and MAPBB (dotted curve).
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J is satisfactory one and, moreover, one needs only two
parameters, except J0, instead of four parameters for power
series up to e4.

Figure 3(b) shows the derivatives of the coupling
function @J=@e, up to a multiplicative factor cel, for both
crystals calculated from Eq. (6) and from the experimental
data of the spontaneous polarisation hsi and of the
spontaneous strain e. The derivatives of the coupling J with
the respect to the strain e, @J=@e, are concave functions for
the strain e smaller than about 0.002 and for larger values
they are convex functions for both ferroelectric materials
as is shown in Fig. 3(b). As it has been mentioned in
Appendix B the lowest order power term in the derivative
@J=@e is proportional to cele g�2bð Þ= gþ2bð Þ. The lowest
order strain exponents are equal to about 0.12 for both
MAPCB and MAPBB and such a kind of dependence
gives as a result the concave function for very small strain
values.

5.4 Temperature dependences of strain and of
elastic constant from spontaneous polarisation
data The theoretical quantities ec1=2

el obtained with the
spontaneous polarisation data from Eq. (7) are presented in
Fig. 4(a) and (b) for ferroelectrics MAPCB and MAPBB,
respectively. Comparing the experimental spontaneous
strains eexp tð Þ as functions of the reduced temperature t
shown in Fig. 1(a) and (b) with the theoretical predictions of
ec1=2

el , presented in Fig. 4(a) and (b), one can obtain the values
of the elastic constants cel for both molecular salts MAPCB
and MAPBB. The elastic constants cel, obtained in this way,
are decreasing function of the reduced temperature t for
MAPCB and increasing and decreasing function of the
reduced temperature t for MAPBB with a maximum value
about 7.43� 106 K at temperature 295.7 K and minimal
values about 
6.0� 106 and 5.8� 106 K at the ends of the fit
range 283 and 310 K. Therefore, a linear and a quadratic
dependence with respect to t have been fitted to the obtained

elastic constants cel for MAPCB and MAPBB, respectively.

The coefficients of the fits, called as c
ðTdep:Þ
el , are given in

Table 1 for both ferroelectrics. Equation (7) requires either a
very weak dependence or no dependence of the elastic
constant cel on the reduced temperature t. As it has just been
mentioned a very weak temperature dependences of the
elastic constants cel are really the case for MAPCB and
MAPBB crystals. But we assumed that the elastic constants
cel can be temperature independent and therefore the

average values of the elastic constant c
ðconstÞ
el on the reduced

temperature ranges 268–307 K (�0:13 � t � �0:002) for
MAPCB and 283–311 K (�0:092 � t � �0:002) for
MAPBB have been calculated and presented in Table 1.
The experimental data of the strain multiplied by the square
of the elastic constant cel, presented in Table 1, have been
presented in Fig. 4(a) and (b). The open triangles represent

the strain multiplied by elastic constant c
ðconstÞ
el averaged on

the broad temperature region, whereas the open squares – the

strain multiplied by elastic constant c
ðTdep:Þ
el depending on the

reduced temperature t. As one can see there is a very good

agreement between theoretical curve ec1=2
el and experimental

data eexp c
ðTdep:Þ
el

� 	1=2

. This allows one to conclude that the

elastic constants cel should be considered as a weak
temperature dependent function for both molecular ferro-
electrics.

The elastic contribution Fel to the density of the free
energy function is, in general, given by

Fel ¼
1

2

X6

i; j¼1

cij ei ej; (9)

and it reduces to the third term on the right-hand side of
equality sign in Eq. (4). The elastic constant cel, on the basis
of Eq. (9), is a linear combination of the elastic constants
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Figure 4 Theoretical quantities ec1=2
el multiplied by the factor k�1=2 (solid curves) obtained from measurements of the spontaneous

polarisation sh i for ferroelectrics (a) MAPCB and (b) MAPBB. The open triangles in (a) and (b) represent the experimentally obtained strain

eexp multipliedby thesquare rootofaveragevaluesof theelastic constantc
ðconstÞ
el and theopensquares– theexperimentally obtainedstrain eexp

multiplied by the square root of the elastic constant c
ðTdep:Þ
el depending on temperature.
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elements

cel ¼
1

3
c11 þ c22 þ 4c33 þ 2c12 � 4c13 � 4c23ð Þ (10)

for the ‘‘pancake’’ strain, given by Eq. (8). The
‘‘experimental’’ elastic constant cel can be obtained from
Eq. (10) only for ferroelectric MAPCB because for this
molecular salt the total elastic constant elements are
known. The elastic constant elements c22, c12, c13 and c23

are not known for ferroelectric MAPBB therefore the
‘‘experimental’’ elastic constant cel cannot be calculated
from Eq. (10). Details concerning known values of the
elastic constant elements for both ferroelectric materials
are given in Appendix E. Appendix E contains also the
obtained dependence of the elastic constant cel on
temperature T on the basis of Eq. (10) for MAPCB sample.
Comparing ‘‘theoretical’’ dependence of the elastic

constant c
ðTdep:Þ
el , presented in Table 1, for MAPCB with

that obtained from experimental measurements of the
elastic constant elements cij, given in Appendix E, one
notices a very good agreement between theoretical and
experimental dependences. The same procedure cannot be
carried out for ferroelectric MAPBB for the sake of
unknowing the temperature dependences of four elastic
constant elements.

The elastic constant cel can be obtained from the

functions J eð Þ and c�1
el @J=@e presented in Fig. 3(a) and (b),

respectively. Calculating the derivative from the coupling J
with respect to the strain e from data presented in Fig. 3(a)

and comparing with the data on c�1
el @J=@e presented

in Fig. 3(b) allows one to obtain the elastic constant cel.
The temperature behaviour of the elastic constants cel

are exactly the same as those obtained from comparing
experimental data of eexp and the theoretical function

ec1=2
el but the values are about 10–15% lower than

previously calculated ones. In the same way as previously

we estimated the temperature dependences c
ð2;Tdep:Þ
el and the

constant values c
ð2;constÞ
el presented in Table 1 in the same

way as previously.

6 Conclusions The coupling of the primary order
parameter hsi with the secondary order parameter e
enhances the saturation of the primary order parameter hsi
at higher temperatures in comparison with the uncoupled case
[10, 48]. It is interesting that the temperature dependence of
the strain e can be deduced up to a multiplicative constant from
the polarisation curve hsi only, provided that the number and
arrangement of the equilibrium positions are known.

Effective exponents, as obtained with a defined tempera-
ture range used in the numerical fits, usually differ from
the critical exponents inherent in the present model. The
difference of these effective exponents from the ‘‘true’’
critical exponents explain quite a number of experimental
results.

The elastic constants cel can be obtained in two different
ways: by comparison the experimental strain eexp with the
theoretical dependence ec1=2

el (obtained from experimental
data of the spontaneous polarisation hsi) and by comparison
of the strain derivative calculated from the coupling J
with the dependence. Application of the above theoretical
findings to the experimental data on clearly order–disorder
ferroelectrics with significantly deformable lattices
witnesses to the adequacy of the approach.
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Appendix A As long as sh i � 1 and e � 1 one can
expand Eqs. (1a) and (1b) into the power series of the primary
hsi and of the secondary e order parameters. Using the
relations (2) and (3) one gets the equations of state

h ffi J0t sh i þ 1

3
kT sh i3 � J1e sh i þ . . . (A1)

and

s ffi cele�
1

2
J1 sh i2 þ . . . ; (A2)

valid in the very vicinity of the critical point TC. Solving
Eqs. (A1) and (A2) one gets the primary hsi and the
secondary e order parameters as functions of temperature T
and of the external fields h and s. The spontaneous values of
the primary hsi and of the secondary e order parameters are
power functions of the reduced temperature t:

sh i tð Þ ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6J0cel

2J0cel � 3J2
1

s
�tð Þ1=2

 
1 þ J0cel

2J0cel � 3J2
1

�tð Þ

þ 3J2
0c

2
el

2 2J0cel � 3J2
1


 �2
�tð Þ2 þ . . .

!

(A3)

and

e tð Þ ffi 3J0J1

2J0cel � 3J2
1

�tð Þ

� 1 þ 2J0cel þ 6J0J2

2J0cel � 3J2
1

�tð Þ þ . . .

� � (A4)

in the zero-fields conditions, h¼ 0 and s¼ 0. Generally,
the primary hsi and the secondary e order parameters are
proportional to the reduced temperature t and they are
governed by power laws [12, 19]

sh i / �tð Þb and e / �tð Þg=2þb: (A5)

The critical exponents b and g are taking values 1/2 and
1, respectively, in the all the classical models (resulting, e.g.
from Landau theory). Equations (A3), (A4) and (A5) imply
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b¼ 1/2 and g ¼ 1 in the very vicinity of the critical
temperature TC. However, a practical fit of the critical
exponents always requires a finite temperature range to
be considered, that results in the effective values of
exponents b and g different from their classical counterparts.
The finite temperature range also corresponds, in a way,
to the experimental situation. The problem of the most
adequate fit of effectively non-classical exponents in strain–
polarisation coupled systems will be treated in a forthcoming
paper.

Appendix B Inserting the power laws given by Eq.
(A5) into Eq. (5) and expanding it into a power series of the
strain e one gets terms proportional to Tmultiplied by e to the
powers of positive and integer multiples of 4b= g þ 2bð Þ,
including zero, or, extracting T from the second power law
given by Eq. (A5), one obtains that the coupling function J is
a series of the powers of e with the exponents being
2= g þ 2bð Þ, positive and integer multiples of 4b= g þ 2bð Þ
and combinations of both. The spontaneous polarisation hsi
and the strain e are described with a very high accuracy by
Eqs. (A3) and (A4), respectively, in the very broad temper-
ature regions provided that the exponent one half and one, in
the main term of �tð Þ (standing before the round brackets),
are replaced with b and g=2 þ bð Þ, respectively. Then
the coupling function J is proportional to the same terms as
for very vicinity of the critical temperature additionally
increased integer factors including zero. One easily sees
that for the classical exponents b and g the coupling function
J is a power series of e with integer exponents [as given
by Eq. (2)]. In the case of non-classical exponents, e.g.
for the exponent g taking value almost one (g � 1), or
very close to one, and b differing from one half, say
b ¼ 1=2 � Db for Db2 0; 1=2ð Þ, one gets the lowest powers
of e within the J function in the form of 1 � Db= 1 � Dbð Þ½ �
and 1= 1 � Dbð Þ. One sees that for small values of Db the
former expression is a little lower than one and the latter – a
little higher than one.

Replacing the strain e and the spontaneous polarisation
hsi in Eq. (6) with the power laws given by Eq. (A5), in the
very vicinity of the critical temperature TC, one gets that the
derivative of the coupling Jwith respect to the strain e, @J=@e,
has a term proportional to the elastic constant cel multiplied
by e to the power g � 2bð Þ= g þ 2bð Þ. Far below the critical
point TC the function @J=@e is proportional to cel multiplied
by e to powers g � 2bð Þ= g þ 2bð Þ þ n, where n is integer
including zero. In the case of non-classical exponents b
and g (e.g. g � 1 and b ¼ 1=2 � Db) the terms of @J=@e
are proportional to cel multiplied by e to the powers
Db= 1 � Dbð Þ þ n.

Appendix C The temperature derivative of the cou-
pling J eð Þ can be obtained from Eq. (5) as

@J eð Þ
@e

@e
@T

¼ @

@T
kT

artanh sh i
sh i

� �
: (C1)

Inserting Eq. (6) into the left-hand side of Eq. (C1) one
gets that

cel
sh i2

@e2

@T
¼ @

@T
kT

artanh sh i
sh i

� �
: (C2)

Differentiating the right-hand side of Eq. (C2) one gets

cel
sh i2

@e2

@T
¼ 1

sh i
@ kT artanh sh ið Þ

@T

� kT artanh sh i
sh i2

@ sh i
@T

: (C3)

One can find that

@

@T
T sh i artanh sh i þ T

2
ln 1 � sh i2

 �� �

¼ sh i artanh sh i þ 1

2
ln 1 � sh i2

 �

þ T artanh sh i @ sh i
@T

:

(C4)

The second term on the right-hand side of Eq. (C3) can be
calculated from Eq. (C4). Then Eq. (C3) is

cel
k

@e2

@T
¼� @

@T
T sh i artanh sh i þ T ln 1 � sh i2


 �� 
þ 2 sh i artanh sh i þ ln 1 � sh i2


 �
:

(C5)

Transforming the area hyperbolic tangent function into
logarithm function one gets that Eq. (C5) takes the form
given by Eq. (7) as long as the coefficient cel is constant or
weakly depends on the temperature. The temperature
dependence of the strain to the square, e2 Tð Þ, can be
obtained, in principle, both from Eq. (C2) or (7) and from
experimental data of the spontaneous polarisation sh i. In
practise, however, Eq. (C2) leads to a larger error of e2 Tð Þ
than Eq. (7). Equation (C2) is identical to Eq. (7) in Ref. [10].
Using Eq. (C2) one should calculate a numerical derivative
of some combined function of the experimental data of
sh i and then determine an integral from the calculated

function to obtain the dependence e2 Tð Þ. On the other hand,
Eq. (7) allows one to obtain e2 Tð Þ by only calculating an
integral of some function of experimental data of sh i.
A number of applied mathematical procedures, as an
integration or a derivation, results in an increasing of
the error of the estimated quantity. Therefore, the use
of Eq. (7) instead of Eq. (C2) produces smaller errors of
e2 Tð Þ with the same experimental data of sh i (and cel

or equivalently up to a multiplicative factor as cel) or of
cel obtained from experimental data of sh i and e Tð Þ.
Additionally, the same dependence as in the form of
Eq. (7) is used for uniaxial materials regardless of the
experimentally determined exponents b, g and d. In the
very vicinity of the critical temperature TC (within a
Ginzburg region – e.g. see Refs. [8, 12, 16, 32]) one needs
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to take into considerations terms with a gradient of order
parameters and then obtained dependences would be a little
different.

Appendix D The ‘‘theoretical’’ functions J eð Þ, up to
e2, are increasing functions of the strain e for both molecular
ferroelectrics MAPCB and MAPBB. Whereas the depend-
ence J eð Þ obtained from Eq. (5) with the experimental data of
sh i is an increasing function of e up to about e � 0:0045 and

for larger e can be described by almost horizontal line for
MAPBB and it is an increasing function of e with a clear
change in a slope at about e � 0:0043 for MAPCB. If one
takes into considerations the exact dependence of the
coupling J on the strain e, they will get a very good
agreement between theoretical and experimental curves of
the spontaneous polarisation but then there will be more
coefficients Ji needed in Eq. (2).

The dependence J eð Þ is almost horizontal line for
e > 0:0045 (for the reduced temperature t lower than
�0.067) for the ferroelectric MAPBB and it significantly
changes the slope for e > 0:0043 (for the reduced temper-
ature t lower than �0.13) for the ferroelectric MAPCB.
Therefore, the regions higher than 0.0045 in e have not been
taken to obtain dependence of the coupling J on the strain e.

Appendix E As the ‘‘pancake’’ strain e is a combina-
tion of the strain tensor components e11, e22 and e33 [see
Eq. (8)] the elastic constant cel is a combination of the
elastic tensor elements c11, c22, c33, c44, c55, c66, c12, c13

and/or c23. The elastic constants c11, c33, c44 and c13

are decreasing functions of temperature, c66 and c23 are
increasing functions of temperature and c22, c55 and c12 are
decreasing and increasing functions of temperature [45]
for ferroelectric MAPCB. Moreover, the elastic constant
elements are of order of (1.7–3.0)� 1010, (0.3–1.0)� 1010

and (0.7–1.2)� 1010 [N/m2] for c11, c22, c33 and c44, c55, c66

and c12, c12, c23 [45], respectively, in the temperature range
120–330 K. The elastic constants presented in Table 1 for
both ferroelectrics are of order 109–1010 [N/m2] and they are
plausible for a macroscopic strains [10]. The elastic constant
elements c11, c33, c44 and c66 are known for ferroelectric
MAPBB from Ref. [49]. The elastic constant elements: c33

is a decreasing function of temperature, c66 is increasing
function of temperature and c11 and c44 are weak temper-
ature-dependent functions [49], and they are of order of
1.2� 1010 [N/m2] – c11, (0.16–0.18)� 1010 [N/m2] – c33,
0.25� 1010 [N/m2] – c44 and (0.16–0.24)� 1010 [N/m2] – c66

[49] in the temperature range 180–280 K. The different
dependences of the elastic constant elements on temperature
can be a reason of a complex behaviour of the elastic constant
cel for ferroelectric MAPBB.

Values of the elastic constants elements c11, c22, c33 and
c12, c13, c23 have been read from Fig. 2(a) and (c) in Ref. [45],
respectively, in the temperature range 270–320 K
(�0:122 � t � 0:040) for ferroelectric MAPCB. Then the
‘‘experimental’’ elastic constant c

ðexpÞ
el has been calculated

from Eq. (10). A linear reduced temperature dependence

has been fitted in the range �0:12 � t � 0 given by
(with errors for obtained numerical coefficients):
c
ðexpÞ
el ¼ 7:76 � 1:46ð Þ � 106 � 2:02 � 0:38ð Þ � 107t, in

the unit of temperature. Large error values of calculated
numerical coefficients are caused by narrow temperature
regions needed to this calculations (about 1 cm) and not high
quality of presented figures in Ref [45].
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[33] M. Gałązka, P. Szklarz, G. Bator, and P. Zieliński, Solid State
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The Landau-type expansion of the free energy density function up to the eighth
order with respect to the order parameter is used to describe the specific heat in
structural transformations, where the symmetry does not change. This model
implies three generic scenarios of phase transitions: (i) single discontinuous;
(ii) one discontinuous (isomorphous) and one continuous (symmetry breaking
transition); (iii) two continuous (the first transformation-like anomaly with no
symmetry change, the second – symmetry breaking transition), depending on the
value of the only negative coefficient of the sixth order. The specific heat data in
MAPCB, 2,2-DM-1-B, 3,3-DM-2-B and 3TCB are analysed within proposed
theory.

Keywords: isomorphous transformation; specific heat; effective exponent; first-
order phase transition; second-order phase transition

1. Introduction

The continuous phase transitions (the second-order phase transitions) are necessarily
connected with a group–subgroup relationship between the symmetry groups of both
phases involved. In contrast to that, the discontinuous phase transitions (the first-order
phase transitions) do not demand an existence of any relations between the space groups of
phases above and below the transformation temperature. Thus, transitions without any
change in the space symmetry, called isomorphous or isostructural, are also possible,
although relatively rare. Some examples of such transitions in crystalline materials are
collected in Refs [1–7], which are of the discontinuous type. In some cases, an isomorphous
structural change, detectable, for example, in spectroscopic studies of molecular ordering,
and visible as an anomaly of the specific heat curve, are continuous, and they are treated as
traces of a first-order transition beyond a critical point [8]. An isomorphous transforma-
tion is followed by a regular second-order transition between high- and low-symmetry
phases (as ferroelectric–paraelectric phase transition) or by melting of a crystalline phase
to an isotropic or a smectic phase (being the first-order transitions). The Landau-type

*Corresponding author. Email: Miroslaw.Galazka@ifj.edu.pl

� 2013 Taylor & Francis

D
ow

nl
oa

de
d 

by
 [

M
ir

os
aw

 G
az

ka
] 

at
 0

0:
14

 0
3 

A
pr

il 
20

13
 



theories are efficient tools in understanding the phenomena described above on a
phenomenological level [9–11].

In this article, an eighth-order Landau-type expansion of the free energy density is used
to give an account of the specific heat and molecular ordering processes in three systems of
different nature: an uniaxial ferroelectric MAPCB [12–17], glass-former hydrogen bonded
alcohols 2,2-DM-1-B and 3,3-DM-2-B [18–24] and mesogenic liquid crystal 3TCB [25,26].
The experimental findings on the behaviour of these materials are summarized in Section
2. Section 3 presents the expansion of the free energy, discusses the possible sequences of
phase transitions and isomorphous anomalies. The fits to the experimental data and the
adequacy of the model to the materials under study are given in Section 4.

2. Experimental details and polymorphism of selected materials

2.1. Ferroelectric MAPCB

The ferroelectric pentakis methylammonium undecachlorodibismuthate(III) –
(CH3NH3)5Bi2Cl11 – MAPCB undergoes continuous phase transition at TC¼ 307.65K
[12–17,27–29]. The paraelectric phase with the orthorhombic lattice (OHT – orthorhombic
high temperature) has the centrosymmetric Pcab group [12–17]. The spontaneous
polarization appears under the critical temperature TC along the c axis and, therefore,
the possible space group for the ferroelectric phase with the orthorhombic lattice (ORT –
orthorhombic room temperature) is Pca21 [12–17]. The mechanism of this phase transition
involves ordering of one of three types of the methylammonium cations [13–17,30–32].
A very weak monoclinic deviation (to P21 space group), of still disputable origin, has been
reported at about 247K [33], and it is treated as a ferroelastic phase transition [34].
A pronounced variation of the lattice parameters [32,33,35], the dielectric permittivity
[36,37], the dielectric constants tensor elements [12], the Raman spectra [38] as well as a
significant increase in the spontaneous polarization [16,33,35], have been detected at about
161.5K without any change in the space symmetry. This means that this anomaly is of the
isomorphous type. The specific heat per mole Cp, shown in Figure 1(a) was measured by
adiabatic calorimetry between 13 and 325K. The mass of the sample was 11.8497 g. The
experimental details are given by Iwata et al. [13]. An almost linear dependence of Cp on
the temperature is visible in the range 240–300K, but in the vicinity of the critical
temperature, this dependence is given by power low with exponent � about 0.12. One easily
notices a broad, bell-shaped hump in the range 130–190K with a maximum at 161.5K.
The detailed analysis shows a very small hump in the range about 241–250K, but it is
about six times smaller than the previous one.

2.2. Isomer of neoalcohol 2,2-DM-1-B

The isomer of neohexanol 2,2-dimethylbutan-1-ol – CH3CH2C(CH3)2CH2OH – 2,2-DM-1-
B [18,22–24,39–41] owes a rich polymorphism of solid phases state to a geometry of its
molecule, which is nearly a globular shape due to the branched structure of the C–C bonds
[18–21], and to the existence of the hydrogen bonds between molecules [18–21]. The
geometry of the molecule is at the origin of the numerous plastic ODIC phases
(orientationally disordered plastic crystal, ODIC) in this substance, in addition to the
completely ordered crystalline phases [42]. The ODIC phases are characterized by long-
range arrangement of gravity centres of molecules in the crystal lattice, but due to free
rotation of molecules, they are also called rotational phases [43]. The study of
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polymorphism of 2, 2-DM-1-B was carried out using the DSC [22], DTA [18,23,39,40] and
adiabatic calorimetry [42,43] methods. Figure 1(b) shows the specific heat per mole Cp data.
The detected phase transformations for this substance are as follows: C3!C2 at 195.03K,
C2!C1 at 209.26K and C1! Is (isotropic) at 233.19K. The crystalline C3 phase is a
highly ordered crystal and the C2 and C1 phases are ODIC ones that are confirmed by
Timmermans’ criterion [44]. These findings were confirmed by dielectric spectroscopy
studies [18,20,23,39–42], incoherent inelastic neutron scattering and absorption spectros-
copy in the far and mid infrared frequency ranges and DFT calculations [43,45]. Heat
capacity measurements of isomer of neohexanol 2,2-DM-1-B have been performed by
adiabatic calorimetry in the temperature range from 100 to 300K with several experimental
runs. A laboratory-made adiabatic calorimeter at the Institute of Nuclear Physics, Polish
Academy of Sciences [20,21] with the dedicated software [46], used to control parameters of
the experiment and to acquire the data, was employed. The mass of the sample used for the
calorimetric measurements was 5.528 g, and it was synthesized in the Jerzy Haber Institute
of Catalysis and Surface Chemistry, Polish Academy of Sciences, Cracow.

2.3. Isomer of neoalcohol 3,3-DM-2-B

The isomer of neohexanol 3,3-dimethylbutan-2-ol – (CH3)3CCH(OH)CH3 – 3,3-DM-2-B
possesses four ODIC crystalline phases and an isotropic one. Moreover, independent of

(a) (b)

(c) (d)

Figure 1. Adiabatical measurements of specific heat (open circles) versus temperature for (a)
MAPCB; (b) 2,2-DM-1-B; (c) 3,3-DM-2-B; and (d) 3TCB. Solid curves are the background
(baselines). Dotted lines separate phases: C5, C4, C3, C2 and C1 – crystalline phases; SmE – smectic
E phase; Is – isotropic phase; OHT/ORT – orthorhombic high/room temperature phases; MLT/
MHT – monoclinic low/high temperature phases.
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cooling rate, only glass of C4 ODIC phase for 3,3-DM-2-B, below about 240K, has been
observed [20–22,43]. The specific heat per mole Cp data, presented in Figure 1(c), have
been acquired by adiabatic calorimetry in the temperature range 100–300K, with several
experimental runs, at the Institute of Nuclear Physics, Polish Academy of Sciences [20,21].
The neohexanol isomer 3,3-DM-2-B was bought from Aldrich Chemical Company, and
the purity of the investigated sample was 98%. The mass of the sample used for the
calorimetric measurements was 6.135 g. The phase transformations for this substance are
as follows: C4!C3 at 239.09K, C3!C2 at 255.62K, C2!C1 at 263.85K and C1! Is
at 275.55K. The shape and the geometry of the molecule are nearly globular as for
2,2-DM-1-B.

2.4. Liquid crystal 3TCB

The specific heat per mole Cp data is presented in Figure 1(d) for the liquid crystal
4-propyl-40-thiocyanato-1,10-biphenyl – C3H7-C6H4-C6H4-NCS – 3TCB. The sample was
synthesised by Prof. R. Da�browski at the Military University of Technology in Warsaw.
The mass of the sample was 1.4496 g after buoyancy correction. The phase transforma-
tions for this substance are as follows: C5!C4 at 102K, C4!C3 at 114K, C3!C2 at
191.27K, C2!C1 at 259K, C1!SmE at 303.7K and SmE! Is at 362.92K. All the
phase transitions are of the first order except for C4!C3 transition that shows no jumps
in the enthalpy, the entropy and in the specific heat. More details are given in Refs
[25,26,47] and references cited therein. The lattice parameters have been obtained from the
XRD patterns [26] and using the FULLPROF program [48], the space groups have been
obtained. The C5 and C4 crystalline phases have P1 space group (triclinic systems) and the
C3, C2 and C1 crystalline phases have the P2/m group (monoclinic systems).

3. Landau-type density of the free energy function

Let us consider the Landau-type density of the free energy function F as

F �,’ð Þ ¼
1

2
a�’2 þ

1

4
b’4 þ

1

6
c’6 þ

1

8
d’8 ð1Þ

where a, b, c and d are temperature-independent parameters, � ¼ T=T0 � 1 the reduced
temperature, ’ an order parameter and T0 a temperature at which the first term on the
right-hand side of the equality sign in Equation (1) is taking value zero. If a, b, c and d are
positive, the second-order transition results. If b is negative and the rest of the parameters
are positive, one deals with the first-order transitions. If c is negative and the rest of the
parameters are positive and jcj is so large that the c’6-term overwhelms the contribution
from the b’4-term, Equation (1) will describe the discontinuous transformations at �n � 0
(ordinary first-order phase transition) or the isomorphous at �l 5 0, cases (I) and (II),
respectively (see below). If c’6-term, with only negative coefficient c, does not overwhelm
the contribution from the b’4-term, one will encounter phase-transformation-like anomaly
at some �cm5 0 – cases (II-b) and (III) (see below) – that indicates a trace of phase
transformation (not being a real phase transformation). This phase-transformation-like
anomaly is a continuous one. Differentiating Equation (1) with respect to the order
parameter

@F=@’ ¼ 0, ð2Þ
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one obtains necessary conditions for equilibrium states. The number of solutions of
Equation (2) and the transition temperatures depend on the value of the coefficient c. The
case with the negative coefficient c and the positive coefficients a, b and d hereafter is
studied only. Then, one can distinguish three general cases: Case (I), only one transition at
� ¼ �n 4 0 of the first order for cj j4 ctj j, where ct ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffi
9bd=2

p
with conditions:

@F=@’ ¼ 0, Fð’, �nÞ ¼ Fð’ ¼ 0, �nÞ. Sub-case (Ia), only one transition at � ¼ �t ¼ 0 of the
first order for cj j ¼ ctj j (‘triple’ point) with conditions: @F=@’ ¼ 0, Fð’, �n ¼ 0Þ ¼
Fð’ ¼ 0, �n ¼ 0Þ. Case (II), one transition at � ¼ �l 5 0 of the first order (isomorphous)
and one transition at � ¼ 0 of the second order (symmetry breaking) for cej j4 cj j4 ctj j,
where ce ¼ �

ffiffiffiffiffiffiffiffi
3bd
p

, with conditions: @F=@’ð’ ¼ ’II�1Þ ¼ 0, @F=@’ð’ ¼ ’II�2Þ ¼ 0,
Fð’II�1, �l Þ ¼ Fð’II�2, �l Þ. Generally ’II�1 6¼ ’II�2. Sub-case (IIa), only one transition at
� ¼ �t ¼ 0 of the first order for cj j ¼ ctj j (as in case (Ia)) with ’II�1 6¼ 0 and ’II�2 ¼ 0.
Sub-case (IIb), two transitions at � ¼ �e 5 0 and � ¼ 0 of the second order for cj j ¼ cej j
(‘end point’ of the isomorphous transformations) with conditions: @F=@’ ¼ 0, @2F=@’2 ¼ 0
and @3F=@’3 ¼ 0. Case (III), only one transition at � ¼ 0 of the second order (symmetry
breaking) for cj j5 cej j with additional maximum in the temperature dependence of the
specific heat at some �cm 5 0.

Equation (2) has three main regions of real solutions for cases (I), (Ia) and (II): one
stable solution, two solutions – one stable and one unstable, and three solutions – one
stable, one metastable and one unstable. However, Equation (2) has only one real solution
for cases (IIb) and (III). Putting F from Equation (1) into Equation (2), one gets cubic
equation with respect to ’2. The number of the solutions of Equation (2) depends on the
sign of the discriminant D �ð Þ

D �ð Þ ¼ qn þ a�= 2dð Þð Þ
2
þp3, ð3Þ

where qn ¼ c3=ð27d3Þð1� 9bd=ð2c2ÞÞ and p ¼ �c2=ð9d2Þð1� 3bd=c2Þ.
Equation (2) has three real solutions, given by Equations (4a)–(4c), for D5 0; two real

solutions (with one double solution) for D¼ 0, given by Equations (4a)–(4c), or one real
solution, given by Equation (4d), for D4 0. Therefore, one can write four equations:

’1 �ð Þ ¼ � 2sgn qn þ a�= 2dð Þð Þ p
�� ��1=2cos ! �ð Þ=3ð Þ � c= 3dð Þ

h i1=2
, ð4aÞ

’2 �ð Þ ¼ 2sgn qn þ a�= 2dð Þð Þ p
�� ��1=2cos �=3þ ! �ð Þ=3ð Þ � c= 3dð Þ

h i1=2
, ð4bÞ

’3 �ð Þ ¼ 2sgn qn þ a�= 2dð Þð Þ p
�� ��1=2cos �=3� ! �ð Þ=3ð Þ � c= 3dð Þ

h i1=2
, ð4cÞ

’4 �ð Þ ¼ �qn � a�= 2dð Þ þ
ffiffiffiffiffiffiffiffiffiffi
D �ð Þ

p� �1=3
þ �qn � a�= 2dð Þ �

ffiffiffiffiffiffiffiffiffiffi
D �ð Þ

p� �1=3
�c= 3dð Þ

� �1=2
, ð4dÞ

where !ð�Þ ¼ arccosð qn þ a�=ð2d Þ
�� ��= p

�� ��3=2Þ.
For the stable (solid curve), metastable (dashed curve), unstable (dashed-dotted curve)

solutions, the temperature of the first order (�n) and the isomorphous transformations
(�l or �e)

�n ¼ �16c
3= 729ad2
� 	

2� 81bd= 8c2
� 	

þ 2 1� 27bd= 8c2
� 	� 	3=2� �

, ð5aÞ
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�l ¼ �2c
3= 27ad2
� 	

1� 9bd= 2c2
� 	� 	

, ð5bÞ

�e ¼ �b
3=2= 33=2ad1=2

� 	
, ð5cÞ

and two phases coexistence region (�N � �M)

�N ¼ 2d=a � p
�� ��3=2�qn

� �
, ð5dÞ

�M ¼ 2d=a p
�� ��3=2�qn
� �

, ð5eÞ

�sr ¼ �N þ �Mð Þ=2 ¼ �2dqn=a, ð5fÞ

are shown in Figure 2(a)–(d). Figure 2(a) shows the order parameter ’ dependence on the

reduced temperature � for case (I) and sub-case (Ia), but then �n ¼ �sr ¼ �t ¼ 0. One can

see that then the system exhibits only one discontinuous transition at the reduced

temperature �n � 0 (Equation (5a)). Figure 2(b) and (c) presents the reduced temperature

(a)

(c)

(b)

(d)

Figure 2. Schematic reduced temperature dependences of order parameter in different types of phase
transformations: (a) a single discontinuous transition at �n; (b) one discontinuous at �l (isomor-
phous) and one continuous at zero (symmetry breaking transition) for �M4 0; (c) one discontinuous
at �l (isomorphous) and one continuous at zero (symmetry breaking transition) for �M5 0; and (d)
continuous transformations at zero (symmetry breaking transition) and at �e (the ‘end-point’ of the
isomorphous transformation) and at �cm (the phase-transformation-like anomaly). Solid curves are
stable phases, dashed (except in c case) – metastable phases and dashed–dotted – unstable phases.
Upper and lower limits of phase coexistence regions are denoted as �M and �N, respectively in cases a,
b and c. Solutions of Equation (2) are given by ’i, i¼ 1, 2, 3, 4.
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dependences of the order parameter ’ for case (II) if �M 4 0 or �M 5 0, respectively. In

these cases, the system has one discontinuous transformation (isomorphous) at �l 5 0

(Equation (5b)) and one continuous transition at zero (symmetry breaking). Figure 2(d)

shows the order parameter ’ dependence on the reduced temperature � for the sub-case

(IIb) – the upper curve, and for the case (III) – the lower curve. The symmetry breaking

transition appears at � ¼ 0 and at �cm one deals with phase-transformation-like anomaly.
The specific heat is defined as

DCp �ð Þ ¼ �
aT

T0

’ �ð Þ
@’ �ð Þ

@T
: ð6Þ

Inserting Equations (4a)–(4d) into Equation (6) and calculating the derivative of the

order parameter ’ with respect to the temperature T, one gets the dependence of the

specific heat DCp on the reduced temperature. The theoretical curves of DCpð�Þ for cases (I)
and (Ia), (II), (IIb) and (III) are shown in Figure 3(a), (b) and (c), respectively. The

effective exponent �eff, defined as

�eff � �@ ln DCp �ð Þ
� 	

=@ ln �ðRÞ
� 	

, ð7Þ

where �ðRÞ ¼ T=TR � 1, TR ¼ T0ð1þ �RÞ and the subscript R equal to M, N (the upper or

lower limit of the phase coexistence region) or e for cases (I) and (Ia), (II) or (IIb),

respectively, are shown as inset figures in Figure 3(a), (b) and (c), respectively.

(a) (b)

(c)

Figure 3. Schematic reduced temperature dependences of specific heat for (a) case (I); (b) case (II);
and (c) cases (III) and (IIb). Inset figures show values of effective exponent �eff as function of
reduced temperature.
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4. Specific heat data analyses and discussion

The excess specific heat data associated with all transitions are determined by the following
relation:

DCp ¼ Cp � CðbgÞp , ð8Þ

whereCp is experimentally obtained specific heat, reduced by the heat capacity of the empty
cell, divided by the mass of the sample in mole and CðbgÞp is the baseline or the background
heat capacity – a contribution of the vibrational degrees of freedom. The background heat
CðbgÞp is shown as solid curves in Figure 1(a)–(d) for all the selected materials. Figure 4(a)–(e)
presents the specific heat associated with some transitions expected to be the isomorphous
ones for MAPCB, 2,2-DM-1-B, 3,3-DM-2-B and 3TCB obtained with the use of Equation
(8) and data shown in Figure 1(a)–(d). The specific heat DCpðTÞ for ferroelectric MAPCB is
shown in Figure 4(a). One can easily notice a bell-shaped hump around Tcm ¼ 161:5K
similar to the lower solid curve shown in Figure 3(c). It means that this transformation-like
anomaly is continuous. The theoretical curve, presented in Figure 3(c), shows a step at the
phase transition point � ¼ 0, instead of a peak as experimentally observed. Therefore, in
order to reproduce experimental results, it is required that the coefficient c is positive at
� ¼ 0, but negative in the vicinity of the transformation-like point �cm. Figure 4(b) and (c)
shows the specific heats DCpðTÞ for isomers of neoalcohol 2,2-DM-1-B and 3,3-DM-2-B,
respectively. The specific heat DCpðTÞ behaviour in C3 and C2 phases, Figure 4(b), is very
similar to the theoretical ones shown in Figure 3(b) but, likewise as for the case of MAPCB,
at the end of the C2 phase, one does not deal with a sharp step but with another lambda-
like transition to the C1 phase melting to the Is phase. Moreover, the C2!C1
isomorphous transformation is a discontinuous one in contrast to the theoretical
prediction. The short-dashed curve, presented in Figure 4(b), shows the hypothetical
behaviour of the specific heat DCpðTÞ as if there were no C2!C1! Is phase
transformations. Therefore, it is required that the coefficient b should be positive in the
vicinity of the C3!C2 transformation and negative in C2!C1 and C1! Is transfor-
mations, and the coefficient c – negative in the vicinity of the C3!C2 and positive in the
next two transformations. One deals with similar situation in case of 3,3-DM-2-B sample as
shown in Figure 4(c). A precise analysis of DCpðTÞ, in Figure 4(c), reveals that the specific
heat in phases C4 and C3 has the similar slope and behaviour and, moreover, the C4!C3
isomorphous transformation occurs on a slope of C3!C2 transformation as C2!C1
transformation on a slope of C1! Is that was reported earlier [19]. Generally written
transformation (C4&C3)! (C2&C1) is similar to that presented in Figure 3(a), but in the
C2 and C1 phases, the order parameter (density) is different from zero, as it would be
expected by the theory. Therefore, the coefficients b and c should be temperature dependent
ones as in the case of 2,2-DM-1-B. Figure 4(d) shows the specific heat DCpðTÞ in the
vicinities of the C5!C4!C3 transformations. The dashed–dotted line given by equation
DCðC4!C3Þ

p ðTÞ ¼ 0:224ðT� 114Þþ 6:54 ½JK�1 mol�1� mirrored the continuous C4!C3
transition. The inset figure in Figure 4(e) presents the specific heat DCpðTÞ for 3TCB
liquid crystal in C5 and C4 phases after subtracting values resulting from DCðC4!C3Þ

p ðTÞ
from those shown in Figure 4(d) in C5 and C4 phases, and Figure 4(e) shows the specific
heat in C3 and C2 phases. As one can see, both transformations are similar to those
presented in Figure 3(b). Figure 5(a) and (b) presents the effective exponent �eff calculated
from Equation (7) and data shown in Figure 4(b) and (c), respectively. As one can see, the
effective exponents �eff take values 0.4–1 in the ranges 6 and 11K for 2,2-DM-1-B and
3,3-DM-2-B, respectively, exactly as the values presented in inset figures in Figures 3(a)
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and (b). Far away from the isomorphous transformations, the exponents �eff take larger
values similarly as in the melting of C1 phase to the Is phase [19]. The exponent �eff is about
0.43–0.49 in the very vicinity of the C5!C4 transformation in 3TCB, and in the ranges:
93–99K about 1.17� 0.32; 103–107K about 2.48� 0.33 (plateau regions). Obtained
results, notwithstanding the similar behaviour to the isomorphous transformations as in
MAPCB, 2,2-DM-1-B and 3,3-DM-2-B, indicate that in the case of the liquid crystal
3TCB, one should probably consider the Landau-de Gennes [49,50] form of the density of
the free energy instead of Equation (1).

(a) (b)

(c) (d)

(e)

Figure 4. Specific heat DCpðTÞ in the vicinity of isomorphous transformation for (a) MAPCB
(MLT!MHT, isomorphous-like transformation); (b) 2,2-DM-1-B (C3!C2); (c) 3,3-DM-2-B
(C4&C3!C2&C1); (d) 3TCB (C5!C4) and not isomorphous C4!C3 transition; and (e) 3TCB
(C3!C2). Inset figure in case (e) is isomorphous transformation C5!C4 in 3TCB liquid crystal.
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5. Conclusions

The Landau expansion of the Gibbs free energy up to the eighth order with respect to the
order parameter has been used to describe the isomorphous transformations in four
different materials. Although there is no symmetry reduction in MAPCB and 3TCB, and it
is supposed that one does not deal with symmetry reduction in 2,2-DM-1-B and 3,3-DM-
2-B in all considered phase transitions, the underlying mechanisms are quite different.
Ordering of molecular dipoles in the effective field created by another, previously ordered
sublattice, occurs in MAPCB, a formation of hydrogen bonds and of conformations is
verified in 2,2-DM-1-B and 3,3-DM-2-B, whereas an interplay of the ordering and
changing variable conformations of molecules is anticipated in 3TCB. All the considered
phase transformations possess some properties of isomorphous transformations such as no
symmetry reduction, particular behaviour of the specific heat and the values of the
effective exponent �eff, but what is important in further analyses, some of the model
coefficients have to show dependence on temperature in order to reproduce experimentally
observed other transitions taking place in chosen materials.
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ABSTRACT: The results of dielectric relaxation spectroscopy and polarizing
microscope observation of the 4′-butyl-4-(2-methylbutoxy)azoxybenzene (abbre-
viated as 4ABO5*) are presented. Numerical analysis of the dielectric spectra
results points to complex dynamics of 4ABO5* molecules in isotropic,
cholesteric, and crystalline phases. Two well-separated maxima on the imaginary
part of dielectric permittivity and the third low frequency relaxation process,
hidden in the conductivity region, were detected and described in cholesteric and
crystalline phases. Temperature dependence of mean relaxation times character-
izing flip-flop motions and rotation around long axes, observed in all phases, is of
the Arrhenius type.

I. INTRODUCTION

In recent years, liquid crystals, exhibiting simultaneously features
typical for solid and liquid phases, have been thoroughly studied
(for example, refs 1−4). Unusual behavior of the liquid crystal
mesophases, that makes them interesting for basic research and
for application to electro-optical industry, causes growing
interest in their physicochemical properties. Organic molecules
of these materials have various rotational degrees of freedom.
Thus, apart from the isotropic and the stable crystal phases
several liquid-like and solid-like phases are revealed for many of
them. Often, for phases with partial long-range orientational
and/or conformational order a glass formation is found.5,6

Understanding of role of such factors as molecular structure,
dynamics and mutual interactions between molecules in details
of phase polymorphism of newly synthesized mesogenic
compounds is among main goals of research.
The relaxation processes in liquid crystals occurring in wide

frequency range have been studied by broadband dielectric
spectroscopy (BDS) (for example, refs 4 and 7−10). In MHz
frequency range relaxation processes are attributed to
reorientations of molecules around their short axes (flip-flop
motion)3,4 while at higher frequencies molecular reorientations
around long axes and/or librations of the long axes (tumbling)
can be observed. Although mass centers of molecules are
distributed at random in the nematic phase, there is a long-range
orientational order of long molecular axes, and therefore these
two processes are well separated, contrary to the isotropic phase,
where distribution of the relaxation times of these two processes
overlap (for example, ref 11). Often, for chiral isomers of liquid
crystalline substances, a phase diagram and dynamics pattern

vary from those of molecules without chiral center. It concerns
especially vitrification/crystallization competition8,9 and temper-
ature dependence of the relaxation rate related to flip-flop
motions.7

In this paper the results of dielectric spectroscopy (BDS) and
polarizing microscopymeasurements obtained for a liquid crystal
compound with polar chiral molecules of chemical formula
C4H9−C6H4−NN(O)−C6H4−OC5H11, abbreviated as
4ABO5*, are presented. The chiral center is located at the
carbon atom to which the side methyl group is joined. Bridging
azoxy group and C−O chemical bond contribute mainly to the
dipolar moment of the 4ABO5* molecule. The geometry of the
lowest energy conformation of the molecule, optimized by the
DFT/PBE method, is presented in Figure 1a.
The optimized energy, dihedral C−C−NN and dipole

moment of 4ABO5* is given in Table 1. The changes in relative
orientation between the phenyl rings in core is due to the change
in intermolecular interaction in different phases. The dihedral
angle of linking group C−C−NN between two phenyl rings is
an important parameter because it can change during phase
transitions in LC systems. To investigate the different stable
rotational conformers, we have calculated energy by variation of
the dihedral angle C−C−NN in between −180 and +180°.
The relative energy with respect to the optimized structure vs
dihedral angle is shown in Figure 1b.
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The DSC phase transitions sequences of 4ABO5* are the
following: Cr(285.26 K)−Ch(299.65 K)−IL, on heating, and
IL(298.82 K)−Ch(277.66 K)−Cr, on cooling.12 The enthalpy
changes during heating in the Cr−Ch, Ch−IL transitions are
about 7.87 and 0.58 kJ/mol, respectively, and during cooling in
the IL−Ch and Ch−Cr transitions are about 0.41 and 7.73 kJ/
mol, respectively. The entropy changes are about 27.65 and
27.84 J/Kmol for Cr−Ch and Ch−Cr transitions, respectively,
and about 1.93 and 1.37 J/Kmol for Ch−IL and IL−Ch
transitions, respectively.
Despite a supercooling of cholesteric and isotropic phases,

4ABO5* is not a glass-formereven very fast cooling does not
produce glass of cholesteric or isotropic liquid phases. The
synthesis of 4ABO5* was performed by Roy and coauthors12 as
well as the PVT experiment and the dielectric permittivity at
ambient and elevated pressure measurements in the frequency
range from 10−2 to 106 Hz. The aim of our paper is to describe
details of dynamics of 4ABO5* molecules in cholesteric and
isotropic phases by broadband dielectric spectroscopy in wide
temperature range and to check the mobility of molecules in the
crystal Cr phase.

II. EXPERIMENTAL SECTION

The 4ABO5* substance was synthesized at the Military
University of Technology, Warsaw, by the group of Prof.
Dab̨rowski.
Polarization microscopy observations of textures were

performed upon cooling and heating with various rates of 1−
10 K/min using Biolar PI polarizing microscope (PZO (Polskie
Zakłady Optyczne), Warsaw, Poland) equipped with Linkam
THM 600 silver heating/cooling stage and Linkam TMS 90
temperature controller (Linkam Scientific Instruments Ltd.,
Tadworth, UK). The 4ABO5* in liquid phase was placed as a
droplet on a cover glass plate. The thickness of the samples was

about 50 μm. The temperature was measured by platinum
resistance thermometer with 0.1 K accuracy.
Dielectric relaxation spectroscopy were carried out in two

relaxation frequency ranges, i.e., in low frequency (0.01−40
MHz) and high frequency (1 MHz to 3 GHz) ranges. In the low
frequency experiment the sample was prepared in parallel plate
geometry between two gold-plated electrodes with a diameter of
20 mm and a spacing of 100 μm. The measurements were
conducted using a high resolution ALPHA analyzer (Novocon-
trol, Germany). ZGS active sample cell test interface was used for
the Alpha-A modular measurement system (Novocontrol),
including Pt100 temperature sensor. High frequency RF
measurements were carried out by means of a coaxial
reflectometer based on the Agilent E4991 analyzer. The sample
were prepared in parallel plate geometry between two gold-
plated electrodes with a diameter of 7 mm and a spacing of 220
μm. To obtain correct values of dielectric permittivity ε′ and
dielectric loss ε″ calibration procedures have to be carried out for
the line and measuring cell. For temperature dependent RF
measurements the BDS2101 low-loss precision line was used
with open, short, and 50 ohm (wave resistance) load calibration
kit.
The temperature was controlled by a Quatro Novocontrol

cryo system with a temperature stability of 0.1K in both
experiments. A detailed description of sample preparation and
measurements is given here.13

III. RESULTS AND DISCUSSION

Images of microscopic textures observed during cooling and
heating confirm the polymorphism of 4ABO5* obtained in the
DSC studies.12 In Figure 2 examples of textures, during cooling
(shown from 298 to 277 K) and heating runs (shown from 277 to
299 K), are collected to show the isotropic-cholesteric transition
at 298 K, the Ch phase (at 280 K), the crystallization process at
278 K, the Cr phase (at 277 K), the Ch phase (at 298 K), and the

Figure 1. (a) Structure of 4ABO5* molecule optimized by the DFT/PBE method and (b) C−C−NN torsion angle optimized.

Table 1. Comparison of Geometrical Parameters of 4ABO5*Calculated fromDFTCalculation, i.e., Dipole Moment Components
(μx; μy; μz), Dipole Moment (μ), and Optimized Energy

dihedral angle (deg) −C−C−NN− dipole moment components (μx; μy; μz)
a dipole moment μa (D) optimized energy × 103 (hartree)

−179.9160 −0.0028; 0.2000; −0.1421 0.2454 3.7730
−100.0839 −0.0054; 0.2057; −0.1509 0.2552 3.7817
−50.0839 −0.0060; 0.2021; −0.1571 0.2560 3.7775

0.0840 −0.0049; 0.1950; −0.1584 0.2513 3.7725
49.9160 −0.0031; 0.1896; −0.1539 0.2442 3.7779
99.9160 −0.0018; 0.1898; −0.1467 0.2399 3.7817
179.916 −0.0027; 0.200; −0.1420 0.2453 3.7730

aμ = (μx
2 + μy

2 + μz
2)1/2.
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clearing process at 299 K. The IL−Ch transition, during cooling
(see texture at temperature 298 K), and clearing process (see
texture at 299 K), during heating, are visible as disappearing and
occurring, respectively, of black, not transparent to light, regions,
because IL phase is not optically active.1 While the crystallization
process (see texture at 278 K), during cooling, is marked by
growing of crystallite from Ch phase. The cholesteric textures,
shown at 280 K (during cooling run) and at 298 K (during
heating run) and crystalline texture, shown at 277 K, are typical
for these phases.
Molecular dynamics of 4ABO5* has been found not only in

liquid phases but also in the Cr phase. Dielectric spectra are
complex in all phases. For separation the relaxation processes and
electric conductivity the following formula was used (for
example, refs 14 and 15)

∑ε ω ε
ε

ωτ
σ

ε ω ε ω
* = +

Δ
+

+ +α β∞
=

−i
ia B

( )
(1 ( ) )k

k

k
n m

1

3

1
0 0

k k

(1)

where Δεk = εk,s − εk,∞ for k = 1, 2; Δε3 = ε3,s − ε∞, is the
dielectric strength, and τk is the mean relaxation time of the
process k, k = 1, 2, 3, ε∞ is the dielectric permittivity at the high-
frequency limit, and ε0 is the permittivity of the vacuum. The
Havriliak−Negami parameters αk are symmetric distribution
parameters, 0 ≤ αk ≤ 1, and βk are the asymmetric distribution
parameters, 0 ≤ βk ≤ 1, showing distribution of the relaxation
times characterizing relaxation processes (1) − (3). For αk = 0
and βk = 1 eq 1 reduces to the Debye equation. The parameter σ
is the ionic conductivity and B is proportional to the electric
capacity of the substance (for example, ref 15). The real ε′(ω)
and imaginary ε″(ω) parts of complex electric permittivity of eq
1 can be written in the following forms
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The examples of fitting the formula 2 to the experimental data
of real permittivity and the formula 3 to the dielectric loss data are
shown in Figure 3a−h.
The three relaxation processes are denoted by dashed, dashed-

dotted and short-dashed curves while processes related to ionic
conductivity, aσ, and electric capacity, B, are drawn as thin curves.
One can see that in the cholesteric and crystalline phases two
relaxation processes are separated, respectively in the MHz
(process (2)) and GHz (process (3) regions. The third process
occurs to be hidden in a very low frequency region (process (1),
where one deals with electric conductivity and electric capacity
regimes. In the isotropic phase only the higher frequency
processes have been separated. The theoretical curves, following
from the Havriliak−Negami function fitted to the experimental
data, are giving slightly lower values of the real and imaginary
parts of the complex dielectric permittivity than the experimental
ones, see Figures 3a−h. These discrepancies between the
experimental data and the theoretical curves can be explained,
by the fact that the Havriliak−Negami function, given by eq 1, is a
precise tool to describe the relaxation process around the
maximum of the imaginary part of the dielectric permittivity,
while it is less adequate at the high frequency side, where it
assumes a single power-law behavior.16−21 Many substances
show two power-law behavior16−21 (and references cited
therein), for frequencies higher than the maximum of the
imaginary part of the dielectric permittivity. The parameters
obtained by fitting eqs 2 and 3 to the experimental data are shown
in Figures 4−7. Thick dash-dotted lines in Figures 4−7 indicate
the phase transition temperatures corresponding to offset
temperatures obtained from DSC measurement for heating
run.12 The errors of fitting parameters Δεk and ε∞ are of about
5%, while δ(αk) = 0.005, δ(βk) = 0.005 for k = 1, 2, 3.
Temperature dependence of the αk and βk parameters is shown

for three relaxation processes: (1) in circles, (2) in triangles and
(3) in squares in Figure 4, parts a and b (for cooling, filled
symbols, and for heating, open symbols). Temperature depend-
ence of the dielectric strengths,Δεk (k = 1, 2, 3), are presented in
Figure 5a for all relaxation processes, while in Figure 5b ε∞(T) is
shown, on heating and on cooling.
In crystal, nematic and isotropic liquid phases the fitting values

of dielectric strength for process (2) obtained for real (by eq 2)
and imaginary parts (by eq 3) of dielectric permittivity occurred
to be different but differences do not exceed 2%, 10% and 4%,
respectively, while for process (1) in nematic phase this
discrepancy is of about 10%. However, in all phases the fitting
values of dielectric strength for process (3) obtained for real and
imaginary parts of dielectric permittivity are the same. One can
see that values of fitting parameters calculated for data of heating
and of cooling runs are different, especially in cholesteric phase
were details of long-range chiral order of molecules in the sample
are dependent on the experiment conditions. Nevertheless, in
Figures 4 and Figures 5 the phase transitions are clearly visible as
well as supercooling effects at the Ch−Cr transition. At the Cr−
Ch transition, changes of Δε3(T) are the largest for process (3).
In liquid phases Δε2(T) changes only slightly with temperature
while in the Cr phase that is true for process (2) only. For
processes (1) and (3) below the Ch−Cr phase transition the
increments decrease dramatically with lowering temperature and

Figure 2. Images of textures of the liquid crystal 4ABO5* obtained by
polarizing microscope on cooling and heating the sample. The width of
the image is of 50 μm.
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they are close to zero at 260 K. The decay tendency of processes
(1) and (3) is also visible in the dielectric loss (compare Figure
3d and Figure 3b).

Figure 6 shows the dependence of the mean relaxation times
τk, for k = 1, 2, 3, on the inverse of temperature. As one can see the
calculated values of the relaxation times for heating (open

Figure 3. Experimental data of real ε′( f) (a, c, e, and g) and imaginary ε″( f) (b, d, f, and h) parts of dielectric permittivity at selected temperatures of
crystal (a−d), cholesteric (e and f), and isotropic (g and h) phases. Experimental data are denoted as filled circles. Theoretical fits are denoted as
electrical conductivity and quantity proportional to electric capacity (shifted by ε∞)by thin curves; 1−3 relaxation processes denoted by dashed,
dashed-dotted, and short-dashed curves, respectively; and sum of all processes denoted by thick curve. Enlarged regions of first relaxation process are
presented in parts e and in f as insets.
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symbols) and cooling runs (filled symbols) are the same in the
limit of accuracy for each of the relaxation process in all phases.
The slowest process (1) was not observed in the isotropic phase.
At the cholesteric−crystal transition the relaxation time of
process (1), shows a step-like behavior with growth of about two
decades (retardation factor g1 = 2), while no retardation was
observed for process (2) and for process (3). The relaxation
times τ2(T) and τ3(T) changes at the IL−Ch transition
temperatures are very small: in the isotropic phase, process (2)

seems faster and process (3) slower than in case of the cholesteric
phase. For all processes in liquid phases and for processes (2) and
(3) in the Cr phase, a temperature dependence of the relaxation
times is well described with help of the Arrhenius equation

τ τ= ⎜ ⎟⎛
⎝

⎞
⎠T

E
RT

( ) exp0
a

(4)

where τ0 corresponds to the relaxation time at a high temperature
limit, R is the gas constant, and Ea is the enthalpy of the activation
process. The values of the enthalpy Ea for three relaxation
processes mentioned are collected in Table 2.
The pre-exponential factors τ0 for the processes (2) and (3)

are of order 10−20 s and 10−11 or 10−16 s, respectively. These
quantities are of the same order for similar relaxation processes
reported in literature for some nematics: for fast relaxation
processas τ3for example,10,22,23 and for relaxation process at
medium frequency rangeas τ2for example.24 For process (1)
in the crystalline phase, the non-Arrhenius temperature depend-
ence is clear. This points to conclusion that the Cr phase could be
a conformationally disordered crystal phase (CONDIS)5 with
temperatureTg∼ 225 K, freezing very slow degrees of freedom.25

The entropy changes in Cr−Ch and Ch−Cr transitions are not
enough to order functional groups in liquid crystal molecule,
therefore the crystal phase in 4ABO5* may still have
considerable conformational disorder and this phase could be
of CONDIS type. The infrared spectroscopy measurements have
been conducting to confirm our presumptions and they will be
published later.

Figure 4. Temperature dependences of parameters (a) αk and (b) βk, for processes: k = 1, 2, 3, obtained from fitting Havriliak−Negami functions to
experimental data of real and imaginary parts of permittivity for cooling (filled symbols) and heating (open symbols) runs for three relaxation processes.
Errors are equal to δ(αk) = 0.005, δ(βk) = 0.005. Thick dash-dotted lines indicate the phase transition temperatures (for heating run of the DSC
experiment).

Figure 5. Temperature dependences of (a) dielectric strengths Δεk, for processes: k = 1, 2, 3; (b) dielectric permittivity at the high-frequency limit ε∞,
for cooling (filled symbols) and heating (open symbols) runs in Cr, Ch, and IL phases. Errors of presented values are less than 5%. Thick dash-dotted
lines indicate the phase transition temperatures (for heating run of DSC experiment).

Figure 6.Dependence of relaxation times τk, for processes: k = 1, 2, 3, on
the inverse of temperature 1/T for cooling (filled symbols) and heating
(open symbols) runs. The τ(T) data in crystal (Cr), cholesteric (Ch),
and isotropic (IL) phases are denoted by circle, triangle, and diamond
symbols, respectively. Thick dash-dotted lines indicate the phase
transition temperatures (for heating run of DSC experiment).
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(a). High-frequency relaxation process. For the fast
relaxation process (3), ascribed to tumbling/rotation around the
long axis motion, the values of the activation enthalpy estimated
on heating equal to about 42 kJ/Kmol in the cholesteric phase, to
about 41 kJ/Kmol in the isotropic phase, and to 6.6 kJ/Kmol in
the crystal Cr phase. In accordance with the perpendicular
dipolar moment value of about 0.98 D for the 4ABO5*molecule,
the dielectric increment of this process is the largest in both
liquid phases, where it is the main process and it does not change
with temperature. Contrary to that in the Cr phase the dielectric
increment Δε3(T) decreases rapidly with lowering temperature
(and process (2) was becoming the strongest) but only slight
increase of τ3(T) occurs. Both distribution parameters of process

(3) are sensitive to the phase transitions. The symmetric
distribution parameters α3, see Figure 4a, are equal to about 0.1
within crystal, to about 0.12 (on cooling) and 0.17 (on heating)
in cholesteric phase and to 0.03 (on heating) and to 0.17 (on
cooling) in the isotropic phase. The asymmetric parameters β3
are of about 0.8 on heating and of 0.9 on cooling in the crystal
phase and they are above 0.9 in the cholesteric phase, and of
about 0.75 in the isotropic phase on cooling and 0.5 on heating.
So, for process (3), deviations from Debye process were
observed in all phases.

(b). Medium-Frequency Relaxation Process. The second
relaxation process, (2), ascribed to flip-flop rotation around the
short axis, is characterized by the highest values of the activation
enthalpy Ea in all three phases (see Table 2), where the dielectric
strength Δε2 exhibits nearly the same values below 0.8−see
Figure 5a, opened and filled triangles. But there is one significant
differencerelaxation process (2) is the main one only in the
crystal phase (especially below 270 K, compare Figure 5a, Figure
3a, and Figure 3b), but not in the cholesteric and isotropic
phases, where it becomes the peripheral one. In the cholesteric
phase the β2 values are nearly equal to 1, while the symmetry
parameters α2 (see Figure 4a, the filled and opened triangles) are
very small, lower than 0.05. This means that the relaxation
process (2) is almost of the Debye type in Ch phase. In the crystal
phase the values of the asymmetric distribution parameters β2,
see Figure 4b the filled and opened triangles, are temperature
dependent and lower than 0.6. In the crystal and also in the
isotropic phase essential deviations from the Debye process have
been observed.

(c). Low-frequency relaxation process. The slowest
relaxation process (1) has been detected only in the crystal
and cholesteric phases. In the cholesteric phase, where this

Table 2. Parameters τ0 and Ea Obtained by Fitting Eq 4 to
Relaxation Time Dependences on Temperature

phase mode τ0 [s] Ea [kJ/kmol]

τ3 crystal cooling 8.038 × 10−11 9.066
heating 2.680 × 10−10 6.555

cholesteric cooling 1.442 × 10−16 40.801
heating 9.215 × 10−17 41.761

isotropic cooling 4.625 × 10−16 38.483
heating 2.563 × 10−16 40.605

τ2 crystal cooling 3.669 × 10−19 68.372
heating 5.416 × 10−20 72.883

cholesteric cooling 4.815 × 10−23 89.955
heating 7.919 × 10−23 88.477

isotropic cooling 9.169 × 10−16 46.793
heating 3.164 × 10−16 60.410

τ1′ cholesteric cooling 6.273 × 10−11 38.003
heating 3.190 × 10−11 40.131

Figure 7. (a) Electric conductivity multiplied by parameter a, σa, and (b) exponents n and m obtained by fitting eqs 3 and 2, respectively, to imaginary
and real parts of the dielectric permittivity data; (c) quantity proportional to capacity B. Filled and opened symbols are for cooling and heating runs,
respectively, in Cr, Ch and IL phases. Thick dash-dotted lines indicate the phase transition temperatures (for heating run of DSC experiment). In parts a
and c, quantities proportional to electric conductivity σa and to capacity B are shown for 1.15 Hz shown as inserts.
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process may be called a “super-peripheral one”, the activation
enthalpy is of about 40 kJ/Kmol. Comparing the dielectric
strengths Δε1 (Figure 5a, opened and filled circles) and the data
presented in the inset in Figure 3e, one can see that the
contribution of the process (1) to the real part of the dielectric
permittivity is about 100 times smaller than that of relaxation
process (3) (the main one), and about 10 times smaller than
relaxation process (2). This process can be regarded as the Debye
one, as the parameters α1 and β1 (see Figure 4a and Figure 4b, the
filled and the opened circles) are almost equal to zero and one,
respectively. Interestingly the relaxation process (1) becomes
dominant in the crystal phase for temperature higher than 270 K,
see Figure 5a and Figure 3c,d. Temperature dependence of the
relaxation time τ1 (marked in Figure 6 as τ1′) can be described by
Arrhenius equation, eq 4 but only in the cholesteric phase.
Process (1) can be ascribed to collective motions of molecules25

favored by mutual interactions through NOmolecular groups. In
the crystal phase the relaxation time τ1 can be described by
Vogel−Fulcher−Tamman (VFT) equation (for example, refs 15
and 26)

τ τ=
−

⎛
⎝⎜

⎞
⎠⎟T

DT
T T

( ) exp0
0

0 (5)

where D is the dimensionless constant widely referred to the
fragility parameterm = ∂[log τ]/∂(Tg/T)|T=Tg

, τ0 is the relaxation
time for very high temperature and T0 is related to a hypothetical
ideal glass transition temperature. The obtained fitting
parameters are as follows: (i) the relaxation times for very high
temperature, τ0, are equal to 7.16× 10−7 s for the heating run and
to 8.57 × 10−7 s for the cooling run; (ii) the parameters D are
equal to 9.522 and 9.465 for heating and cooling runs,
respectively; (iii) values of T0 are equal to 150 and 149 K for
heating and cooling runs, respectively. The temperatures Tg of
freezing slow degrees of freedom, calculated from eq 5 for τ = 100
s, are about 226.2 and 224.9 K for heating and cooling runs,
respectively. As one can see in Figure 5a, the dielectric strength
for this process tends to zero with lowering temperature. A
similar, very low frequency relaxation process has been noticed in
some mixtures of nematic liquid crystal substances,4 and
probably, that process can be connected with conformational
motions.
(d). Electric Conductivity and Capacity. In the dielectric

spectra significant contributions of ionic conductivity and electric
capacity have been separated using eqs 2 and 3 (see Figure 3a−
h). Figure 7a shows the fitting values of the ionic conductivity
multiplied by the parameter a, σa, and Figure 7bthe fitting
values of the exponent n vs temperature.
As one can see the values of the exponent n are close to one in

the cholesteric and isotropic liquid phases, and decrease to about
0.6 with decreasing temperature in the crystalline phase. Similar
behavior has been detected for some materials and it is in
accordance with theoretical predictions (for example, refs

27−30). The quantity B, given in eq 2, proportional to the
electric capacity, is presented in Figure 7c. The exponent m,
obtained by fitting eq 2 to the real part of the dielectric
permittivity, is presented in Figure 7b. Interestingly, the σa and n
parameters are sensitive to Ch−Cr transition while B parameter
to IL−Ch transition. Exponentm is sensitive to both IL−Ch and
Ch−Cr transitions. In parts a and c of Figure 7, σa and B are
shown for 1.15 Hz as inserts. To calculated values proportional to
the electric conductivity one can fit exponent function of the
following form

σ σ= −
⎛
⎝⎜

⎞
⎠⎟T

E
k T

( ) exp b
0

B (6)

When σ is replaced with B, eq 6 can also be used for description of
the electric capacity vs temperature. In all phases the exponential
temperature dependence has been found for both σa and B.
Activation energies and pre-exponential factors are presented in
Table 3.

IV. CONCLUSIONS

Dielectric spectroscopy measurements in range up to GHz
frequencies have given some crucial information on the complex
dynamics of 4ABO5*. The three relaxation processes have been
observed and described in the crystalline and cholesteric phase,
while in the isotropic liquid phases the slowest motions are
absent. Relaxation processes detected down to 250 K are the
following: (i) the very slow relaxation process (1) ascribed to
collective motions of molecules in the crystalline (10−2−102 Hz)
and cholesteric (101−103 Hz) phases; (ii) the intermediate
relaxation process (2) ascribed to flip-flop motions around short
axes in the crystalline (102−107 Hz), in the cholesteric (104−107
Hz) and in the isotropic (105−108 Hz) phases, (iii) the fast
relaxation process (3) ascribed to tumbling/molecular reor-
ientations around long axes in the crystalline (106−1010 Hz),
cholesteric (105−1010 Hz) and isotropic (106−1011 Hz) phases.
The high-frequency relaxation is dominant in the cholesteric and
isotropic liquid phases, whereas it becomes peripheral in the
crystalline phase. The medium-frequency process is dominant in
the crystal phase down to 260 K when the low-frequency process
(1) becomes dominating. The temperature dependence of the
mean relaxation times for motions around the long and short axes
is of the Arrhenius type with the values of the relaxation times
and the activation enthalpies typical for these kind of
substances.1,10−13,15 The temperature dependence of the
relaxation time τ1 in the crystalline phase can be described by
VFT equation due to freezing slow collective motions of
molecules25 on approaching to Tg ∼ 225 K. The ionic
conductivity and the quantity proportional to the electric
capacity are described by exponential functions of temperature.
They are on the order of 10−8−10−9, in the liquid phases, which is
typical for the liquid crystal substances.1,10−13,15

Table 3. Parameters Obtained by Fitting Eq 6 to Data Proportional to Ionic Conductivity (Columns 3 and 4) and Proportional to
Electric Capacity (Columns 5 and 6)

phase mode aσ0 [(S/m)(sn−1)] Eb [10
‑19 J] B0 [(F/m)(sm)] Eb [10

‑19 J]

crystal cooling 1.07 × 105 1.363 8.48 × 104 1.395
heating 8.74 × 104 1.365 3.57 × 102 1.192

cholesteric cooling 2.91 × 103 1.114 9.80 × 103 1.314
heating 2.81 × 102 1.016 8.31 × 102 1.211

isotropic heating 2.58 × 10−2 0.617 6.42 × 103 1.211
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TheHavriliak−Negami function, with one power law behavior
above the maximum of the imaginary part, gives a good
agreement between theoretical and experimental curves for the
limited frequency range. For precise description of the relaxation
processes in very low and very high-frequency regions, one can
use more sophisticated method arising from fractional time
evolution theory31,32 or use description of the imaginary part of
the dielectric permittivity proposed by Nagel and co-workers16

and latterly modified by Dendzik and co-workers.33 Precise
description of electric permittivity data of 4ABO5* using our
modification of scaling proposed here33 is in progress and will be
published later.
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M. Gałą zka,1,a) E. Juszy�nska-Gałą zka,1 N. Osiecka,1 M. Massalska-Arod�z,1 and A. Bąk2
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We present a new generalized scaling relationship accounting for relaxation processes of both

the real and the imaginary parts of the complex dielectric permittivity data in a wide temperature

range of dielectric media. It has been successfully used for experimental data related to

various dynamics in liquid crystalline phases of: 4-bromobenzylidene-40-pentyloxyanilin,

4-bromobenzylidene-40-hexyloxyaniline, 40-butyl-4-(2-methylbutoxy) azoxybenzene, and 4-ethyl-

40-octylazoxybenzene. Moreover, the scaling was checked for the theoretical data of Dissado-Hill

cluster model. A comparison with earlier scaling, proposed by Nagel and Dendzik, is given.
VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4928150]

I. INTRODUCTION

Studies of relaxation, a phenomenon of gradual returning

of a system to equilibrium state after removal of the external

disturbance, provide information about dynamics of its ele-

ments and interactions between them. Dielectric relaxation of

disordered systems, comprising polar molecules with some

degrees of reorientational freedom, is studied by broadband

dielectric spectroscopy. Then, measured complex dielectric

permittivity e�ðx; kÞ is registered and analyzed as a function

of frequency of the electric field f (x ¼ 2pf ) and of other

parameters k, as temperature T, pressure p, etc. (for example,

see Ref. 1). Then in arbitrary value of temperature and/or

pressure, one gets

e�ðxÞ ¼ e0ðxÞ � ie00ðxÞ ¼
ð

exp ð�itxÞ/ðtÞdt; (1)

where /ðtÞ is a dielectric response function. For a lot of viscous

liquids and polymer glass-formers, experimental data can be

well described by the Kohlrausch–Williams–Watts stretched

exponent response function1,2 /ðtÞ ¼ s0 exp ð�ðt=sÞbKWW Þ with

average relaxation time s and shape parameter bKWW charac-

terizing the non-Debye nature of the time decay. For a lot of

experimental data, Debye model (with bKWW ¼ 1) or the

phenomenological Debye-like stochastic models (Cole-

Cole, Cole-Davidson, Havriliak-Negami) are used.1,3 The

Debye model assumes that the identical reorienting dipoles

are non-interacting. The Debye-like models describe the in-

dependently reorienting dipoles in viscous medium, which

influences on distribution of relaxation times. Then, the

response function /ðtÞ is, generally, given by /ðtÞ ¼Ð
gðsÞ=s exp ð�t=sÞds and gðsÞ is a function of distribution

of the relaxation times equaling unity for the Debye model.

The form of gðsÞ is defined by the so-called shape function

FðxÞ in the following relation:

e�ðxÞ � e1 ¼ De � FðxÞ; (2a)

where De ¼ est � e1 is the dielectric strength, est and e1 are

the relaxed (x! 0) and unrelaxed (x!1) dielectric per-

mittivity. The general form of the shape function FðxÞ,
describing low frequency and high frequency broadening of

the Debye process observed experimentally, is given in

Havriliak-Negami model3

FH�NðxÞ ¼ ð1þ ðisxÞ1�aÞ�b: (2b)

The shape function FðxÞ, given by Eq. (2b), describes

Debye model for a ¼ 0 and b ¼ 1; Cole-Cole model for 0 <
a < 1 and b ¼ 1; Cole-Davidson model for a ¼ 0 and

0 < b < 1; and Havriliak-Negami model for 0 < a < 1 and

0 < ð1� aÞb < 1. Putting Eq. (2b) into Eq. (2a) and expand-

ing e�ðxÞ into power series of the frequency x tending to

zero, one easily gets that the real and imaginary parts of the

complex dielectric permittivity in Debye model are propor-

tional to De and to x, respectively. While expanding e�ðxÞ
into power series of the frequency x tending to infinity, one

gets power laws proportional to x�2 and to x�1, respec-

tively. For the Cole-Cole, Cole-Davidson, and Havriliak-

Negami models, one finds that

e00 xð Þjx!0ffiDeb sxð Þ1�a cos
pa
2

� ��

�1þb
2

sin pað Þ sxð Þ1�aþ :::
�
;

e00 xð Þjx!1ffiDe sxð Þ�b 1�að Þ
sin

pb 1�að Þ
2

� ��

�bcos
p b�ba�að Þ

2

� �
sxð Þ�1þ :::

�
;

e0 xð Þjx!0ffiDe 1�bsin
pa
2

� �
sxð Þ1�a�b

2
1þbð Þ

�

� 1� sin2 pa
2

� �� �
sxð Þ2 1�að Þ þ :::

�
þ e1;

e0 xð Þjx!1ffiDe sxð Þ�b 1�að Þ
cos

pb 1�að Þ
2

� ��

þbsin
p b�ba�að Þ

2

� �
sxð Þ�1þ :::

�
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One can easily notice that the low frequency power laws are

characterized by exponent ð1� aÞ; e.g., ðest � e0ðxÞÞjx!0 /
x1�a; e00ðxÞjx!0 / x1�a, and the high frequency power

laws—by exponent ð�bð1� aÞÞ, e.g., ðe0ðxÞ � e1Þjx!1
/ x�bð1�aÞ, e00ðxÞjx!1 / x�bð1�aÞ for the Debye-like mod-

els: Cole-Cole, Cole-Davidson, and Havriliak-Negami.

Therefore, in these phenomenological stochastic models, the

power laws exponents are not independent of each other.

Putting a ¼ 0 and b ¼ 1 into Eq. (2c), one finds that for the

Debye model terms ðsxÞk for odd-k or even-k powers in the

expansions of e0 or e00, respectively, are absent, because their

coefficients are equal to zero.

In turn, the Dissado-Hill cluster model4,5 no-longer

assumes independence of reorienting molecules and their

surroundings, and takes into account exchange of energy

between them as in real condensed phases. Then, the shape

function FðxÞ is calculated in the following form:

FD�HðxÞ ¼ ð1þ isxÞ�n
2F1ðn; 1� m; 1þ n;

ð1þ isxÞ�1Þ=2F1ðn; 1� m; 1þ n; 1Þ; (2d)

where 2F1 represents the Gaussian hypergeometric function.6

The shape function FðxÞ, mathematically equivalent to the

shape function given by Eq. (2d), was developed by

Sch€onhals and Schlosser7 from the considerations of damped

diffusional propagation of conformational orientation along

the polymer chain. The parameters m and n characterize the

behavior of dielectric permittivity at low and high frequency

limits, and they are independent of each other. They can be

regarded as measures of long-range ð1� mÞ and of local

ð1� nÞ correlations of the molecular motions in two separate

time scales (long and short), providing information about

influence of microstructure of the dielectric medium on

dynamics. In Dissado-Hill cluster model, e�ðxÞ is given by

the following set of the power law relations:

e00 xð Þjx!0 ffi De
C nþ mð Þ

C mþ 1ð ÞC nð Þ
sxð Þm sin

pm

2

� �
� m nþ mð Þ

1þ m
cos

pm

2

� �
sxð Þ þ :::

 !
;

e00 xð Þjx!1 ffi De
C nþ mð Þ

C nþ 1ð ÞC mð Þ
sxð Þ�n sin

pn

2

� �
� n nþ mð Þ

1þ n
cos

pn

2

� �
sxð Þ�1 þ :::

 !
;

e0 xð Þjx!0 ffi De 1� C nþ mð Þ
C mþ 1ð ÞC nð Þ

sxð Þm cos
pm

2

� �
þ m nþ mð Þ

1þ m
sin

pm

2

� �
sxð Þ þ :::

 ! !
þ e1;

e0 xð Þjx!1 ffi De
C nþ mð Þ

C nþ 1ð ÞC mð Þ
sxð Þ�n cos

pn

2

� �
þ n nþ mð Þ

1þ n
sin

pn

2

� �
sxð Þ�1 þ :::

 !
þ e1:

(2e)

Similar as for the Debye-like models, putting m ¼ 1 and

n ¼ 1 into Eq. (2e), one finds that for the Debye model some

coefficients of power terms ðsxÞ are equal to zero.

One can see that in all mentioned models the asymptotic

frequency dependence of real and imaginary parts of com-

plex dielectric permittivity follows the power laws which

can be generalized in the following forms: e00ðf Þ / f M and

ðe0ðf Þ � e1Þ � De / f 0 or est � ðe0ðf ÞÞ / f M for low fre-

quencies, ðf ! 0Þ; and e00ðf Þ / f�N and ðe0ðf Þ � e1Þ / f�N

for high frequencies, ðf !1Þ: Since Jonscher’s paper8 it is

regarded as the universal dielectric response, common for all

kinds of materials. One sees that M ¼ m ¼ ð1� aÞ and

N ¼ n ¼ bð1� aÞ.
The Dissado-Hill cluster model,4,5 given by Eqs. (2a)

and (2d), fits well the dielectric loss data in the whole fre-

quency range,4,5,7 while the Debye-like models3 describe

with good precision complex dielectric permittivity near the

maximum of loss curve, but they often fail at the low and

high limits of frequency.1,4,5,7

Describing experimental data of e�ðxÞ, one must have in

mind that in most experiments measurements are done in

finite range of frequency and theoretical assumption f !1 is

not valid, especially for e0ðxÞ. It means that when e�ðxÞ is

expanded into power series, as given by Eq. (2e), the first

term is not enough for successful fitting the experimental data.

In case of “reduced” frequency range available in experiment,

one should take into account not only the first term, in power

expansions of e0ðxÞ or e00ðxÞ, proportional to ðsxÞ�n
but also

the second term proportional to ðsxÞ�ðnþ1Þ
. Then, one gets

some effective power law dependences with exponents ð�n0Þ
that are a little lower than n for e00ðxÞ and higher than n for

ðe0ðxÞ � e1Þ. One can easily find that experimentally

obtained exponent N for e00ðxÞ curve is almost equal or a little

lower than n (maximally about 10%), Ne00 � n. A value of

exponent N for ðe0ðxÞ � e1Þ curve, Ne0 , depends on values of

m and n in the following ways: (i) n� Ne0 < nþ 1 for almost

Debye model (m; n > 0:8); (ii) n < Ne0 < nþ 1 for almost

Cole-Cole model (m � n); (iii) n 	 Ne0 � nþ 1 for some

cases of Havriliak-Negami model (m > 0:7; n < 0:6); and (iv)

n < Ne0 � nþ 1 for the rest of cases of Havriliak-Negami

model and for Cole-Davidson model.

In order to understand universal dielectric response,

Nagel and co-workers9 and then Dendzik et al.5 proposed

scaling procedures collapsing numerous loss spectra onto a

single master-curve when plotted YðXÞ, where

Y¼w�1 logðe00fp=ðDef ÞÞ; X¼w�1ð1þw�1Þ logðf=fpÞ; (3a)

for Nagel and co-workers scaling,9 and

064101-2 Gałązka et al. J. Appl. Phys. 118, 064101 (2015)

 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:

79.187.13.134 On: Tue, 11 Aug 2015 08:12:29



Y¼M�1 logðe00=esðfs=f ÞMÞ; X¼ð1þN=MÞ logðf=fsÞ; (3b)

for Dendzik et al. scaling.5

To scale experimental data of e00 ¼ e00ðf Þ with the use of

Nagel scaling procedure,9 one has to determine three param-

eters dependent on temperature: De, fp ¼ 1=ð2psÞ, and

w—normalized full width at half maximum of e00 peak,

w 
 W=WD ¼ b�1
KWW (W—is the full width at half maximum

and WD—is the full width at half maximum of the Debye

peak, in decades of frequency). This scaling works amaz-

ingly well for many low-molecular-weight systems9,10 (and

references cited therein), especially for those characterized

by M ¼ 1 and N � w�1. However, the concept proposed by

Nagel and co-workers9 has been criticized by a number of

authors.5,7,11–13 Dendzik et al.5 proposed scaling of the imag-

inary part of the complex dielectric permittivity data using

four parameters: M and N exponents, and fs and es defined as

the frequency and dielectric loss corresponding to the inter-

section of power law dependences. This scaling, with no

restrictions put on M and N values, has been applied success-

fully to large number of glass-forming substances.5,13

In this paper, a new form of scaling of both real

ðe0ðxÞ � e1Þ and imaginary e00ðxÞ parts of complex dielec-

tric permittivity is proposed (Section III). It is shown how it

works for experimental data we obtained in four liquid

crystalline materials and for the Dissado-Hill cluster model

(Section III). Some experimental details and properties of

selected substances are given in Section II. As it is shown

the proposed scaling equation provides to the key concern of

understating of frequency independence of relaxation phe-

nomena in various materials.

II. EXPERIMENTAL

The samples studied were 4-bromobenzylidene-40-
pentyloxyaniline (abbreviated 5BBAA),14 4-bromobenzyli-

dene-40-hexyloxyaniline (abbreviated 6BBAA),14 40-butyl-4-

(2-methylbutoxy)azoxybenzene (abbreviated 4ABO5*),15

and 4-ethyl-40-octylazoxybenzene (abbreviated 4EOB).16

They exhibit liquid-like phases—isotropic (IL), nematic (N),

cholesteric (Ch), and smectic A (SmA), and solid-like phases

with partial long range order of molecules—smectic B

(SmB) and orientationally disordered crystal (Cr).12 5BBAA

and 6BBAA were synthesized by Professor Galewski at the

University of Wroclaw, and 4ABO5* and 4EOB were syn-

thesized by the group of Professor Dąbrowski at the Military

University of Technology, Warsaw. The complex dielectric

permittivity measurements were conducted using a high

resolution ALPHA analyzer (Novocontrol, Germany) at the

Rzeszow University of Technology (5BBAA, 4ABO5*, and

4EOB) and at the Jagiellonian University (6BBAA). More

experimental details are given elsewhere.14,15 Data of dielec-

tric relaxations related to various dynamics have been used

for scaling procedure in wide frequency range from 10�2 Hz

to 109 Hz and temperatures from 180 K to 390 K. Two relax-

ation processes found in 5BBAA and 6BBAA are ascribed to

flip-flop motions around short axis (s.a.) and reorientations

around long axis (l.a.).14 Three relaxation processes found in

4ABO5*15 and 4EOB16 are ascribed to conformational

relaxation (conf.), to flip-flop motions and tumbling/rotations

around long axis. The relaxation processes are almost of

Debye type (in SmB phase in 5BBAA;14 in IL, SmA, and

SmB phases in 6BBAA14) and of non-Debye type (in Cr

phase in 6BBAA;14 in IL, Ch, and Cr phases in 4ABO5*;15

and in IL(s.a.), IL(l.a.), N(s.a.), N(l.a.), Cr(s.a.), and Cr(l.a.) phases

in 4EOB16).

III. RESULTS AND DISCUSSION

To obtain a single scaling curve on which all e 

ðe0ðf Þ � e1Þ and e 
 e00ðf Þ, experimental data can be col-

lapsed we used the following relations for ordinate:

Y 
 1

M þ N
log

e
es

fs

f

� �2MþN
 !

(4a)

and for abscissa

X 
 log
f

fs

� �
; (4b)

the same for real and imaginary parts of e�ðxÞ. The parame-

ters fs and es are frequency and real permittivity correspond-

ing to intersection of power law dependences of ðe0ðf Þ � e1Þ
for scaling of real part of e�ðxÞ. For scaling of imaginary

part of e�ðxÞ meaning of fs and es is the same as in scaling of

Dendzik et al.,5 Eq. (3b). One can see that the relation to

compute the abscissa X values, Eq. (4b), is simpler than the

corresponding one proposed by Dendzik,5 Eq. (3b).

Generally, the parameters used in scaling relations—Eqs.

(4a) and (4b), similarly as in Eqs. (3a) and (3b)—are depend-

ent on temperature.

Figure 1(a) shows the ðe0ðf Þ � e1Þ and e00ðf Þ experimen-

tal data for different phases and relaxation processes in

5BBAA, 6BBAA, 4ABO5*, and 4EOB liquid crystal sub-

stances scaled according to Eqs. (4a) and (4b). To maintain

readability, for each selected phase of four materials,

ðe0ðf Þ � e1Þ and e00ðf Þ curves for one temperature are shown

only. One sees that all data are lying on one master curve. In

the vicinity of the kink, X¼ 0, the difference between most

extreme curves is not higher than 0.1, that is equal to error

resulting from the experimental errors of e0 and e00 data

(lower than 5%) and errors of obtained parameters M, N, fs,
and es (lower than 2%). Figure 1(b) presents values of M and

N obtained for various phases in selected substances. The

experimentally obtained exponents M and N for e00ðf Þ of

selected substances are lower than unity, 0:60 	 M 	 0:97

and 0:39 	 N 	 0:92. Taking into considerations the

reduced frequency-range of power law fit, one can find that

m ffi M and n ffi N (with the errors not higher than 10%), and

the measures of long-range and local correlations can be sim-

ply calculated. However, the experimentally obtained expo-

nents N for ðe0ðf Þ � e1Þ curves differ from experimental

exponents N for e00ðf Þ. These differences depend on the m
and n parameters of the relaxation process of substance: (i)
0:6 	 Ne0 � Ne00 	 0:93 for SmB in 5BBAA, for IL, SmA,

and SmB in 6BBAA; (ii) 0:5 	 Ne0 � Ne00 	 0:9 for IL(s.a.),

N(l.a.), and Cr(l.a.) in 4EOB; (iii) Ne0 � Ne00 	 0:2 for Cr in
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6BBAA, IL, Ch, and Cr in 4ABO5*; and (iv) Ne0 � Ne00 �
0:4 for IL(l.a.), N(s.a.), and Cr(s.a.) in 4EOB. These results stay

in accordance with previously given assessments concerning

power law fitting in the reduced frequency range available in

experiments.

It is interesting to check how our scaling works when

applied to the Dissado-Hill cluster model.4 The dielectric

strength De and the relaxation time s influence only the val-

ues of es and fs but for the same m and n values the scaled

ðe0ðf Þ � e1Þ and e00ðf Þ curves, along with Eqs. (4a) and (4b),

lie exactly on one master curve. Therefore, the same values

of De and s, and various m and n, have been used to scale

real ðe0ðf Þ � e1Þ, shown in Fig. 2(a), and imaginary e00ðf Þ,
shown in Fig. 2(b), parts of the complex dielectric permittiv-

ity. One sees that the scaled data for different values of the

parameters m and n collapse to one master curve for the

imaginary part of the complex dielectric permittivity.

The discrepancies between the scaled data of e00ðf Þ are

almost invisible. It is shown in inset to Fig. 2(b) that the dif-

ferences are not higher than 0.07 of the vertical axis unit.

Using our scaling relations to the real part of the complex

dielectric permittivity data, one gets curves that collapse to

one master curve for the low and high frequency regions (see

Fig. 2(a)). However, in the vicinity of the characteristic fre-

quency fs, discrepancies are about 0.75 of the vertical axis

unit.

The differences between the extreme values of M and N,

obtained for experimental curves of e00ðf Þ in 5BBAA,

6BBAA, 4ABO5*, and 4EOB, are equal to 0.37 and 0.53,

respectively. The scaled curves shown in Fig. 1(a) disperse

about 0.1 value of ordinate in the vicinity of the kink.

Comparing adequate curves presented in Figs. 1(a) and 2(a),

one can expect that these discrepancies can reach a value of

about 0.4. This leads to the conclusion that the Dissado-Hill

cluster model describes with good accuracy the imaginary part

of the complex dielectric permittivity data. For description of

the real part, it produces only slight differences between ex-

perimental and theoretical curves (better seen in double loga-

rithmic scale) for frequencies little lower than the inflection

point of ðe0ðf Þ � e1Þ experimental curve.4,17 It is manifested

in scaled curves of ðe0ðf Þ � e1Þ by occurring larger discrepan-

cies in theoretical curves than it has place in real materials.

In order to compare our scaling with those proposed by

Nagel and co-workers9 and Dendzik et al.,5 in Fig. 3 we

FIG. 1. (a) Scaled experimental data of e00ðf Þ and ðe0ðf Þ � e1Þ for different phases in selected liquid crystal materials: 5BBAA (SmB), 6BBAA (IL, SmA,

SmB, Cr), 4ABO5* (IL, Ch, Cr), and 4EOB (IL, N, Cr), and different relaxation processes: flip-flop—around short axis (s.a.), tumbling or around long axis

(l.a.), and conformational motion (conf.); (b) experimentally obtained values of exponents M (for imaginary part) and N (both for real and imaginary parts)

characterizing power laws for low and high frequency regions, respectively.

FIG. 2. Scaled (a) real ðe0ðf Þ � e1Þ and (b) imaginary e00ðf Þ parts of complex dielectric permittivity for Dissado-Hill model for different values of exponent m
and n given in legends.
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present our data for 5BBAA, 6BBAA, and 4EOB substances

using formulae (3a) and (3b), respectively. One sees that the

scaled e00ðf Þ curves lie on one common master curve after

scaling according to procedure proposed by Dendzik

et al.5—the difference between the extreme curves is about

0.1 in the kink (see the inset to Fig. 3—the filled circle sym-

bols), a little more than for the model proposed by us.

However, for the scaling proposed by Nagel and co-work-

ers,9 the scaled e00ðf Þ curves lie on one common curve only

for positive values of the abscissa, and they diverge for the

negative values of X (see the inset to Fig. 3—the filled trian-

gle symbols).

IV. CONCLUSIONS

Putting power laws (in the forms ef!0ðf Þ / f M

and ef!1ðf Þ / f�N) and calculated values of fs and es into

Eq. (4a), one easily gets that Y ¼ �X and Y ¼ �2X for low

and high frequency regions, respectively. Scaled plots of the

real and of the imaginary parts of the complex dielectric per-

mittivity change the slope from (–1) to (–2) in the vicinity of

the characteristic frequency fs forming the angle about 18.4�.
For the scaling proposed by Dendzik et al.,5 and given in Eq.

(3b), the scaled curves of e00ðf Þ change the slope from zero to

(–1) in the vicinity of fs forming the angle 45�. The scaled

e00ðf Þ curves along Eq. (3b), for values of the parameters m
and n presented in Fig. 2(b), differ about 0.09 of the horizon-

tal axis—it is about 20% higher than discrepancies in our

model. Therefore, scaling proposed within this paper gives a

better result than scaling proposed by Dendzik et al.5

The various relaxation processes being present in any

systems (liquid crystals, hydrogen bonded liquids, van der

Waals liquids, polymers, etc.), for example, observed by

dielectric spectroscopy measurements, have different molec-

ular origins and, moreover, occur at varying time and length

scale. The theoretical considerations and presented scaled

data for four different liquid substances have shown that

there is universal behavior in the relaxation phenomenon in

all systems. The character of different relaxation processes

of various phases does not depend on their characteristic

frequency scale. The shapes of various relaxation processes

as a function of frequency are different and change from sub-

stance to substance and even from phase to phase. They are

strictly dominated by long-range and local correlations as it

is shown both by theoretical model and experimental data.

This means, as it follows from the scaling procedure, the low

and high frequency power laws describe behavior of real and

imaginary parts of dielectric permittivity on asymptotic

ranges of frequency but their combination is valid in the

vicinity of maximum of imaginary part of permittivity or of

inflection point of real part of permittivity curves as well. It

indicates that the origin of the behavior of relaxation

processes (regardless of the physicochemical properties of

dielectric materials) lies exactly in long-range and local cor-

relations. The scaling procedure, in some sense, describes

the mutual combination of both correlations.

Origin of the excess wing problem, for relaxations in

glasses of disordered phases, is still an open question; it

could be an additional b-relaxation process, and we detect

only its high frequency wing, or it is caused by a complex

character of a-relaxation process (two power laws regimes

with exponents (-N) and (-R), where R < N).9,13,18,19 In gen-

eral, the “raw” data of complex dielectric permittivity,

including data of a-relaxation with the excess wing region,

can be considered within Nagel,9 Dendzik et al.,5 and pro-

posed by us scaling procedures. Then it results in obtaining

scaled dependences of YðXÞ with the slope higher than (–2),

e.g., �ð2� ðN � RÞ=ðN þMÞÞ, that is shown in Fig. 4 for

data of supercooled liquid phase (sIL) for three temperatures

for glycerol (open differently oriented triangles) and two

temperatures for propylene carbonate (open squares and

diamonds).13,19 The solid lines show asymptotic behavior of

scaling procedure proposed by us, Eqs. (4a) and (4b), and

open circles represent data presented in Fig. 1(a). The dashed

line shows the asymptotic behavior of excess wing of sIL

phases of glycerol and propylene carbonate. As it was sug-

gested earlier9 behavior of sIL phase in any substances tends

to common power relation with liminal value of exponent R.

FIG. 4. Scaled experimental data of e00ðf Þ and ðe0ðf Þ � e1Þ for 5BBAA,

6BBAA, 4ABO5*, and 4EOB (represented by open circles symbols), and

for glycerol (open triangles), and propylene carbonate (open squares and dia-

monds). The solid lines show asymptotic behavior for scaling procedures

proposed by us. The dashed line (only for eyes-guide) shows the asymptotic

behavior for sIL phases.

FIG. 3. Scaled selected experimental data of e00ðf Þ for different relaxation

processes (s.a., l.a., and conf.) in some phases (IL, N, SmA, SmB, Cr) in

5BBAA, 6BBAA, and 4EOB according to scaling proposed by Nagel and

co-workers (filled triangles)9 and scaling proposed by Dendzik et al. (filled

circles).5
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Therefore, one can easily notice the change of slope in scaled

data (see Fig. 4). Although there have been many attempts to

understand the nature of the glassy state, no theory has yet

been proposed that captured all of features of this phenom-

enon. Obtaining one common master curve for all scaled

data, for various relaxation processes in the liquid-like and

solid-like phases and for the glass of liquid phase, gives that

the dynamics and the behavior of dielectric permittivity have

the same origin for all phases. It means, that the macroscopic

quantity—e�ðxÞ—is strictly determined by combination of

long-range and local correlations (microscopic quantities),

calculated from the values of the power law exponents M
and N, respectively.

The scaling procedure can be used to “separate” the

relaxation processes. In the case the scaling is not fulfilled,

the scaled data lie far away from the theoretical predic-

tions—especially in the vicinity of the kink. Then it wit-

nesses that one deals with combined, at least, two relaxation

processes that are visible in frequency dependence of e00 as

the single peak. A work is in progress to explain these phe-

nomena on the theoretical ground and on experimental data.

We have shown that our scaling procedures can be suc-

cessfully use to describe data of both real and imaginary

parts of the complex dielectric permittivity. We have

checked its validity for description of dielectric relaxations

related to various molecular dynamics, observed in phases

exhibiting various partial long range ordering of dipolar mol-

ecules of four compounds—5BBAA, 6BBAA being glass-

formers and 4ABO5*, 4EOB not being glass-formers. This

scaling procedure can be used to various relaxation processes

occurring not only in glass-forming materials. The parame-

ters M and N of the scaling procedure relate the concept of

the universal scaling of the real and of the imaginary parts of

the complex dielectric permittivity data to the more sophisti-

cated microscopic interpretation. This means that the scaling

parameters M and N describe, at the same time, the low and

high frequency power law dependences of the dielectric per-

mittivity (macroscopic interpretation) and the long-range

and local correlations (microscopic interpretation), respec-

tively. Scaling procedures proposed earlier were restricted to

imaginary part of dielectric permittivity5,9 and to class of

materials with M ¼ 1 and N � w�1.9
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ChłeRdowska, “Phase Behavior and Dynamics of the Liquid Crystal 4-

ethyl-40-octylazobenzene (4EOB)” (unpublished).
17N. Cl�ement, S. Pleutin, D. Gu�erin, and D. Vuillaume, Phys. Rev. B 82,

035404 (2010); J. Kumar and A. M. Awasthi, App. Phys. Lett. 101,

062908 (2012); A. Pel�aiz-Barranco, Scr. Mater. 54, 47 (2006).
18M. D. Ediger, C. A. Angell, and S. R. Nagel, J. Phys. Chem. 100, 13200

(1996); C. Le�on and K. L. Ngai, J. Phys. Chem. B 103, 4045 (1999); U.

Schneider, R. Brand, P. Lunkenheimer, and A. Loidl, Phys. Rev. Lett. 84,

5560 (2000); K. L. Ngai, J. Non-Cryst. Solids 275, 7 (2000); S.

Adichtchev, T. Blochowicz, C. Gainaru, V. N. Novikov, E. A. R€ossler,

and C. Tschirwitz, J. Phys.: Condens. Matter 15, S835 (2003); L. P. Singh

and S. S. N. Murthy, J. Chem. Phys. 129, 094501 (2008).
19U. Schneider, P. Lunkenheimer, R. Brand, and A. Loidl, J. Non-Cryst.

Solids 235–237, 173 (1998); U. Schneider, P. Lunkenheimer, R. Brand,

and A. Loidl, Phys. Rev. E 59, 6924 (1999).
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ABSTRACT
We present a new generalized scaling relationship accounting both for
the real and imaginary parts of the complex permittivity data. The
generalized scaling procedure has been successfully used for various
relaxation processes in liquid crystals (4-bromobenzylidene-
40-pentyloxyaniline, 4-bromobenzylidene-40-hexyloxyaniline, 40-butyl-
4-(2-methylbutoxy)-azoxybenzene, 4-ethyl-40-octylazoxybenzene), and
in glass-forming liquids (glycerol, propylene carbonate, salol,
cresolphthalein-dimethylether). As it is shown, one obtains common
master-curve for liquid-like phases (isotropic liquid, cholesteric,
nematic, smectic A), solid-like phases (smectic B, conformationally
disorder crystal) and supercooled liquid phase.

KEYWORDS
Dielectric permittivity;
scaling; liquid crystal;
supercooled liquid phase;
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1. Introduction

Studies of relaxation, a phenomenon of gradual returning of a system to equilibrium state after
removal of an external disturbance, provide crucial information about dynamics of its elements and
interactions between them. Dielectric relaxation of disordered systems, comprising polar molecules
having freedom for changes of spatial orientation, is studied by broadband dielectric spectroscopy.
Then, measured complex permittivity e � ðf ; λÞ; e � ðf ; λÞD e 0 ðf ; λÞ¡ ie00ðf ; λÞ is registered and ana-
lyzed as a function of frequency of the electric field f and of other parameters λ, temperature T, pres-
sure p, etc. (see, for example, [1,2]).

Many liquids and, generally, disordered phases, can be cooled into an amorphous solid called a
glass. The most apparent feature of the glass of disordered phases or supercooled liquid phase close
to glass transition temperature, Tg, is the rapid increase of a characteristic relaxation time. The char-
acteristic relaxation time t increases the faster, the closer to Tg is system under study and, addition-
ally, faster than Arrhenius (activated) dependence (see, for example, [1,2]). In general, different
expressions are used to fit temperature dependence of the relaxation time t including that of Vogel–
Fulcher�Tamman,[3�5] tD t0expðA=ðT ¡T0ÞÞ, power law, tD t0ðT=T0 ¡ 1Þ¡ g ,[6,7] and varia-
tions of these forms.[6�8] Moreover, the shape of the relaxation process (the real and the imaginary
parts of the complex permittivity) shows characteristic non-Debye behavior as the glass transition is
approached. In general, there have been several models proposed to describe the frequency behavior
of complex permittivity e � ðf Þ.[9�23] However, none of these models can be regarded as more
than an approximation to the data of supercooled or glass of liquid phase. Moreover, supercooled
liquid phases usually show complex behavior of relaxation process at temperatures near Tg, known
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in the literature as ‘excess wing problem’. Origin of the excess wing behavior, for relaxations in
supercooled liquid phase, is still an open question. It could be an additional b-relaxation process,
faster than the main a-relaxation process (corresponding to molecular rotation), and one detects
only its high-frequency wing or it is caused by a complex character of a-relaxation process �
explained as two power laws regime.[24�35]

In general, in the Debye and Debye-like models (Cole�Cole, Cole–Davidson, Havriliak–Neg-
ami),[9�13] the complex permittivity e�ðf Þ is described by the following equation:

e�ðf ÞD e1 C De�
1C ð2pitf Þ1¡a

�b ; (1a)

where DeD est ¡ e1 is the dielectric strength, est and e1 are the relaxed (f ! 0) and unrelaxed
(f ! 1 ) permittivity values, respectively. The parameters a and b are symmetric and asymmetric
distribution parameters, respectively. For sets of parameters faD 0;bD 1g, f0<a< 1;bD 1g,
faD 0; 0<b< 1g, and f0<a< 1; 0< bð1¡aÞ< 1g, Equation (1a) reduces to Debye,[9]
Cole�Cole,[10] Cole�Davidson,[11,12] and Havriliak�Negami [13] models, respectively. Unlike
the stochastic Debye-like models, the Dissado�Hill cluster model [14,15] takes into account
exchange of energy between reorienting molecules (as in real substances). Then, the complex per-
mittivity e�ðf Þ is

e� fð ÞD e1 CDeð1C 2pitf Þ¡ n 2F1ðn; 1¡m; 1C n; ð1C 2pitf Þ¡ 1Þ
2F1ðn; 1¡m; 1C n; 1Þ : (1b)

The notation 2F1 represents the Gaussian hypergeometric function, while m and n are related to
the energy redistribution among and within clusters.

The asymptotic frequency dependencies of the imaginary and of the real parts of the complex
permittivity follow universal patterns common for all kinds of materials

e00ðf Þ j f ! 0 � e1f M and e00ðf Þ j f ! 1 � e2f ¡N ; (2a)

ðe 0 ðf Þ¡ e1 Þ j f ! 0 � De ðor ðest ¡ e 0 ðf ÞÞ j f ! 0 � e3f QÞ and ðe 0 ðf Þ¡ e1 Þ j f ! 1 � e4f ¡ P;

(2b)

where the parameters M and N characterize power law frequency dependencies of the imaginary
part e00ðf Þ, while Q and P represent the real part ðe 0 ðf Þ¡ e1 Þ of complex permittivity. The values
of the coefficients ek, for k D 1, 2, 3, 4 depend on the chosen model. The exponents M, N, Q and P
resulting from Equations (1a) and (1b) are equal to (except for the Debye model)
MDQDmD ð1¡aÞ and N D PD nD bð1¡aÞ: One gets MDN D 1 and PDQD 2 for the Debye
model. In general, we will use exponents M and N to describe low- and high-frequency power laws,
respectively, of both quantities e00ðf Þ and ðe 0 ðf Þ¡ e1 Þ.

In order to understand the universal dielectric response of supercooled liquid phase and low-
molecular polymer glass-formers, Nagel and co-workers [28�35] proposed a scaling relation for the
imaginary part of the complex permittivity data. Explanation of the scaling form for the ordinate
and for the abscissa has not been proposed. This scaling form works well in many systems showing
supercooled liquid phase,[28�38] especially for those with MD 1 and N ffi 1=w, while for systems
with other values of exponents M and N, divergences from the common master curve were found.
[39�48] Therefore, Dendzik et al. [48] proposed scaling of the imaginary part of permittivity with
four parameters: the exponents M and N, and values of frequency and dielectric loss corresponding

342 M. GA»ąZKA ET AL.
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to the intersection of power laws given by Equation (2a). This scaling has been applied successfully
to a large number of glass-forming substances.[47,48]

A new form of scaling of both real ðe 0 ðf Þ¡ e1 Þ and imaginary e00ðf Þ parts of complex permittiv-
ity, with application to experimental data of several substances, has been proposed in [49]. Some
experimental details and properties of selected substances are given in Section 2. Application of our
scaling procedure for four liquid crystals and for four glass-forming liquids is given in Section 3. As
it is shown, the scaling procedure provides to the key concern of understating of frequency indepen-
dence of relaxation phenomena in various materials and, additionally, to show the universal behav-
ior of glass-forming liquids as temperature tends to Tg.

2. Experimental

The samples studied were: (1) liquid crystals: 4-bromobenzylidene-40-pentyloxyaniline (abbreviated
5BBAA),[50] 4-bromobenzylidene-40-hexyloxyaniline (abbreviated 6BBAA),[50] 40-butyl-4-(2-
methylbutoxy)azoxybenzene (abbreviated 4ABO5�),[51] 4-ethyl-40-octylazoxybenzene (abbreviated
4EOB) [52]; (2) hydrogen-bonded liquids: glycerol (abbreviated GLY),[47] propylene carbonate
(abbreviated PC),[53,54] salol (abbreviated SAL) [55]; (3) van der Waals liquid: cresolphthalein-
dimethylether (abbreviated KDE) [56]. They exhibit liquid-like phases � isotropic (IL), nematic
(N), cholesteric (Ch), smectic A (SmA), solid-like phases with partial long-range order of molecules
� smectic B (SmB) and orientationally disordered crystal (Cr), and supercooled liquid phase (sIL).
Liquid crystals 5BBAA and 6BBAA were synthesized by Prof. Galewski at the University of Wro-
claw, and 4ABO5� and 4EOB were synthesized by the group of Prof. Dąbrowski at the Military Uni-
versity of Technology, Warsaw. The complex permittivity measurements were conducted using a
high-resolution ALPHA analyzer (Novocontrol, Germany) at the Rzeszow University of Technology
(5BBAA, 4ABO5�, 4EOB) and at the Jagiellonian University (6BBAA). Values of imaginary part of
complex permittivity for GLY, PC, SAL and KDE have been taken from the literature.[47,53�56]
More experimental details are given in [47,50,51,53�56].

3. Results and discussion

To obtain a single scaling curve, we used the following relations [49] for abscissa X and for ordinate Y:

X � log
f
fs

� �
; (3a)

Y � 1
MCN

log
e
es

fs
f

� �2MCN
 !

; (3b)

the same for real and imaginary parts of e�ðf Þ. The quantity e in Equation (3b) stands for e �
ðe 0 ðf Þ¡ e1 Þ or e � e00ðf Þ. The parameters fs and es are frequency and value of real or imaginary part
of permittivity corresponding to the intersection of power law dependencies of ðe 0 ðf Þ¡ e1 Þ (Equation
(2b)) or e00ðf Þ (Equation (2a)). The unitless horizontal axis X (Equation (3a)) is equal to ‘normalized’
logarithm of frequency f. The unitless vertical axis Y (Equation (3b)) has been constructed in such way
to show linear dependence of Y on X with slopes (¡1) or (¡2) as long as one deals with power laws of
quantities e with exponentsM or N, respectively.

The obtained master curve, with the use of scaling defined by Equations (3a) and (3b), is shown
in Figure 1(a) for four liquid crystals in various phases: IL (6BBAA, 4ABO5�), N (4EOB), Ch
(4ABO5�), SmA (6BBAA), SmB (5BBAA), and Cr (4EOB). The relaxation processes have been
ascribed to flip-flop motions around short axis (s.a.), reorientations around long axis (l.a.), and to
conformational relaxation (conf.). To maintain readability, for each selected phase of four materials,
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ðe 0 ðf Þ¡ e1 Þ and e00ðf Þ curves for only one temperature in selected phases are shown. One sees that
all data are lying on one master curve (see insets in Figure 1(b)). In the vicinity of the kink, X D 0
(see Figure 1(b)), the difference between the most extreme curves is not higher than 0.1, that is equal
to error resulting from the experimental errors of e0, e00 data (lower than 5%) and errors of obtained
parameters M, N, fs, es (lower than 2%). Figure 2 presents the scaled data of sIL phases for GLY (up
and down oriented triangles), PC (squares and diamonds), SAL (hexagons), and KDE (stars). The
open circles represent the data shown in Figure 1(a). The solid lines show the asymptotic behavior
of scaling procedure proposed by us (Equations (3a) and (3b)), and the dashed line the asymptotic
behavior of sIL phases. The glass transition temperatures Tg are equal to about 180 K for GLY,
150 K for PC, 210 K for SAL, and 312 K for KDE. The hydrogen-bonded liquids (GLY, PC, SAL)
and van der Waals liquid (KDE) show ‘excess wing behavior’ of e00 data. One sees that the scaled

Figure 1. Scaled data of imaginary and real parts of complex permittivity for four liquid crystal substances: 5BBAA, 6BBAA, 4ABO5�,
4EOB, in various phases � liquid-like (IL, N, Ch, SmA) and solid-like (SmB, Cr) and different relaxation process � flip-flop motions
around short axis (s.a.), reorientations around long axis (l.a.), and to conformational relaxation (conf.). (a) Obtained master curve
on a broad range of horizontal axis values, and (b) enlarged region of the kink. Upper and bottom insets to (b) show enlarged
regions of behavior of scaled data for high and low frequencies, respectively.

Figure 2. Scaled data of imaginary part of complex permittivity for supercooled liquid phase of hydrogen-bonded liquid (GLY, PC,
SAL) and of van der Waals liquid (KDE). Open circles represent data shown in Figure 1(a), solid lines present the asymptotic behav-
ior of scaling procedure proposed within this paper, and dashed line shows the asymptotic behavior of sIL phases. Inset shows
local slope of the master curve @Y=@X for sIL phases.
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data of YðXÞ for sIL phases diverge from the line with the slope equal to (¡2) and asymptotically
tends to line with higher values of the slope. The derivative of logðe00ðf ÞÞ with respect to logðf Þ
informs one about the local values of exponents of dependence of imaginary part of complex permit-
tivity on frequency. The derivative @ðlogðe00ðf ÞÞÞ=@ðlogðf ÞÞ can be obtained from scaling depen-
dence, given by Equations (3a) and (3b). Calculating the derivative @Y=@X, one easily finds

@ðlogðe00ðf ÞÞÞ
@ðlogðf ÞÞ D 2MCN C ðMCNÞ @Y

@X
: (4)

The inset in Figure 2 shows the local slope of the master curve @Y=@X for sIL phases. The hori-
zontally oriented dashed lines in the inset in Figure 2 shows the values (¡1) for negative values of X,
and (¡2) and (¡1.171) for positive values of X. Putting a value (¡1) or (¡2) into Equation (4), one
easily finds that @ðlogðe00ðf ÞÞÞ=@ðlogðf ÞÞ is equal toM or (¡N), respectively, that stays in accordance
with power laws predictions (Equation (2a)) and experimental data. One can notice that the deriva-
tive @Y=@X tends to value about ð¡ g�Þ, g � D ð1:717§ 0:015Þ, for values of X higher than 6. The
fact that @Y=@X appears to have an asymptotic limit ð¡ g�Þ indicates that e00ðf Þ varies as a power
law at high frequency (according to Equation (4))

e00ðf Þ/ f 2MCN ¡ ðMCNÞg�: (5)

The power law behavior, given by Equation (5), in the high-frequency region is visible in the
unscaled data as the region of the excess wing behavior. The prefactor of this high-frequency power
law can also be derived from the master curve and it goes to a finite limit as temperature approaches
Tg. The Nagel scaling [28�35] gives

e00ðf Þ/ f 1¡ ð1C 1=wÞg : (6)

with gD ð0:72§ 0:02Þ.[28�35] Nagel scaling works well for MD 1 and N ffi 1=w only. For the
selected liquids, the exponent M is very close to unity (taking values between 0.90 and 0.98) and the
exponent N is close to w¡ 1 (with 10% of error). Putting in the places of 1 and w¡ 1 in Equation (6)
the values ofM and N, respectively, and comparing the exponents in Equations (5) and (6), one eas-
ily finds that g� ffi gC 1. This equality is fulfilled.

4. Conclusions

The various relaxation processes being present in any systems (liquid crystals, hydrogen bonded
liquids, van der Waals liquid, etc.), for example, observed by dielectric spectroscopy measurements,
have different molecular origins and occur at varying time and length scale. The theoretical consid-
erations and presented scaled data for different liquid crystals and low-molecular-weight glass-form-
ing liquids have shown that there is a universal behavior in the relaxation phenomenon in all
systems. The character of different relaxation processes of various phases (liquid-like, solid-like,
supercooled liquid) does not depend on their characteristic frequency scale. Although the shapes of
various relaxation processes as a function of frequency are different and change from substance to
substance and even from phase to phase, they are strictly dominated by long-range and local correla-
tions as it is shown both by theoretical model and experimental data. This means that the low- and
high-frequency power laws describe the behavior of real and imaginary parts of permittivity on
asymptotic ranges of frequency, and, additionally, their combination is valid in the vicinity of maxi-
mum of imaginary part of permittivity or of inflection point of real part of permittivity curves as
well.
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As it was suggested in [28�35], the behavior of sIL phase in any substances tends to common
power relation with terminal value of exponent given by Equation (6) or (5), depending on expo-
nents M and N. Although there have been many attempts to understand the nature of the glassy
state, no theory has yet been proposed that captured all the features of this phenomenon. Obtaining
one common master curve for all scaled data, for various relaxation processes in the liquid-like
phase, solid-like phase and for the supercooled liquid phase, indicates that the dynamics and the
behavior of permittivity have the same origin for all phases. It means that, the macroscopic quantity
� e � ðvÞ � is strictly determined by combination of long-range and local correlations (microscopic
quantities), calculated from the values of the power law exponents M and N, respectively.

We have shown that our scaling procedures can be successfully used to describe the data of both
real and imaginary parts of the complex permittivity. We have checked its validity for description of
dielectric relaxations related to various molecular dynamics, observed in phases exhibiting various
partial long-range ordering of dipolar molecules. The parameters M and N of the scaling procedure
relate the concept of the universal scaling of the real and of the imaginary parts of the complex per-
mittivity data to the more sophisticated microscopic interpretation. Scaling procedures proposed
earlier were restricted to imaginary part of permittivity.[28�35,48] Moreover, the scaling proposed
within this paper and in [49] gives better results than the scaling proposed in [48]. The differences
between most extreme scaled curves of the imaginary part of permittivity, e.g. for exponents M and
N equaling unity or zero, are equal to 0.1 and 0.2 for our scaling and for Dendzik scaling [48],
respectively.
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ABSTRACT: 1H NMR relaxometry was applied to investigate dynamic
processes in the isotropic liquid, cholesteric, and crystalline phases of the
chiral mesogen 4′-butyl-4-(S)-(2-methylbutoxy)azoxybenzene (4ABO5*). To
this aim, 1H longitudinal relaxation rates were measured as a function of
temperature (between 257 and 319 K) and Larmor frequency (from 10 kHz
to 35 MHz by a fast field-cycling relaxometer and at 400 MHz by an NMR
spectrometer). The NMR relaxation dispersion (NMRD) curves so obtained
were analyzed in terms of models suitable for the description of dynamic
processes in the different phases, thus quantitatively determining values of
characteristic motional parameters. In particular, internal and overall
rotations/reorientations, molecular translational diffusion, and collective
motions contribute to relaxation in the isotropic and cholesteric phases,
whereas, in the crystalline phase, relaxation is mainly determined by internal motions and molecular reorientations. The results
were discussed and compared with those previously obtained on the same compound by dielectric relaxation spectroscopy.

■ INTRODUCTION

Liquid crystals, simultaneously exhibiting properties peculiar to
solid and liquid phases, are especially interesting for both basic
research and technological applications.1−4 In particular, chiral
compounds forming a cholesteric phase have raised much
interest for their electro-optical applications, such as LCD
displays and self-assembled microlasers.
The rich polymorphism of liquid crystalline materials, which,

besides the isotropic liquid (I) and solid crystalline (Cr) phases,
may include several mesophases with different degrees of
orientational and positional order (i.e., for calamitic liquid
crystals, nematic (N), cholesteric or chiral nematic (N*),
smectic (Sm) phases), is strongly related to the motional
degrees of freedom of the molecules in the different phases.
Therefore, a thorough investigation of dynamic processes is
deemed to be fundamental for understanding liquid crystal
polymorphism and, consequently, for designing novel materials
with useful applicative properties.
The complex dynamics of liquid crystals is characterized by a

superposition of internal (rotations or jumps of molecular
fragments), molecular (rotations of the molecule around the
long and short axes, and translational diffusion), and collective
motions (i.e., orientational fluctuations of the phase director
with respect to its time-averaged orientation, indicated as order
fluctuations of the director (ODF) in the nematic phase and as

layer undulations in liquid-like smectic phases), which occur
over different time scales. In particular, internal, reorientational,
and translational motions are usually characterized by short
correlation times (10−12 to 10−8 s), whereas collective motions
are characterized by a distribution of fluctuation modes with
amplitudes and damping times determined by the anisotropic
viscoelastic properties of the liquid crystal.5−7 Among the
methods employed to study dynamics in condensed phases,
nuclear magnetic resonance (NMR) relaxometry and broad-
band dielectric spectroscopy (BDS) are the most powerful
ones, both yielding a detailed characterization of motions over a
wide frequency range.5−13

In the last decades, field-cycling relaxometry experiments,
which allow frequency-dependent measurements of 1H
longitudinal relaxation times (T1) to be performed over the
kilohertz to tens of megahertz frequency range (10 kHz to 40
MHz using commercial fast field-cycling (FFC) relaxometers,
while frequencies even below 100 Hz can be reached with
homemade relaxometers where earth field is compen-
sated),11,14−17 were successfully applied to get insights into
the dynamics in liquid crystalline materials, also in combination
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with 1H T1 measurements at higher frequencies (≥60 MHz) by
NMR spectrometers. Mesogenic materials of increasing
complexity, from conventional calamitic phases to chiral
smectic phases, frustrated phases, banana mesophases, and
dendrimeric liquid crystals, were investigated.7,11−13,18−21

Moreover, 1H relaxometry was applied to investigate the
pretransitional formation of ordered molecular clusters of
mesogenic molecules in the isotropic phase and to study the
motional restrictions for spatially confined liquid crystals.22

Proton spin−lattice relaxation is determined by the
modulation, due to reorientational and translational motions,
of intra- and intermolecular homonuclear dipolar interactions
between protons.23 1H NMR relaxometry can indeed be
applied to study internal motions (IM), molecular rotations/
reorientations (MR), and translational self-diffusion (SD),
giving contributions to relaxation at the highest frequen-
cies.5,11−13,18 Collective motions (ODF) present in fluid
mesophases may also strongly contribute to 1H relaxation in
the low frequency region (below 105 Hz), where they give
peculiar frequency dependences.11,24,25 Local order fluctuations
(OF) associated with the onset and decay of weakly ordered
molecular clusters, connected with pretransitional effects, were
also found to affect 1H relaxation in the isotropic liquid phase
of mesogens upon approaching the transition to the nematic
phase.19 For the cholesteric mesophase, characterized by a
helical twist of the nematic director, molecular rotations
induced by translational diffusion along the helical axis
(RMTD) have also been found to contribute to relaxation at
low frequencies.19−21,26 Theoretical models have been
developed by different research groups, suitable to describe
the effects of the different motions on proton longitudinal
relaxation and, therefore, necessary to obtain quantitative
dynamic information from relaxation rate (R1 = 1/T1)
dispersions (NMRD) arising from NMR relaxometry experi-
ments.5−7,12

BDS has also been successfully applied for the investigation
of molecular dynamics in liquid crystalline materials,3,10 the
dielectric response being due to correlation functions of the
polarization fluctuations induced by motions of polar
molecules. Except for the conductivity process present in the
low-frequency region (<104 Hz), two main relaxation processes
are generally found in dielectric spectra by BDS, which are
attributed to reorientations of the molecules around their short
(flip-flop motion with frequencies in the MHz range) and long
axes (at higher frequencies), both inducing reorientations of the
molecular dipoles.5,27

In a recent work,28 BDS was applied by some of us to
investigate the dynamics of the chiral calamitic mesogen 4′-
butyl-4-(S)-(2-methylbutoxy)azoxybenzene (4ABO5* in Figure
1) in the I, N*, and Cr phases over a broad frequency range
(mHz − GHz). Three relaxation processesmolecular
reorientations (in all phases) and collective motions (in the

Cr and N* phases)were singled out and quantitatively
characterized. The slowest relaxation process, ascribed to
collective motions, was observed in the low frequency region
(below 102 and 103 Hz in the Cr and N* phases, respectively).
The intermediate and fastest relaxation processes, ascribed to
reorientational motions around the short (S motion) and long
(L motion) molecular axes, respectively, gave contributions to
dielectric relaxation in different frequency ranges depending on
the phase.
In the present work, the dynamics of 4ABO5* was

investigated by means of 1H NMR relaxometry. Dynamic
processes encompassing the kHz to hundreds of MHz
frequency scale, including internal, molecular, and collective
motions, were highlighted and quantitatively characterized on
the basis of suitable models. The results obtained were also
compared to those previously found by BDS experiments; in
particular, for the Cr phase, where both NMR relaxometry and
dielectric spectroscopy data were interpreted on the basis of the
same motional model, a scaling procedure was applied to
directly compare the 1H NMR relaxation rate to the imaginary
part of the dielectric susceptibility.

■ EXPERIMENTAL SECTION

Materials. 4′-Butyl-4-(S)-(2-methylbutoxy)azoxybenzene
(4ABO5*) was synthesized by the group of Prof. Dab̨rowski
at the Military University of Technology, Warsaw (Poland).
The phase transition temperatures of 4ABO5*, determined by
Differential Scanning Calorimetry (DSC) in previous stud-
ies,28,29 are the following: Cr-(285.26 K)-N*-(299.65 K)-I (on
heating) and I-(298.82 K)-N*-(277.66 K)-Cr (on cooling).

FFC NMR Relaxometry Measurements. 1H NMRD
profiles were obtained by measuring longitudinal relaxation
times at 32 different Larmor frequency values in the range
between 10 kHz and 35 MHz using a SpinMaster FFC-2000
(Stelar srl) relaxometer. The sample was contained in a
standard 10 mm NMR tube. The nonprepolarized (NP) and
prepolarized (PP) sequences30 were used for measurements at
high (≥12 MHz) and low (≤12 MHz) fields, respectively. The
polarizing (Bpol) and detection (Bacq) fields were 0.70 and 0.50
T, corresponding to 1H Larmor frequencies of 30.0 and 21.5
MHz, respectively, with a switching time of 3 ms. The 90° pulse
duration was 11 μs and a single scan was acquired. All the other
experimental parameters were optimized for each experiment.
Each longitudinal relaxation trend was acquired with at least 16
values of the variable delay t and was then fitted to eq 1:

= + − −M t M M M t T( ) ( )exp( / )relax pol relax 1 (1)

using the SpinMaster integrated fitting procedure. In eq 1, Mpol
and Mrelax are the magnetization values in the polarizing and
relaxation fields, respectively; Mpol = 0 for the NP experiments.
In all cases, monoexponential functions well reproduced the
experimental trends, with errors on R1 values lower than 3%.
The NMRD profiles were acquired every 1 or 2 K on slow

cooling from the isotropic phase in the temperature range
between 319 and 257 K. The temperature was controlled
within ±0.1 K with a Stelar VTC90 variable temperature
controller and was stabilized for at least 10 min before each
measurement.

1H T1 Measurements at 400 MHz. 1H T1 values were
measured at a Larmor frequency of 400.35 MHz using an
Infinity Plus 400 spectrometer (Agilent) equipped with a static
goniometric probe. The Inversion Recovery and Saturation

Figure 1. Molecular structure of 4′-butyl-4-(S)-(2-methylbutoxy)-
azoxybenzene (4ABO5*).
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Recovery pulse sequences were employed in the I phase and in
the N* and Cr phases, respectively. The 90° pulse duration was
4.5 μs, and the recycle delay was 5 s; 4 scans were acquired.
The experiments were performed every 1 or 2 K on slow
cooling from the isotropic phase in the temperature range
between 319 and 257 K. The temperature was controlled
within ±0.3 K and was stabilized for at least 10 min before each
measurement. In all cases, a monoexponential function well-
reproduced the experimental magnetization trend, with errors
on R1 values lower than 1%.
NMRD Profile Analysis. The analysis of the experimental

1H NMRD profiles in terms of models for longitudinal
relaxation in the presence of different dynamic processes was
performed using the least-squares minimization procedure
implemented in the Fitteia environment31,32 for I and N*
phases, whereas a software purposely written in Mathematica33

environment was used for the Cr phase.

■ THEORETICAL BACKGROUND
Models for the Analysis of 1H Longitudinal Relaxa-

tion. Experimental R1 values are considered as a sum of
contributions (R1

i) coming from different relaxation mecha-
nisms, all depending on both temperature and angular Larmor
frequency (ω = 2πν) through spectral densities of motions.23,34

It is generally assumed that these contributions are statistically
independent and/or have distinct characteristic time scales, and
therefore any cross-relaxation contribution is considered
negligible.
In the isotropic liquid phase, contributions to R1 arising from

rotational internal (R1
IM) and overall molecular (R1

MR) motions
and translational self-diffusion (R1

SD) can be present. In this
phase, the dependence of the R1

IM and R1
MR relaxation rates on

the Larmor frequency are commonly expressed using the
Blombergen-Purcell-Pound (BPP) model:35

ω ω= +R C J J[ ( ) 4 (2 )]1
i

i (2)

where Ci is a relaxation amplitude factor depending on the
strength of the homonuclear dipolar interaction and the
spectral density J(ω) depends on the correlation time of
motion τ according to the following equation:

ω τ
ωτ

=
+

J ( )
2

1 ( )
BPP

2
(3)

On the other hand, the translational self-diffusion contribu-
tion to proton spin−lattice relaxation, R1

SD, can be calculated
analytically using the Torrey model,36 which depends on the
spin density, the self-diffusion coefficient, the mean square
jump distance and the width of the molecule. In the low-
frequency region a dependence of R1

SD on the square root of
the Larmor frequency is expected.36−39 In addition, a
contribution to R1 due to local order fluctuations (OF) could
be present upon approaching the transition to the N* phase.
This contribution can be expressed as follows:19

∫ω ω ω
=

+ +ω ω

ω ω
R

C x
x

x
1 ( / )

d1
OF OF

/

/

0
2

OFmin

OFmax

(4)

where ωOFmin and ωOFmax are the low and high cutoff
frequencies, and ω0, which depends on the size of partially
ordered molecular clusters present in the isotropic phase, also
acts as a cutoff frequency; COF is a coefficient which depends on
temperature, elastic, and viscosity properties of the mesophase,
as well as on the interproton distance. Eq 4 predicts a

dependence of R1
OF on the inverse square root of the Larmor

frequency over a range determined by the cutoff frequency
values.
In liquid crystalline phases, overall rotational/reorientational

motions are typically described by diffusional models
considering their anisotropic character;5−7,12,13 for instance,
the Woessner model has been adopted to express R1

MR

contributions in the analysis of NMRD curves acquired by
FFC NMR.40,41 These models, however, require the knowledge
of geometrical and orientational order parameters, which are
not always available. Moreover, the relaxation rates measured
are often not relative to single well-distinguished proton pairs
nor to a uniformly oriented sample, but rather, they are relative
to an average over different proton pairs and orientations.
Therefore, in the case of complex anisotropic molecules,
molecular reorientations can be described, to a first
approximation, by a sum of BPP relaxation equations with
different characteristic correlation times.20,21 BPP relaxation
equations are also generally employed for the R1

IM contribu-
tion. For the relaxation rate contribution associated with
translational diffusion (R1

SD) in liquid crystalline phases,
variants of the Torrey model, which take into account the
anisotropy of the self-diffusion, have been developed by Zumer
and Vilfan.38,42 Moreover, as anticipated, order director
fluctuations may strongly contribute to relaxation at low
frequencies. In particular, in the N and N* phases, the R1

ODF

contribution depends on the inverse of the square root of the
Larmor frequency, as predicted by the Pincus theory,43 and can
be written in the form:19,44

ω
ω

ω
ω

ω
= −⎜ ⎟ ⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎤
⎦⎥R

C
g g1

ODF ODF
N

ODFmax
N

ODFmin

(5)

where CODF is a factor depending on the absolute temperature,
the principal molecular order parameter, and macroscopic
parameters, such as the Frank elastic constant and viscosity
coefficient, as well as on interproton distances. In eq 5, ωODFmax
and ωODFmin are the high and low frequency cut-offs,
respectively, and the gN function is

π
= + + − −

+

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟
⎤
⎦⎥g x x x x

x
( )

1
arctan( 2 1) arctan( 2 1) arctanh

2
1N

(6)

Finally, a contribution due to RMTD, associated with the
molecular diffusion along the helical axis of the N* phase, has
been reported and modeled by Vilfan et al.26

In solid phases, self-diffusion and collective motions are
absent or extremely slow, and they can be neglected in the
analysis of proton longitudinal relaxation. Therefore, only the
internal motions and, in some cases, molecular reorientations
should be taken into account in NMRD analyses. Moreover,
the BPP model, which implies a completely random process
described by a single correlation time,35 is usually not suitable
to express spectral densities in solids. In fact, motions may be
inherently nonrandom, which might be the case if they are
correlated; second, within an ensemble of reorienting units (i.e.,
the whole sample), there may be subensembles, each of which
involves units undergoing a random motion characterized by a
different correlation time.6,45 A model often used in solid
phases to express the spectral density to be inserted in eq 2 is
the phenomenological Havriliak−Negami (HN) model,46

which takes into account the presence of both a distribution
of correlation times, corresponding to a distribution of
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motional energy barriers, and correlation between motions.
According to the HN model, the spectral density has the
following form:

ω
ω

β
ωτ

ωτ

ωτ ωτ δπ

=
+

+ +

δ δπ
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where δ, ranging from 0 to 1, is a measure of the correlation of
the motions (δ = 0 corresponding to perfect correlation) and
δβ, also ranging from 0 to 1, is a measure of the spread in
energy barriers (with δβ = 0 corresponding to the broadest
allowed distribution). It is worth noting that this expression
reduces to the Cole−Cole spectral density for β = 1, to the
Cole−Davidson spectral density for δ = 1, and to the BPP
spectral density for β = δ = 1.45

Relationship between NMR Relaxometry and Dielec-
tric Spectroscopy. The imaginary part of the normalized
electric susceptibility obtained by BDS experiments can be
expressed as a function of the spectral density as47

χ ω ω ω″ = J( ) ( )BDS (8)

Different models are used in dielectric spectroscopy studies
to express the spectral density and, therefore, to extract
correlation times of motions from the analysis of experimental
data; the most employed are empirical functions derived by a
generalization of the simple BPP function (usually referred to
as Debye function in dielectric spectroscopy), such as the
Havriliak−Negami, Cole−Davidson, and Cole−Cole expres-
sions (eq 7).45,46,48

The relationship between susceptibility and spectral density
can be used to establish analogies between BDS and 1H NMR
relaxometry by converting the NMRD data to a susceptibility
representation.49,50

χ ω ω

ω ω ω ω

χ ω χ ω

″ =

= +

= ″ + ″

R

K J J

K

( )

[ ( ) 4 (2 )]

[ ( ) 2 (2 )]

NMR 1

(9)

This representation allows a more straightforward compar-
ison of BDS and 1H FFC NMR data to be performed, as shown
in the literature for several viscous liquids and polymer
melts.14,15,51 In this regard, the frequency−temperature super-
position (FTS), which assumes that the spectral shape of the
susceptibility function does not change with temperature, is
usually exploited in the analysis.48,49 Considering the FTS, a
master curve spanning several frequency decades is built for the
electric and NMR susceptibilities by appropriately shifting the
χBDS″ (ω) or χNMR″ curves acquired at different temperatures
along the frequency axis; the resulting master curve is plotted vs
ωτ, τ(T) being, at each temperature, the time constant
characteristic for the motion under examination. For curves
which clearly exhibit a maximum at a frequency ωmax, τ(T) can
be determined considering that ωmaxτ(T) = 1; for curves where
a maximum is not clearly detected, τ(T) can be extracted from
the shift factor. A more accurate determination of the time
constant may be obtained by fitting the experimental data to
suitable model functions. In that case, a model-dependent
average correlation time (τav(T)) is extracted; for the Debye

model, τav(T) coincides with τ(T), whereas for Havriliak−
Negami, Cole−Davidson, and Cole−Cole models, it is
proportional to it through characteristic coefficients. For
instance τav(T) = βτ(T) for the Cole−Davidson
model.14,15,48−51 Moreover, several important factors must be
considered when comparing BDS and NMR data, also
depending on the investigated motions and physical state of
materials.23,45 First, in BDS, relaxation is determined by the
modulation of rank-one interactions, whereas homonuclear
dipole−dipole interactions modulated by motions inducing 1H
longitudinal relaxation are of rank-two. Second, different
motions might be involved in BDS and NMR relaxation, the
two techniques being sensitive to reorientations of different
vectors. In particular, for 1H longitudinal relaxation the
contribution of the modulation of the intermolecular dipolar
interactions by translational motions cannot be excluded,
although the intramolecular contribution is usually dominant
due to the short-range nature of the dipolar interaction. In
liquid crystalline phases, the presence of collective motions
strongly affects 1H NMR relaxation at low frequency,
sometimes hampering an unambiguous distinction among the
different possible contributions of molecular motions. Finally,
spin diffusion affects 1H longitudinal relaxation, whereas there
is no analogous phenomenon in dielectric relaxation.

■ RESULTS AND DISCUSSION
Trends of 1H Relaxation Rate with Frequency and

Temperature. 1H longitudinal relaxation times, T1, were
measured at Larmor frequencies from 10 kHz to 35 MHz using
a FFC NMR relaxometer and at 400 MHz using an NMR
spectrometer in the temperature range between 257 and 319 K,
on cooling from the isotropic phase. The strength of the
magnetic fields used in our experiments was not large enough
to uniformly align the long axes of the mesogenic molecules
throughout the sample. In spite of this, in all cases a single
exponential function satisfactorily reproduced the magnet-
ization trends, so that a single T1 value was determined at each
investigated frequency by fitting the experimental data. The
NMRD curves obtained at different temperatures in the I, N*,
and Cr phases are reported in Figure 2.
In the I phase (Figure 2a) the 1H NMRD curves show a

plateau in the low Larmor frequency region, covering a
frequency range which gets smaller with decreasing the
temperature. The R1 values at the plateau vary with
temperature, ranging from 20 to 150 s−1 by cooling from 319
to 301 K. No clear dependence of R1 on the square root of the
Larmor frequency is observed in the low frequency limit (see
Figure S1), indicating that translational diffusion does not give
a dominant contribution. At all temperatures a steep decrease
of R1 is observed above 106 Hz, while an additional relaxation
contribution, ascribable to order fluctuations, is present only
below 315 K. Indeed, the latter gives rise to a linear dependence
of R1 on the inverse of the square root of the Larmor frequency
over a frequency region, the center of which moves from 107 to
106 Hz with decreasing the temperature (see Figure S2). At 300
K a change in the dispersion shape is observed, especially in the
104−106 Hz frequency range, ascribable to the I to N* phase
transition.
In the N* phase (Figure 2b), similar dispersion curves are

observed at all temperatures from 300 to 283 K. The NMRD
profiles are quite complex, showing the contributions of at least
two motional processes, one below 105 Hz and the other at
about 107 Hz. In particular, the trend of R1 in the low frequency
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region (below 100 kHz) shows a linear dependence of R1 on
the inverse square root of the Larmor frequency, as highlighted
in Figure 3 (see also Figure S3), typical of ODF in N and N*
phases.24,25

In the Cr phase (Figure 2c), the NMRD profiles show a
contribution to R1 in the 10

5−106 Hz range; a second one starts
to be visible at high frequencies, indicating the presence of a
dynamic process with characteristic frequency higher than 107

Hz. Features of the NMRD curves intermediate between those
of N* and Cr phases are observed at 279 and 281 K, where a
supercooled liquid crystalline phase, also observed by DSC (see
Experimental section), is most probably present.
The largest differences among the I, N*, and Cr phases are

observed in the low frequency region, where R1 values are 20−
180 s−1, 200−500 s−1, and >1000 s−1, respectively. On the

contrary, at the highest investigated frequency (400 MHz), the
R1 values are quite similar in all phases, indicating the presence
of a fast motion, with characteristic correlation time shorter
than 10−10 s, at all temperatures.
The temperature dependence of R1 in the different phases is

shown in Figure 4 for selected Larmor frequencies. Within the I

and N* phases, the R1 values increase by decreasing the
temperature at all Larmor frequencies; however, while at higher
frequencies a similar dependence is maintained when passing
from the I to the N* phase, for the lower frequencies (≤ 1
MHz) an abrupt change of the slope is observed at the phase
transition. This behavior seems to indicate that the motion(s)
dominating the longitudinal relaxation at high frequency is
minimally affected by the onset of the ordered phase.
Moreover, the slope of R1 vs 1000/T increases by decreasing
the frequency in the I phase, while it remains quite similar in
the N* one. This behavior suggests that a second relaxation
mechanism, efficient in the intermediate to low frequencies, is
present in the isotropic phase with a contribution to the
relaxation rate that increases on cooling as the I to N* phase
transition temperature is approached. A similar trend was
previously observed for a cholesteric liquid crystal and ascribed

Figure 2. 1H spin−lattice relaxation rates as a function of Larmor
frequency measured on 4ABO5* in the 257−319 K temperature
range. Lines only serve to guide the eyes. In (c), data at 279 and 281 K
are in the supercooled N* phase.

Figure 3. Trends of 1H R1 values as a function of the inverse square
root of the Larmor frequency at the indicated temperatures in the N*
phase.

Figure 4. Temperature dependence of R1 at the indicated
1H Larmor

frequencies. Vertical dashed lines correspond to the phase transition
temperatures determined by DSC on cooling.29

The Journal of Physical Chemistry B Article

DOI: 10.1021/acs.jpcb.6b03773
J. Phys. Chem. B 2016, 120, 5083−5092

5087

http://pubs.acs.org/doi/suppl/10.1021/acs.jpcb.6b03773/suppl_file/jp6b03773_si_001.pdf
http://dx.doi.org/10.1021/acs.jpcb.6b03773


to pretransitional order fluctuation effects.26 The presence of an
OF contribution is here confirmed by the linear dependence of
R1 on the inverse square root of the Larmor frequency observed
in a frequency region that shifts to lower frequencies by
decreasing the temperature in the I phase (Figure S2). On the
other hand, the trends observed in Figure 4 for the N* phase
confirm that the same relaxation processes contribute to
relaxation at all temperatures down to 283 K in this phase. On
cooling from the N* to the Cr phase, the trends of R1 support
the occurrence of a mesophase supercooling at 279 and 281 K.
In the Cr phase, R1 values show different temperature
dependences at different frequencies.
Analysis of NMRD Curves. The analysis of the acquired

NMRD curves is not straightforward and, if we take into
account all the different kinds of molecular (reorientations
(MR), self-diffusion (SD), and molecular rotations induced by
translational diffusion (RMTD)), collective (OF or ODF), and
internal motions (IM) that may in principle contribute to the
observed relaxation rates, several different combinations could

give a comparably good reproduction of the experimental data.
The analysis was therefore performed in each phase considering
the different motions that could be present on the basis of
peculiar features in the NMRD curves (Figures 2, 3, S1−S3) or
in the trends of R1 with temperature (Figure 4), and following
the criterion of using the minimum number of contributions to
R1 that well reproduce the experimental trends with physically
reasonable parameter values in order to avoid overinterpreta-
tion of data. Fitting procedures minimizing the least-squares of
residuals between experimental and calculated data were
applied to all NMRD curves (see Experimental section)
considering the models described below.
In the I phase, for temperatures higher than 313 K, the

experimental NMRD curves could be well-reproduced
considering a contribution (CI) which is independent of
frequency over the investigated range and two rotational
diffusion contributions, each described with the BPP model
(eqs 2 and 3), characterized by correlation times on the order
of 10−8 and 10−9 s; an example is shown in Figure 5a. It must

Figure 5. Experimental (circles) and calculated (black lines) 1H relaxation rates in the I (a,b), N* (c,d) and Cr (e,f) phases of 4ABO5* at some
selected temperatures. Red-dashed and green dot-dashed lines indicate L and S reorientational contributions, respectively; purple-dotted lines
indicate the frequency-independent I contribution; blue long-dashed lines indicate the collective motions contribution (ODF for the N* phase and
OF for the I phase).
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be pointed out that a good reproduction of the NMRD curves
could also be obtained by considering a translational diffusion
contribution to R1, expressed using the Torrey model,36 either
in place of or in addition to the rotational contribution at
intermediate frequency. Although translational diffusion is often
considered as a relaxation mechanism in the interpretation of
NMRD curves in N and N* phases,7,11,19−21,25,44 our data do
not allow the contribution of this motion to be unambiguously
distinguished from that of the rotational motion at the
intermediate frequency, which is indeed shown to be present
by BDS data.28 The situation is further complicated for the
NMRD curves at the lower temperatures in the I phase and in
the N* phase, where OF and ODF contributions are also
respectively present. This considered, we preferred to keep the
fitting model as simple as possible to avoid data over-
interpretation; therefore, the lowest number of contributions,
with the simplest spectral densities and requiring the minimum
number of fitting parameters, were considered in the analysis.
With this choice, also taking into account the trend of R1 at
high frequency in the whole temperature range investigated
(Figures 2 and 4), the CI contribution can be ascribed to
internal motions, most probably methyl or phenyl ring
rotations with correlation times shorter than 10−10 s. On the
other hand, considering the findings of BDS previously
reported for 4ABO5*,28 the BPP contributions can be assigned
to molecular motions, that is to rotations around the long (L
motion) and short molecular axes (S motion). At temperatures
lower than 313 K, an additional contribution arising from local
order fluctuations connected with pretransitional effects, R1

OF

expressed as in eq 4, was also required to fit the experimental
data (for example, see Figure 5b). Very good reproductions of
NMRD curves were obtained with the correlation time values
shown in Figure 6 and the best fit parameters reported in Table
1. In particular, COF and ω0/2π ranged from 1 × 104 to 4 × 104

s−3/2 and from 32 × 104 to 4 × 104 Hz, respectively, on
decreasing the temperature from 313 to 301 K. On the other

hand, the high-frequency and low-frequency cutoff values were
ωOFmax/2π = 108 Hz and ωOFmin/2π ≤ 104 Hz, respectively, at
all the temperatures. The correlation time of the S motion, τS,
slightly increased by decreasing the temperature, whereas only a
high limit value, almost constant over the whole temperature
range, could be determined for the correlation time, τL, of the L
motion.
In the N* phase, at all the investigated temperatures, the

NMRD curves could be well-reproduced (examples are shown
in Figure 5c,d), considering a contribution independent of
frequency (CI) and two molecular reorientation contributions
modeled using the BPP function (eq 3), as in the isotropic
phase, plus a contribution arising from ODF motions, modeled
using eq 5. The choice of the BPP model for molecular
reorientations also in the N* phase, adopted also by other
authors in chiral phases,20,21 was dictated by the lack of
knowledge of the geometrical and orientational order
parameters required by more complex models, as well as by
the complexity of the system, where the measured R1 arises
from different pairs of protons and different molecular
orientations with respect to the external magnetic field (see
Theoretical Background section). The fitting parameters were
CODF, ωODFmax, and ωODFmin for ODF and the correlation times
(τS and τL) and amplitude factors (CS and CL) for S and L
reorientational motions, respectively; the best-fit values are
reported in Figure 6 and Table 1. A high-frequency cutoff value
of ωODFmax/2π = 108 Hz was found by fitting the experimental
data, whereas for ωODFmin, a limit value of 5 × 103 Hz was
estimated. The best-fitting values of CODF determined in the N*
phase ranged from 2.0 × 104 to 2.2 × 104 s−3/2 by decreasing
the temperature, in agreement with the dependence of CODF on
temperature and on the principal order parameter. τL and τS
increased by decreasing the temperature with associated
activation energies, determined by the Arrhenius equation,
equal to 21 ± 3 kJ/mol for both motions.
In the Cr phase, two molecular reorientation processes (S

and L, with τS> τL) had to be considered, both modeled using
the HN spectral densities (eq 7) and Ci, τi, βi, δi (with ı ̇ = L or
S) as fitting parameters for the i-th motion, in addition to a
constant contribution (CI). A very good reproduction of the
NMRD data was obtained at all temperatures; examples are
shown in Figure 5e,f, and the best fit parameters are reported in
Figure 6 and Table 1. As shown in the figure, although the S
motion has been described with different spectral density
models in the N* and Cr phases (BPP and HN, respectively),
we can safely affirm that it substantially slows down upon
entering the Cr phase. Moreover, a stronger dependence of τS
on temperature is observed in the Cr phase with respect to the
fluid phases; an activation energy of 47 ± 5 kJ/mol could be
estimated assuming an Arrhenius-type dependence. These
findings suggested a change in the mechanism of the molecular
reorientations about the short axis.
Finally, a slightly increasing trend of CS and CL is observed

on going from the I to the N* and Cr phases, which is
consistent with the decreasing overall mobility.

Comparison between NMR Relaxometry and Dielec-
tric Spectroscopy. In Figure 6, the correlation times here
determined in the analysis of 1H NMR relaxometry data are
compared to those obtained in a previous work by BDS.28 It
must be reminded that BDS data were analyzed in terms of the
HN model (eq 7) for all motions in all phases. The largest
differences were observed for the S motion in the N* phase
where, however, a larger uncertainty is present in the data

Figure 6. Trend of correlation times τS (squares) and τL (triangles) vs
1000/T. Correlation times determined by 1H FFC NMR and BDS
have full and empty symbols, respectively. Vertical dashed lines
correspond to the phase transition temperatures determined by DSC
on cooling.29 BDS data are taken from ref 28.
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analysis for both methods, due to the superposition of different
contributions to relaxation. In particular, in the analysis of 1H
NMRD curves, a heavy superposition is found between the R1
contributions arising from the S motion and the ODF collective
fluctuations.
In the Cr phase, where the HN model was used to analyze

relaxation arising from S and L motions for both methods, a
more direct comparison between BDS and NMR data could be
made exploiting the susceptibility representation. In Figure 7,

master curves built with data acquired between 257 and 277 K
are reported: the horizontal axis was defined for both methods
as log(ω/ωmax), where ωmax is the frequency of the maximum
value of χNMR″ (ω) or χBDS″ (ω) for the reorientation around the
short molecular axis (S motion), and the vertical axis was
defined as log(χNMR″ /χNMR,max″ ) and log(χBDS″ /χBDS,max″ ) for NMR
and BDS data, respectively.
The obtained master curves indicate that both χNMR″ (ω) and

χBDS″ (ω) data are in agreement with FTS. Moreover, NMR and
BDS scaled data lie exactly on the same curve for frequencies
lower than ωmax and temperatures between 265 and 273 K; for
275 K, small discrepancies could be noticed only for very low

frequencies. At 257 and 277 K, larger differences were
observed, with the scaled NMR and BDS data lying on one
master-curve only in the vicinity of the maximum. On the other
hand, the scaled NMR and BDS curves diverge at frequencies
higher than ωmax, where the relaxation process associated with
reorientations around the long molecular axis shows up.
The τS values determined by fitting the NMR and BDS data

in the Cr phase using the HN spectral density with quite similar
δ and β parameters (Table 1 and ref 28) are compared in
Figure 6. The correlation times obtained from the BDS method
are 4−6 times higher, indicating that, if all the distinctions
pointed out in the Theoretical Background section are
considered, the agreement between NMR and BDS data can
be judged quite good. Indeed, a factor of 3 is theoretically
expected between BDS and NMR correlation times for
rotational diffusion, and experimental ratios close to 3 are
reported in the literature.49,50,52,53

■ CONCLUSIONS
In this work, we presented a comprehensive study of the
molecular dynamics in the isotropic liquid, cholesteric, and
crystalline phases of a chiral liquid crystal, 4ABO5*. The 1H
relaxation rates were measured over a broad frequency range
(from 10 kHz to 400 MHz), and their temperature dependence
was investigated in all phases.
A thorough analysis of NMRD curves was performed using

models that take into account the relevant relaxation
mechanisms in the different phases. In the I phase, overall
reorientational motions were singled out at all the temper-
atures, whereas order fluctuations were clearly observed
approaching the I to N* phase transition. Order director
fluctuations dominated relaxation in the N* phase, where the
molecular reorientational motions were still present. These
molecular motions remained also in the Cr phase, although
characterized by a broad distribution, as pointed out by the fact
that the Havriliak−Negami model was necessary instead of the
Bloembergen−Purcell−Pound one to describe the spectral
densities. A contribution of translational diffusion to relaxation
in the I and N* phases cannot be excluded, but the
experimental data do not allow it to be clearly distinguished.
On the basis of the correlation time values and their trend with
temperature, the reorientational motion about the long
molecular axis can be identified as rotational diffusion in all
phases, whereas the motion about the short molecular axis is
most probably a rotational diffusion in the I and N* phases and
a small amplitude reorientation in the Cr phase.

Table 1. Parameters Obtained by Fitting the NMRD Curves to Model Spectral Densities As Described in the Texta

phase

parameter I N* Cr

CI (s
−1) 1.3 ± 0.1 1.3 ± 0.1 1.1 ± 0.2

CS (s
−2) (1.7 ± 0.2) × 108 (1.9 ± 0.2) × 108 (2.0 ± 0.5) × 108

CL (s
−2) (6 ± 1) × 108 (9 ± 1) × 108 (9 ± 1) × 108

βS - - 0.8
βL - - 0.6
δS - - 0.8−0.9
δL - - 0.7−0.9

Cc (s
−3/2) (1−4) × 104 (2.0−2.2) × 104 -

ω0/2π (Hz) (4−32) × 104 - -
ωcmin/2π (Hz) ≤104 ≤5 × 103 -
ωcmax/2π (Hz) 108 108 -

aIndex c refers to collective motions, that is OF and ODF in the I and N* phases, respectively.

Figure 7. Master curve built with χNMR″ (ω) and χBDS″ (ω) scaled data at
the indicated temperatures. The horizontal axis is defined as log(ω/
ωmax), where ωmax is the frequency of the maximum value of χNMR″ (ω)
or χBDS″ (ω) for the reorientation around the short molecular axis (S
motion), and the vertical axis is defined as log(χNMR″ /χNMR,max″ ) and
log(χBDS″ /χBDS,max″ ) for NMR (blue symbols) and BDS (green symbols)
data, respectively. χBDS″ (ω) data are taken from ref 28.
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The NMR relaxometry data were also compared to BDS data
previously obtained on the same compound in the three phases.
To this aim, the susceptibility representation was used for the
NMR data in the crystalline phase. Notwithstanding the
highlighted differences between the two methods, the findings
corroborate the interpretation of the experimental data in terms
of dynamic processes.
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