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A set of kinetic equations is used to study equilibration of the anisotropic quark-gluon plasma produced

by decays of color flux tubes possibly created at the very early stages of ultrarelativistic heavy-ion

collisions. The decay rates of the initial color fields are given by the Schwinger formula, and the collision

terms are treated in the relaxation-time approximation. By connecting the relaxation time with viscosity

we are able to study production and thermalization processes in the plasma characterized by different

values of the ratio of the shear viscosity to entropy density, ��. For the lowest (Kovtun-Son-Starinets) value

of this ratio, 4� �� ¼ 1, and realistic initial conditions for the fields, the system approaches the viscous-

hydrodynamics regime within 1–2 fm=c. On the other hand, for larger values of the viscosity, 4� �� � 3,

the collisions in the plasma become inefficient to destroy collective phenomena which manifest

themselves as oscillations of different plasma parameters. The presence of such oscillations brings in

differences between the kinetic and hydrodynamic descriptions, which suggest that the viscous-

hydrodynamics approach after 1–2 fm=c is not complete if 4� �� � 3 and should be extended to include

dissipative phenomena connected with color conductivity.
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I. INTRODUCTION

In this paper, we analyze equilibration of the anisotropic
quark-gluon plasma produced by decays of color flux tubes
possibly created at the very early stages of ultrarelativistic
heavy-ion collisions [1–8]. Our approach is based on the
kinetic theory [9–15] where decay rates of the initial color
fields are given by the Schwinger formula and appear as the
source terms in the kinetic equations. The produced quarks
and gluons interact with the mean color field and collide
with each other. The collisions are described by the colli-
sion terms treated in the relaxation-time approximation
[16–20]. By connecting the relaxation time with the sys-
tem’s shear viscosity, we are able to study production and
thermalization processes in the quark-gluon plasma char-
acterized by different values of the ratio of the shear
viscosity to entropy density, �� ¼ �=�.

In our numerical calculations we use the values of the
parameter 4� �� which vary between 1 and 10. The values in
the range 1 � 4� �� � 3 have been extracted from the recent
hydrodynamic analyses of ultrarelativistic heavy-ion colli-
sions studied at Relativistic Heavy-Ion Collider (RHIC) and
the Large Hadron Collider (LHC). The value 4� �� ¼ 10 is
expected by leading log perturbative results extrapolated to
RHIC and the LHC energies. On the other hand, our lowest
value corresponds to the Kovtun-Son-Starinets (KSS)
bound obtained from black hole physics [21].

The proposed model is one dimensional and assumes
boost invariance; hence, it may be applied only to the early
stages of the collisions and to the central rapidity region.

We note that the boost-invariance assumption has been
found to be an obstacle in describing thermalization pro-
cesses within the color glass condensate theory [22,23].
In this case, only the quantum fluctuations that break boost
invariance allow us to describe equilibration [24–26]. In our
case, the situation is quite different. Although our system is
boost invariant, we explicitly include the collisions between
the produced particles, and the latter are responsible (if fast
enough) for the thermalization of the produced system.
Although similar models to ours have been analyzed

before [27–30], our formulation has a few novel features.
First of all, by studying different components of the
energy-momentum tensor we can analyze in more detail
how the system approaches the hydrodynamic limit.
In particular, we calculate separately the longitudinal and
transverse pressure of the system and study their time
dependence. Second, using different values of the ratio
of the shear viscosity to entropy density, we may study
equilibration of the quark-gluon plasma with reference to
recent viscous-hydrodynamics models of ultrarelativistic
heavy-ion collisions [31–48].
The use of a constant value for �� in the kinetic equations

implies that the relaxation time becomes a function of an
effective temperature of the plasma. As a consequence, the
present work extends earlier frameworks where the relaxa-
tion time was treated as a constant, although we do not take
into account the non-Abelian terms in the field equations or
the minijet production, which are included in Refs. [28,29]
or [30], respectively. A general time-dependent relaxation
time was used in [19,20], however, without incorporating
the color fields.
Our approach originates from the color-flux-tube model

and transport theory formulated in Refs. [1–15]. At the
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very initial stage of a nucleus-nucleus collision a longitu-
dinal chromoelectric field is formed, which decays subse-
quently via the Schwinger mechanism. Such an initial
configuration of the field is similar to the glasma state
[22,49] where both chromoelectric and chromomagnetic
longitudinal color fields are present at the very early stages
of the collisions. We note that a similar framework to that
presented in this paper has been used recently in Ref. [50]
to study oscillations of the quark-gluon plasma around
expanding anisotropic (color neutral) backgrounds. Our
present approach goes much beyond the framework of
Ref. [50] by solving the coupled kinetic and Maxwell
equations in a self-consistent manner.

The strength of the initial color fields is chosen in such a
way that the effective temperature of the produced plasma
reaches realistic values Tmax � 300–500 MeV. For such
initial conditions and the KSS value of the ratio of the shear
viscosity to entropy density, i.e., in the case 4� �� ¼ 1,
the plasma approaches the viscous-hydrodynamics regime
within 1–2 fm=c. On the other hand, for larger values
of the viscosity, 4� �� � 3, the collisions in the plasma
become inefficient to destroy collective phenomena
which demonstrate themselves as oscillations of different
plasma parameters. The presence of such oscillations
brings in differences between the kinetic and viscous-
hydrodynamics descriptions.

This leads us to the conclusion that after the first 1 fm=c
the viscous-hydrodynamics description of the created
quark-gluon plasma is quite appropriate if 4� �� ¼ 1; how-
ever, it is not completely satisfactory if 4� �� � 3. In the
latter case the hydrodynamic approach should be extended
to include transport phenomena connected with color con-
ductivity. On the other hand, it is quite interesting to
observe that for 4� ��� 3 the plasma might be character-
ized by an effective viscosity ��eff which fluctuates around
the fixed value of ��. Hence, in this case one may consider
averaging over different color flux tubes which washes out
the oscillations in such a way that the averaged system may
be effectively well described by the viscous hydrodynam-
ics. Quantitative analysis of this issue is left for a separate
study.

The structure of the paper is as follows. In Sec. II we
define our symbols and conventions. In Sec. III the kinetic
equations for the quark-gluon plasma are introduced. In
Sec. IV our approach is rewritten in a boost-invariant way
and formal solutions of the kinetic and Maxwell equations
are presented. The energy-momentum conservation laws
are discussed in more detail in Sec. V. The results of our
numerical calculations are given in Sec. VI. We conclude
in Sec. VII. The details of the calculations are given in the
Appendixes which close the paper.

II. CONVENTIONS

We use the standard parameterizations of the four-
momentum and spacetime coordinates of a particle:

p� ¼ ðE; ~p?; pkÞ ¼ ðm? cosh y; px; py; m? sinh yÞ;
x� ¼ ðt; ~x?; zÞ ¼ ð� cosh�; x; y; � sinh�Þ: (1)

Here m? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

x þ p2
y

q
is the transverse mass,

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � z2

p
is the longitudinal proper time, y is the

rapidity

y ¼ 1

2
ln
Eþ pk
E� pk

; (2)

and � is the spacetime rapidity

� ¼ 1

2
ln
tþ z

t� z
: (3)

The flow of matter is described by the four-vector

U� ¼ �ð1; vx; vy; vzÞ; � ¼ ð1� v2Þ�1: (4)

Throughout the paper we use natural units where c ¼ 1,
kB ¼ 1, and ℏ ¼ 1.

III. QUARK-GLUON PLASMA FORMATION
BY DECAYS OF COLOR FLUX TUBES

A. Kinetic equations, color isotopic charge,
and color hypercharge

Our approach is based on the Abelian dominance
approximation in which the kinetic equations for quarks,
antiquarks, and charged gluons can be written as follows
[9–11]:

ðp�@� þ g�i � F��p�@
p
�ÞGifðx; pÞ ¼

dNif

d�inv

þ Cif; (5)

ðp�@� � g�i � F��p�@
p
�Þ �Gifðx; pÞ ¼

dNif

d�inv

þ �Cif; (6)

ðp�@� þ g�ij � F��p�@
p
�Þ ~Gijðx; pÞ ¼

d ~Nij

d�inv

þ ~Cij: (7)

HereGifðx; pÞ, �Gifðx; pÞ, andGijðx; pÞ are the phase-space
densities of quarks, antiquarks, and gluons, respectively.
The indices i, j ¼ ð1; 2; 3Þ define the color of quarks and
gluons, while the index f ¼ ðu; d; s; . . .Þ defines the quark
flavor. In the definitions of the gluon distribution functions
~Gijðx; pÞ and other similar objects, the two color indices i

and j must be different.
The terms on the left-hand sides of Eqs. (5)–(7) describe

the free motion of particles and their interaction with the
mean field F��. In this work, the only nonzero components
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of the tensor F�� ¼ ðF��
ð3Þ ; F

��
ð8Þ Þ are those corresponding

to the longitudinal chromoelectric field E ¼ ðF30
ð3Þ; F

30
ð8ÞÞ.1

The quarks couple to the chromoelectric field E through
the charges [51]

�1 ¼ 1

2

0
@1;

ffiffiffi
1

3

s 1
A; �2 ¼ 1

2

0
@�1;

ffiffiffi
1

3

s 1
A; �3 ¼

0
@0;�

ffiffiffi
1

3

s 1
A:
(8)

The charged gluons couple to E through the charges �ij

defined by the relation

�ij ¼ �i � �j: (9)

The two components of the color charges (8) and (9)
are called the color isotopic charge and color hypercharge
[51].

B. Initial conditions

The Gauss law applied to a color flux tube yields EA ¼
kgq, where A ¼ �r2 denotes the area of the transverse
cross section of the tube, k is the number of color charges at
the end of the tube, and gq ¼ gðqð3Þ; qð8ÞÞ is the color

charge of a quark or a gluon. Since the string tension is
the energy of an elementary tube (with k ¼ 1) per unit
length, we may write

� ¼ 1

2
AE � E ¼ g2

2A
q � q: (10)

Substitution of the quark charges (8) into Eq. (10) gives
(independently of the color index i) �q ¼ g2=ð6AÞ.
Similarly, the gluon charges (9) give (independently of
the color indices i, j) �g ¼ g2=ð2AÞ. We conclude that

the string tension of a tube spanned by gluons is 3 times
larger than the string tension of a quark tube. The Gauss
law can be rewritten in the following form:

E ¼
ffiffiffiffiffiffiffiffiffi
2�g

�r2

s
kq ¼

ffiffiffiffiffiffiffiffiffi
6�q

�r2

s
kq: (11)

This equation determines the value of the initial chromo-
electric field spanned by the two receding nuclei.

We have three parameters which characterize an
elementary tube: the string tension �, the strong coupling
constant g, and the tube radius r. For the standard value
�q ¼ 1 GeV=fm (�g ¼ 3 GeV=fm) which is used in

our calculations, we find the following relation between
g and r:

g2 ¼ 6AGeV=fm � 30�r2=fm2: (12)

For a single tube we assume �r2 ¼ 1 fm2; hence, we find
g ¼ 5:48. Consequently, our coupling constant is quite
large, which excludes any perturbative treatment of the
considered physical processes. The number of color
charges k may be obtained from the hypothesis of random
walk in color space [52]:

k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
number of collisions

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d�

d2s
�r2

s
;

where d�=d2s is the number of collisions per unit trans-
verse area. In the original papers on the color-flux-tube
model the values of k between 1 and 5 were used. In this
paper, to obtain the initial effective temperature of the
plasma which is similar to that used in the hydrodynamic
calculations describing the RHIC and the LHC data, we
use k ¼ 5 and k ¼ 10.

C. Schwinger tunneling

The terms dN=d�inv on the right-hand sides of
Eqs. (5)–(7) describe production of quarks and gluons
due to the decay of the chromoelectric field. In the refer-
ence frame where the particles emerge from the vacuum
with the vanishing longitudinal momentum, the production
rate of quarks in the chromoelectric field is given by the
formula

dNif

d�inv

¼ �i

4�3

��������ln
�
1� exp

�
��m2

f?
�i

�����������ðpkÞp0

� Rif�ðpkÞp0; (13)

where mf? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ p2
x þ p2

y

q
is the transverse mass,

�i ¼ ðgj�i � Ej � �qÞ	ðgj�i � Ej � �qÞ; (14)

and 	 is the step function. The quantity �i describes the
effective force acting on the tunneling quarks. The effect of
the screening of the initial field by the tunneling particles is
taken into account by subtraction of the ‘‘elementary
force’’ characterized by the quark string tension �q [2,6].

Similarly, for gluons one can find

d ~Nij

d�inv

¼ �ij

4�3

��������ln
�
1þ exp

�
��p2

?
�ij

�����������ðpkÞp0

� ~Rij�ðpkÞp0; (15)

where the effective force is

�ij ¼ ðgj�ij � Ej � �gÞ	ðgj�ij � Ej � �gÞ: (16)

The covariant form of the production rates which is valid in
arbitrary reference frames is given in Sec. IVB.

1For the one-dimensional boost-invariant geometry considered
in this work, one may check that the initial longitudinal chromo-
electric field generates no other field components in later times;
hence, our reduced form of the field tensor is consistent with the
assumed form of expansion. The inclusion of other possible field
components (in particular, of the longitudinal chromomagnetic
field) is left for future studies.
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D. Collision terms and Landau matching

The terms C are the collision terms which we treat in the
relaxation-time approximation [16–20]:

Cif ¼ p � UGeq
if �Gif

�eq
; �Cif ¼ p �U

�Geq
if � �Gif

�eq
;

~Cij ¼ p � U
~Geq
ij � ~Gij

�eq
: (17)

The background equilibrium distributions G
eq
if ,

�G
eq
if , and

~G
eq
ij are all equal and given by the Boltzmann distribution2

Geq ¼ 2

ð2�Þ3 exp

�
�p �U

T

�
: (18)

Similarly, we assume that all the relaxation times are equal.
The effect of having different relaxation times for different
particle species has been recently analyzed in a similar
framework in Ref. [53].

The factor 2 in Eq. (18) accounts for spin degeneracy.
The effective temperature T is obtained from the Landau
matching

Z
dPp � Up�

�X3
i¼1

X
f

ðGeq
if �Gif þ �G

eq
if � �GifÞ

þ X3
i;j¼1

ð ~Geq
ij � ~GijÞ

�
¼ 0 (19)

or Z
dPp �Up�

�
ð6Nf þ 6ÞGeq

�X
i

X
f

ðGif þ �GifÞ �
X3
i;j¼1

~Gij

�
¼ 0: (20)

The factors 6 account for six types of quarks (three
quarks and three antiquarks) and six types of gluons
(the two extra gluon degrees of freedom are treated as
fields). As we shall see below, the Landau matching is
reduced to the condition which demands that the energy
density obtained from the quark and gluon distribution
functions is equal to the energy density determined from
the equilibrium background (defined by the sum of
thermal distributions).

E. Relaxation time

As stated above, the relaxation time used in Eq. (17) is
the same for all parton species and independent of momen-
tum. On the other hand, it may depend on the proper time.

In the numerical calculations we use the following relation
between the relaxation time and the viscosity [54–60]:

�eqð�Þ ¼ 5 ��

Tð�Þ : (21)

Here �� is the ratio of the viscosity to the entropy ratio
which is treated as a constant in our approach. We consider
three values of ��:

�� ¼ 1

4�
;
3

4�
;
10

4�
: (22)

The first two numbers on the right-hand side of Eq. (22)
determine the viscosity range extracted from the recent
hydrodynamic analyses of relativistic heavy-ion collisions
studied at RHIC and the LHC. The last value is on the order
expected by leading log perturbative results extrapolated to
RHIC and the LHC energies.

F. Maxwell equations

Equations (5)–(7) determine the time changes of parton
densities caused by the presence of the mean field and
parton collisions. In order to obtain a self-consistent set
of equations we should have also the dynamic equation for
the field. It can be written in the following Maxwell form:

@�F
��ðxÞ ¼ j�ðxÞ þ j�DðxÞ; (23)

where

j�ðxÞ ¼ g
Z

dPp�

�X
i

�i
X
f

ðGifðx; pÞ � �Gifðx; pÞÞ

þ X3
i;j¼1

�ij
~Gijðx; pÞ

�
� g

Z
dPp�Að�; w; p?Þ

(24)

and

j�DðxÞ ¼
Z

dP

�X
i

X
f

dNif

d�inv

d�
if þ

X
i>j

d ~Nij

d�inv

d�
ij

�
: (25)

Here dP ¼ d3p=E is the invariant momentum integration
measure.3 The current (23) has two components. The first
one (conductive current), defined by Eq. (24), is related to
the simple fact that particles carry color charges �i and �ij.

The second one (displacement current), defined by
Eq. (25), has the origin in the tunneling of quarks and
gluons and, hence, in the creation of color charges from
the vacuum. On the right-hand side of Eq. (24) we have
introduced Að�;w; p?Þ, which is an antisymmetric
function of w.

2The generalization of our approach in such a way as to
include quantum Bose-Einstein or Fermi-Dirac statistics is quite
straightforward. It typically brings only different normalization
factors.

3The spin degeneracy factor of 2 is included in the production
rates (13) and (15). Therefore, we include it also in the defini-
tions of the quark and gluon distribution functions.
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The quantities d� are the dipole moments of the
produced pairs whose third Lorentz components equal

d3
if ¼

2�i
�i � E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
? þm2

f

q
; d3

ij ¼
2�ij

�ij � E p?: (26)

Below, in Sec. VC, we show that the form of
Eqs. (23)–(26) follows directly from the energy-
momentum conservation law.

IV. IMPLEMENTATION OF BOOST INVARIANCE

A. Boost-invariant variables

In the case of one-dimensional boost-invariant expan-
sion, all scalar functions of time and space coordinates
(for example, energy density, transverse and longitudinal
pressure, and temperature) should depend only on the
proper time �. In addition, the hydrodynamic flow U�

should have the form (4) with vx ¼ vy ¼ 0 and vz ¼
z=t; hence, U� ¼ ðt=�; 0; 0; z=�Þ [61].

The phase-space distribution functions behave also like
scalars under Lorentz transformations. The requirement of
boost invariance implies in this case that they may depend
only on the variables �, w, and ~p? [3]. The boost-invariant
variable w is defined by the formula

w ¼ tpk � zE: (27)

We note that at z ¼ 0 the variable w is reduced to the
longitudinal momentum multiplied by the time coordinate
t. Knowing w and ~p? we define

v ¼ Et� pkz ¼ �p �U ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 þ ðm2 þ ~p2

?Þ�2
q

: (28)

At z ¼ 0, v is reduced to the energy multiplied by t. In the
numerical calculations we neglect the quark masses and set
m ¼ 0. From (27) and (28) one can easily find the energy
and the longitudinal momentum of a parton:

E ¼ vtþ wz

�2
; pk ¼ wtþ vz

�2
: (29)

The integration measure in the momentum sector of the
phase space is

dP ¼ 2d4p�ðp2Þ	ðp0Þ ¼ dpk
p0

d2p? ¼ dw

v
d2p?: (30)

A chromoelectric field E ¼ F30 does not change under
Lorentz transformations along the z axis; thus, it may be
also treated as a scalar and written in the form

Eð�Þ ¼ �2
dhð�Þ
du

¼ � 1

�

dhð�Þ
d�

; (31)

where h is a function of the variable � only.

B. Boost-invariant form of the kinetic
equations and their solutions

Using the boost-invariant variables introduced in
the previous section we find simple forms of the terms
appearing in the kinetic equations (5)–(7), namely,

p�@�G ¼ v

�

@G

@�
; F��p�@

p
�G ¼ Ev

@G

@w
;

dN

d�inv

¼ v�ðwÞR:
(32)

Using (32) in (5)–(7) one obtains�
@

@�
� dhi

d�

@

@w

�
Gif ¼ �Rif�ðwÞ þ

Geq �Gif

�eq
;

�
@

@�
þ dhi

d�

@

@w

�
�Gif ¼ �Rif�ðwÞ þ

Geq � �Gif

�eq
;

�
@

@�
� dhij

d�

@

@w

�
~Gij ¼ � ~Rij�ðwÞ þ

Geq � ~Gij

�eq
:

(33)

Here we have introduced the functions

hið�Þ ¼ g�i � hð�Þ; hijð�Þ ¼ g�ij � hð�Þ: (34)

One may notice that the distribution functions in (33)
satisfy the following symmetry relations:

�Gifð�; w; p?Þ ¼ Gifð�;�w;p?Þ;
~Gijð�; w; p?Þ ¼ ~Gjið�;�w;p?Þ:

(35)

Equations (33) have general solutions of the form

Gifð�;w;p?Þ ¼
Z �

0
d�0Dð�;�0Þ

�
�0Rifð�0; p?Þ�ð�hi þwÞ

þGeqð�0;�hi þw;p?Þ
�eqð�0Þ

�
;

�Gifð�;w;p?Þ ¼
Z �

0
d�0Dð�;�0Þ

�
�0Rifð�0; p?Þ�ð�hi �wÞ

þGeqð�0;�hi �w;p?Þ
�eqð�0Þ

�
;

Gijð�;w;p?Þ ¼
Z �

0
d�0Dð�;�0Þ

�
�0Rijð�0; p?Þ�ð�hij þwÞ

þGeqð�0;�hij þw;p?Þ
�eqð�0Þ

�
: (36)

Here we have introduced the damping function

Dð�2; �1Þ ¼ exp

�
�
Z �2

�1

d�00

�eqð�00Þ
�

(37)

and the functions �hið�; �0Þ ¼ hið�Þ � hið�0Þ and
�hijð�; �0Þ ¼ hijð�Þ � hijð�0Þ. Equations (36) are general-

izations of the formulas used previously in the literature
where the relaxation time was constant [27]. By using the
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boost-invariant variables, the equilibrium distribution
function may be rewritten in the following form:

Geqð�;w; p?Þ ¼ 2

ð2�Þ3 exp

2
4�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 þ p2

?�
2

q
Tð�Þ�

3
5: (38)

C. Boost-invariant form of the conductive
and displacement currents

1. Conductive current

By the explicit calculations starting with Eq. (24) one
can check that the boost-invariant conductive current has
the form

j� ¼ ðz; 0; 0; tÞJð�Þ; (39)

where

Jð�Þ ¼ g

�2

Z dw

v
d2p?wAð�;w; p?Þ: (40)

The function Að�; w; p?Þ is a combination of the distribu-
tion functions multiplied by the appropriate color charges;
see Eq. (24). This leads us to the expression

Jð�Þ ¼ gNf

4�3

X
i

�i
Z �

0
d�0Dð�; �0Þ

� ½2�0�2
i ð�0Þ
ið�; �0ÞC�ð
ið�; �0ÞÞ � �J

i ð�; �0Þ	
þ g

4�3

X
i>j

�ij

Z �

0
d�0Dð�; �0Þ½2�0�2

ijð�0Þ
ijð�; �0Þ

� Cþð
ijð�; �0ÞÞ � �J
ijð�; �0Þ	: (41)

The function 
ð�; �0Þ is defined by the formula (below,
for clarity of notation, in most places we skip the color
indices i, j)


ð�; �0Þ ¼ �hð�; �0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2ð�; �0Þ þ�ð�0Þ�2=�p ; (42)

whereas the functions C
 are defined as integrals [11]

C
ð
Þ ¼
Z 1

0
d�

j ln ð1
 e��Þjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 þ ð1� 
2Þ�p : (43)

The function �Jð�; �0Þ appearing in (41) is defined as an
integral over the equilibrium distribution function

�Jð�; �0Þ ¼ 8�3

�eqð�0Þ
Z

dw
Z

d2p?
w

v

�Geqð�0;�hð�; �0Þ þ w;p?Þ: (44)

In the limit �eq ! 1 the �J terms in (41) vanish, and

Eq. (41) is reduced to the expression derived for the first
time in [11].

2. Displacement current

The boost-invariant displacement current has the same
form as the conductive current, namely,

j�D ¼ ðz; 0; 0; tÞJDð�Þ; (45)

where

JDð�Þ¼
gNf

2�3�

X
i

�i�ið�Þ
�ið�Þþ�q

ffiffiffiffiffiffiffiffiffiffiffiffi
�ið�Þ
�

s
sgnð�i �EÞD�ð0Þ

þ g

2�3�

X
i>j

�ij�ijð�Þ
�ijð�Þþ�g

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�ijð�Þ
�

s
sgnð�ij �EÞDþð0Þ;

(46)

and the functions D
ð
Þ are defined as integrals [11]

D
ð
Þ ¼
Z 1

0
d�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 þ ð1� 
2Þ�

q
j ln ð1
 e��Þj: (47)

We note that Eq. (46) agrees again with the expression used
before in [11].

D. Boost-invariant Maxwell equations

With all the substitutions required by the boost invari-
ance, the field equation (23) may be written in a very
compact form as

d2hð�Þ
d�2

¼ 1

�

dhð�Þ
d�

þ �2½Jð�Þ þ JDð�Þ	: (48)

This is an integro-differential equation for the function
hð�Þ, because the conductive current Jð�Þ depends not
only on hð�Þ but also on the values of hð�0Þ for 0 � �0 �
�. Equation (48) has to be solved numerically for given
initial values. These are taken in the form

hð0Þ ¼ 0;
1

�

dh

d�
ð0Þ ¼ �E0 ¼ �

ffiffiffiffiffiffiffiffiffi
6�q

�r2

s
kq: (49)

In practice, to solve Eq. (48) we apply the iterative method
introduced in [27]. We first assume a certain temperature
time profile in the background thermal distributions; i.e.,
we start with an arbitrary function Tð�Þ and solve the
equation for the field hð�Þ in this background. At the
same time we determine the new temperature profile
from the Landau matching condition. In the next step, we
use the new temperature profile to solve the field equations
and determine the next temperature profile from the
Landau matching condition. Repeating this procedure sev-
eral times, we come to the stable solution for Tð�Þ and the
field hð�Þ.
The solution of (48) is independent of the initial condi-

tion for hð�Þ because of the cancellations connected with
the gauge transformation which leaves E unchanged. Since
the exchange of color charges at the initial stage of a
heavy-ion collision leads to the color fields spanned by
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gluons, we assume that q is one of the gluon color charges
�ij. In reality, after a collision the color distribution of

nuclear disks may be strongly fluctuating in the transverse
direction. In this approach such fluctuations are smoothed
out.

V. ENERGY-MOMENTUM CONSERVATION LAW

A. Energy-momentum tensor of quarks and gluons

The energy-momentum tensor of the produced quarks
and gluons has the form

T�� ¼
Z

dPp�p�

�X
i

X
f

ðGifðx; pÞ þ �Gifðx; pÞÞ

þ X3
i;j¼1

~Gijðx; pÞ
�

¼
Z

dPp�p�Sð�; w; p?Þ: (50)

Here we have introduced the function Sð�; w; p?Þ to denote
the expression in the square brackets in (50). The symme-
try properties (35) imply that Sð�; w; p?Þ is an even func-
tion of w. Using this fact as well as Eqs. (29) and (30) we
find that the energy-momentum tensor (50) may be written
in the form

T�� ¼ ð"þ P?ÞU�U� � P?g�� þ ðPk � P?ÞV�V�;

(51)

where

"ð�Þ ¼
Z

dP
v2

�2
Sð�; w; p?Þ; (52)

Pkð�Þ ¼
Z

dP
w2

�2
Sð�; w; p?Þ; (53)

P?ð�Þ ¼
Z

dP
p2
?
2

Sð�;w; p?Þ: (54)

The structure of the energy-momentum tensor (51) is
typical for anisotropic systems; for example, see [62–64].

If we used the equilibrium distribution functions in (50),
we would obtain the equilibrium energy-momentum tensor
of the form

T
��
eq ¼ ð"eq þ PeqÞU�U� � Peqg

��; (55)

where

"eq ¼ ð6Nf þ 6Þ 6T
4

�2
¼ 36ðNf þ 1ÞT4

�2
; Peq ¼ 1

3
"eq:

(56)

The factor 6T4=�2 describes the energy density of classical
(Boltzmann) massless particles with the spin degeneracy 2.
The Landau matching (20) is reduced in this case to the
equation

"ð�Þ ¼ "eqð�Þ ¼
36ðNf þ 1ÞT4ð�Þ

�2
: (57)

Equation (57) allows us to determine the effective tem-
perature of the system and to use it in the background
distribution functions.

B. Energy conservation for field and matter

The energy-momentum conservation law for the system
of quarks, gluons, and the chromoelectric field has the form

@�T
��ðxÞ þ @�T

��
fieldðxÞ ¼ 0: (58)

Here T�� is given by Eq. (51), while T
��
field is a diagonal

energy-momentum tensor of the field

T��
field ¼

"field 0 0 0

0 "field 0 0

0 0 "field 0

0 0 0 �"field

0
BBBBB@

1
CCCCCA; "field ¼ 1

2
E2:

(59)

One may notice that the field acts as matter whose trans-
verse pressure is positive and equal to the field energy
density "field. On the other hand, the field longitudinal
pressure is negative and equals �"field.
The total energy momentum tensor may be written in the

form analogous to (51), namely,

T��
total ¼ ð"þ P? þ 2"fieldÞU�U� � ðP? þ "fieldÞg��

þ ðPk � P? � 2"fieldÞV�V�

� ð"total þ P?
totalÞU�U� � P?

totalg
��

þ ðPk
total � P?

totalÞV�V�: (60)

The energy-momentum conservation (58) implies that the
following equation should be always satisfied:

d"field
d�

þ d"

d�
¼ �"þ Pk

�
: (61)

We note that, in the case without the field, the first term on
the left-hand side of Eq. (61) is absent and (61) is reduced
to the equation used in anisotropic hydrodynamics for one-
dimensional and boost-invariant expansion. Moreover,
for isotropic pressure, Pk ¼ "=3, Eq. (61) is reduced to

Bjorken’s law.

C. Equations of motion

In this section, we show that the field equations
(23)–(25) guarantee that the energy and momentum of
our system are conserved quantities. The � ¼ 0 component
of the energy-momentum conservation equation includes
the terms

@�T
�0
field ¼

@

@t

�
1

2
E2

�
¼ E � @E

@t
¼ �F30 � @F

03

@t
(62)
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and

@�T
�0 ¼

Z
dPp0p�@�

�X
i

X
f

ðGif þ �GifÞ þ
X3
i;j¼1

~Gij

�

¼ �gF�� �
Z

dPp0p�@
p
�

�X
i

�i
X
f

ðGif � �GifÞ

þ X3
i;j¼1

�ij
~Gij

�

þ 2
Z

dPp0

�X
i

X
f

dNif

d�inv

þX
i>j

d ~Nij

d�inv

�
: (63)

In Eq. (63) we used the kinetic equations (5)–(7) and
applied the Landau matching (20). This allows us to write
the � ¼ 0 component of the total energy-momentum
conservation law in the form

F30 � @F
03

@t
¼ F30 � g

Z
dPp3

�X
i

�i
X
f

ðGif � �GifÞ

þ X3
i;j¼1

�ij
~Gij

�
þ F30 �

Z
dP

�X
i

2p0�i
�i � F30

�X
f

dNif

d�inv

þX
i>j

2p0�ij

�ij � F30

d ~Nij

d�inv

�
: (64)

We thus see that the field equations (23)–(25) with the
definitions of the dipole moments (26) represent a suffi-
cient condition to have the total energy of the system
conserved (note that the delta functions present in the
production rates generate zero longitudinal momenta at
z ¼ 0). Similarly, we may analyze the � ¼ 3 component
of the energy-momentum conservation law and obtain the
same conclusion.

VI. RESULTS

A. Initial conditions and model parameters

In this section, we present our main results. In the
numerical calculations we use two values of the parameter
k (k ¼ 5 and k ¼ 10) and three values of the parameter
4� ��; see Eqs. (21) and (22). The extra cases defined by the
condition 4� �� ¼ 1 correspond to the situations where the
collision terms are absent and the system’s dynamics is
determined by the mean field only (Boltzmann-Vlasov
limit). For the sake of simplicity, the masses of quarks
are neglected and we take into account only two quark
flavors, Nf ¼ 2 (the incorporation of the finite quark

masses into the present formalism is quite straightforward,
but all the equations become much more intricate; see, for
example, Ref. [12]). In addition, we assume that the initial
field is spanned by the gluons with the charge �12:

E0 ¼ ðE0
ð3Þ; E

0
ð8Þ ¼ 0Þ ¼

ffiffiffiffiffiffiffiffiffi
6�q

�r2

s
k�12: (65)

In this case, the second component of the field is always
zero. With the initial condition (65) we solve Eq. (48) and
obtain the functions hð�Þ ¼ ðhð3Þð�Þ; hð8Þð�Þ ¼ 0Þ and Tð�Þ.
The knowledge of hð3Þð�Þ and Tð�Þ allows us to calculate

all other interesting physical quantities.

B. Oscillations vs damping of the color fields

In Fig. 1, we show the time dependence of the chromo-
electric field normalized to its initial value, for k ¼ 5 (left)
and k ¼ 10 (right). Different curves describe our results
obtained for different values of the viscosity. In the case
4� �� ¼ 1 and k ¼ 5 (dotted green line in the left part of
Fig. 1) we reproduce the result obtained earlier in Ref. [11].
This result describes oscillations of the chromoelectric
field which are slowly damped due to the longitudinal
expansion of the system. Similarly, in the case 4� �� ¼ 1
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FIG. 1 (color online). Time dependence of the chromoelectric field for different values of the viscosity in the case k ¼ 5 (left) and
k ¼ 10 (right). The values of the field are normalized to its initial value.
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and k ¼ 10 (dotted green line in the right part of Fig. 1) we
deal again with the oscillations of the chromoelectric
field—they are faster than those found in the case 4� �� ¼
1 and k ¼ 5. The increase of the field frequency with the
increasing strength of the initial chromoelectric field was
observed earlier for k � 5 in Ref. [11].

A new aspect of the present work is the inclusion of the
viscosity effects which are characterized by the parameter
4� ��. As the viscosity of the system decreases, the colli-
sions between particles become more frequent, the system
becomes more dissipative, and the oscillations of the chro-
moelectric field are more and more damped. For 4� �� ¼ 1
the oscillations practically disappear for both k ¼ 5 and
k ¼ 10 (solid red lines in the left and right parts of Fig. 1).
Nevertheless, for larger values of the viscosity (for
example, for 4� �� ¼ 3) the effects of collisions do not
seem to be efficient enough to completely damp down
the plasma oscillations. Only if the viscosity is defined
by the KSS bound may the oscillations be neglected.

It is interesting to note that the dependence of the
relaxation time on the inverse of the effective temperature
makes �eq on average smaller in the case k ¼ 10 than in the

case k ¼ 5. This leads to similarities between the cases
k ¼ 5 and k ¼ 10, because larger initial fields in the case
k ¼ 10 are damped faster by the collisions, while the
smaller initial fields in the case k ¼ 5 are damped slower.

C. Effective temperature and effective viscosity

Figure 2 shows the time dependence of the effective
temperature Tð�Þ of the system for k ¼ 5 (left) and k ¼
10 (right). Again, different curves describe our results
obtained for different values of the viscosity. The effective
temperature is a measure of the energy density of the
produced quarks and gluons; see Eq. (57). Initially, it is
equal to zero; however, due to the fast decay of the initial
chromoelectric field, it grows rapidly at the very early
stages of the evolution of the system. After the initial rapid

growth, the effective temperature decreases in a qualita-
tively similar way to that predicted in the Bjorken model

[61]; one may check that Tð�Þ � ��1=3. However, the
presence of both viscosity and color fields leads to notice-
able deviations from the Bjorken-scaling behavior.
In order to quantitatively characterize the system’s

behavior at later times we assume that the plasma may
be characterized by the first-order viscous-hydrodynamics
equations. In the case of one-dimensional boost-invariant
expansion, the ratio of the shear viscosity to entropy den-
sity is connected with the system’s effective temperature
Tð�Þ and its time derivative dTð�Þ=d� through the formula

dT

d�
þ T

3�
¼ 4 ��eff

9�2
: (66)

We use the numerical results for the functions Tð�Þ shown
in Fig. 2 and substitute them into the left-hand side of
Eq. (66) in order to calculate the effective viscosity ��eff .
The functions ��effð�Þ obtained for different values of the
parameters k and 4� �� are shown in Fig. 3.
At first, in the two upper parts of Fig. 3, one can notice

that in the minimum viscosity case (defined by the condi-
tion 4� �� ¼ 1) the effective viscosity of the system starts to
agree very well with the viscosity parameter �� after
1–2 fm=c, for both k ¼ 5 and k ¼ 10. In practice, this
means that for � > 1 fm=c our complicated system of
fields and particles is very well described by the first-order
viscous hydrodynamics (and, consequently, also by the
second-order hydrodynamics).
On the other hand, for larger values of the viscosity,

for example, in the cases 4� �� ¼ 3 and 4� �� ¼ 10
(see the two middle and two lower parts of Fig. 3), the
effective viscosity ��eff differs from the value of ��. In these
cases the collisions in the plasma become inefficient to
damp down the plasma oscillations. The presence of such
oscillations brings in differences between the kinetic and
viscous-hydrodynamics descriptions and indicates that the
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FIG. 2 (color online). Time dependence of the effective temperature T for different values of the viscosity in the case k ¼ 5 (left) and
k ¼ 10 (right).
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viscous-hydrodynamics description after 1–2 fm=c is not
completely satisfactory if 4� �� � 3.4 The presence of
the color fields at this stage suggests that the viscous
hydrodynamics should be extended to include transport
phenomena connected with color conductivity.

However, it is interesting to observe in the case
4� �� ¼ 3 that, although ��eff and �� are different, after
1–2 fm=c the effective viscosity starts to fluctuate around
the constant value corresponding to ��. In this case, one
may consider averaging over different color flux tubes
which washes out the oscillations in such a way that the
averaged system may be effectively well described by the
viscous hydrodynamics. It is also interesting to notice that
similar patterns in the behavior of the effective viscosity
have been observed in Ref. [25]; see also [65].

D. Energy density, longitudinal pressure,
and transverse pressure

In Fig. 4, we show the time dependence of the energy
density "ð�Þ, the longitudinal pressure Pkð�Þ, and the

transverse pressure P?ð�Þ of the produced quarks and
gluons. These quantities have been calculated according
to the formulas given in Appendix A—see discussions

following Eqs. (A1), (A4), and (A7). Here we use again
the values k ¼ 5 (left) and k ¼ 10 (right). In order to have
similar time asymptotic behavior for all thermodynamics-
like quantities shown in the figure, the two pressures are
multiplied by a factor of 3. Three panels in the left and right
parts of Fig. 4 correspond to three different values of the
parameter 4� ��.
The two upper parts of Fig. 4 may be interpreted as an

illustration of the fast and almost complete thermalization
of matter—the energy density of the plasma as well as the
two rescaled pressures approach each other very fast. This
result indicates that the viscosity corresponding to the
choice 4� �� ¼ 1 is efficient to equilibrate the system
within 1–2 fm=c. Nevertheless, small differences between
the energy density and the two rescaled pressures remain.
They are caused by the nonzero viscosity included in the
kinetic approach, which has been discussed above.
The two middle panels of Fig. 4 show our results

obtained for 4� �� ¼ 3. In this case the differences between
the functions "ð�Þ, 3Pkð�Þ, and 3P?ð�Þ are larger. In par-

ticular, the longitudinal pressure (dashed lines) is clearly
below the transverse pressure (dotted lines) for � >
1 fm=c. This is certainly an effect of the nonzero viscosity
of the system which tends to lower the longitudinal
pressure and to increase the transverse pressure.
The differences between the transverse and longitudinal

pressures become even larger in the case 4� �� ¼ 10, which
is shown in the two lower panels of Fig. 4. In this case, the
longitudinal pressure is not only much smaller than the
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FIG. 3 (color online). Time dependence of the effective viscosity ��eff for different values of the parameter 4� �� in the case k ¼ 5
(left) and k ¼ 10 (right).

4The same holds if one uses the second-order hydrodynamics.
The oscillations of the plasma parameters imply strong varia-
tions in the initial conditions for hydrodynamics and make the
pure hydrodynamic predictions very unstable.
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transverse pressure but it strongly oscillates in time. The
survival of such oscillations indicates that the collision rate
is not sufficiently fast to destroy collective phenomena in
the plasma.

E. Longitudinal vs transverse pressure

In order to follow in more detail the system’s approach
towards local thermodynamic equilibrium, in Fig. 5 we
show the time dependence of the ratio Pkð�Þ=P?ð�Þ. At
� ¼ 0 the longitudinal pressure is zero. This behavior is
connected with the fact that tunneling particles emerge

from the vacuum with vanishing longitudinal momenta
[see the Dirac delta functions �ðpkÞ or �ðwÞ appearing in

the quark and gluon production rates, Eqs. (13), (15), and
(32)]. In the collisionless case 4� �� ¼ 1, the ratio of the
two pressures strongly oscillates and its average value is
significantly smaller than 1. With decreasing viscosity, the
ratio Pkð�Þ=P?ð�Þ gets closer to unity.

In Fig. 5, the two pressures characterize the produced
quarks and gluons. It is interesting to note, however, that
the chromoelectric field gives extra contributions to the
longitudinal and transverse pressures, and the complete
expressions for the pressures should include the field parts.
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FIG. 5 (color online). Time dependence of the ratio Pkð�Þ=P?ð�Þ for k ¼ 5 (left) and k ¼ 10 and for different values of the viscosity.
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FIG. 4 (color online). Time dependence of the energy density, longitudinal pressure, and transverse pressure of the produced
quark-gluon plasma again in the case k ¼ 5 (left) and k ¼ 10 (right).
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The ratio of the total (particlesþ field) longitudinal pres-
sure and the total (particlesþ field) transverse pressure is
shown in Fig. 6. Since the longitudinal chromoelectric
field gives a negative contribution to the longitudinal
pressure and a positive contribution to the transverse
pressure, the main effect of the field is to lower the
Pkð�Þ=P?ð�Þ ratio calculated for the system of particles

only. This effect is, of course, the strongest at the initial
stages when the color fields are the strongest. For later
times, when the field decays and becomes negligible, the
field contributions to the energy-momentum tensor
become irrelevant and the results shown in Figs. 5 and 6
are very much similar.

VII. CONCLUSIONS

In this paper we have analyzed equilibration of the
quark-gluon plasma produced by decays of color flux tubes
possibly created at the early stages of relativistic heavy-ion
collisions. A novel feature of our approach is the imple-
mentation of the viscosity of the produced quark-gluon
plasma in terms of a constant ratio of the shear viscosity
coefficient to the entropy density, �� ¼ �=� ¼ const. For
constant ��, the relaxation time in the collision terms
becomes a function of the effective temperature of the
plasma, and the numerical analysis of the kinetic equations
becomes much more involved than that applied in the case
where the relaxation time is a constant.

In our numerical calculations we have used realistic
values of the initial field strength and the viscosity.
The initial field strength is chosen in such a way that the
effective temperature of the produced plasma reaches
values expected at RHIC and the LHC, Tmax �
300–500 MeV. For the lowest (KSS) value of the ratio of
the shear viscosity to the entropy density, 4� �� ¼ 1, the
analyzed system approaches the viscous-hydrodynamics
regime within 1–2 fm=c. On the other hand, for larger

values of the viscosity, 4� �� � 3, the collisions in the
plasma are not efficient to destroy collective phenomena
in the plasma, which manifest themselves as oscillations of
different plasma parameters. The presence of such oscil-
lations after the first 1–2 fm=c brings in differences
between the kinetic and viscous hydrodynamic descrip-
tions, which suggests that the viscous-hydrodynamics
description is not complete at this stage if 4� �� � 3 and
should be extended to include dissipative phenomena
connected with color conductivity.
Although our model includes nonperturbative phe-

nomena connected with the Schwinger tunneling
process, the proposed framework is based on the Abelian
assumption. For fast varying fields, such an assumption
may not be justified, and further developments of our
approach are necessary to achieve a more realistic picture
of the quark-gluon plasma. The further developments
should include the gluon saturation phenomenon in the
initial condition and the presence of the chromomagnetic
field in addition to the chromoelectric field in the color
flux tubes.
Another way of extension of the present framework is

the inclusion of the transverse expansion of the produced
matter. However, in this case the system’s description
becomes much more complicated, and, perhaps, com-
pletely different realizations of the color-flux-tube
model might be necessary, for example, in the form of
Monte-Carlo simulations of decaying and interacting
tubes; see [66].
To some extent, the framework presented in this paper

may be regarded as complementary to other approaches
used nowadays to analyze the isotropization or thermaliza-
tion of matter produced in relativistic heavy-ion collisions
[67–73]. For example, in contrast to Refs. [67,68] where
(i) one uses weak coupling techniques, (ii) the background
distribution function is fixed (describing the parton
free streaming), and (iii) the plasma instabilities in the
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FIG. 6 (color online). The same as Fig. 5 but the pressures include the contributions from the field.
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non-Abelian version are taken into account, (i) our
approach uses the large coupling constant, (ii) the kinetic
and field equations are solved in a self-consistent way, and
(iii) there are no plasma instabilities in our Abelian case.
In the future analyses it will be interesting to check if the
damping of the plasma oscillations described in this paper
may have its analog in a possible damping of unstable
modes in the plasma (an effect which may also lead to
thermalization). In the very recent paper [26], a rapid
increase with the coupling constant of the ratio of
longitudinal to transverse pressure has been shown. This
type of dependence on the coupling constant is qualita-
tively reproduced in our model by decreasing the value
of viscosity.
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APPENDIX A: ENERGY DENSITY,
LONGITUDINAL PRESSURE,
AND TRANSVERSE PRESSURE

In this Appendix, we give details of our calculations of
the energy density and the two pressures, which have been
presented in Sec. VI.

1. Energy density

Our starting point for the calculation of the energy
density of quarks and gluons is Eq. (52):

"ð�Þ ¼
Z

dP
v2

�2

�
Nf

X
i

ðGiðx; pÞ þ �Giðx; pÞÞ

þX
i>j

ð ~Gijðx; pÞ þ ~Gjiðx; pÞÞ
�

¼ 2

�2

Z
dw

Z
d2p?v

�
Nf

X
i

Giðx; pÞ þ
X
i>j

~Gijðx; pÞ
�
:

(A1)

Since in the numerical calculations we take into account
only two massless flavors, we have changed here our
notation from Gifðx; pÞ to Giðx; pÞ and replaced the

sum by the factor Nf. We have also used the symmetry

properties of the distribution functions with respect to the
change w ! �w; see Eq. (35). In the next step we use
the general forms of the solutions of the kinetic
equations (36) and substitute them into Eq. (A1). In this
way we obtain

"ð�Þ¼ Nf

4�3�2

Z �

0
d�0Dð�;�0ÞX

i

�
2�0�2

i ð�0ÞD�ð
ið�;�0ÞÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2i ð�;�0Þþ

�ið�0Þ�2
�

s
þ�"

i ð�;�0Þ
�

þ 1

4�3�2

Z �

0
d�0Dð�;�0ÞX

i>j

�
2�0�2

ijð�0ÞDþð
ijð�;�0ÞÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h2ijð�;�0Þþ

�ijð�0Þ�2
�

s
þ�"

ijð�;�0Þ
�
: (A2)

The function 
ð�; �0Þ has been already defined by Eq. (42),
while the functions D
ð
Þ have been defined by Eq. (47).
The function �"ð�; �0Þ is defined as an integral over the
equilibrium distribution function

�"ð�;�0Þ¼ 8�3

�eqð�0Þ
Z
dw

Z
d2p?vGeqð�0;�hð�;�0Þþw;p?Þ:

(A3)

2. Longitudinal pressure

In order to calculate the longitudinal pressure we use
Eq. (53):

Pkð�Þ¼
Z
dP

w2

�2

�
Nf

X
i
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�
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X
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(A4)

Using Eqs. (36) one finds

Pkð�Þ¼
Nf
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(A5)

where the functions C
ð
Þ have been defined by Eq. (43)
and

�kð�; �0Þ ¼ 8�3

�eqð�0Þ
Z

dw
Z

d2p?
w2

v

�Geqð�0;�hð�; �0Þ þ w;p?Þ: (A6)
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3. Transverse pressure

The transverse pressure is obtained from Eq. (54):

P?ð�Þ ¼ 1

2
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dPp2
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�
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?
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�
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X
i
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�
:

(A7)

Using again the general forms of the solutions of the
kinetic equations—see Eqs. (36)—one finds

P?ð�Þ ¼
Nf
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(A8)

where

�?ð�; �0Þ ¼ 8�3

�eqð�0Þ
Z

dw
Z

d2p?
p2
?�

2

2v

�Geqð�0;�hð�; �0Þ þ w; p?Þ (A9)

and

E
ð
Þ ¼
Z 1

0

d��j ln ð1
 e��Þjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 þ ð1� 
2Þ�p : (A10)

The functions (43), (47), and (A10) satisfy the constraint
D
ð
Þ ¼ 
2C
ð
Þ þ ð1� 
2ÞE
ð
Þ.

APPENDIX B: � FUNCTIONS

The functions �ð�; �0Þ defined by Eqs. (44), (A3), (A6),
and (A9) have a form of the integral

�ð�;�0Þ ¼ 8�3

�eqð�0Þ
Z

dw
Z

d2p?Xð�;w;p?Þ

�Geqð�0;�hð�;�0Þ þw;p?Þ
¼ 4�

Z þ1

�1
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Z 1

0
p?dp?Xð�;w;p?Þ

� exp

2
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�hð�;�0Þ þwÞ2 þp2

?�
02

q
Tð�0Þ�0

3
5; (B1)

where the function Xð�; w; p?Þ equals w=v, v, w2=v, and

p2
?�

2=ð2vÞ, respectively (we recall that v¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2þp2

?�
2

q
).

Introducing the new integration variables y ¼ wþ �h and
b ¼ p?=Tð�0Þ and using the notation Tð�0Þ ¼ T0, we
rewrite (B1) as

� ¼ 4�T02 Z þ1

�1
dy

Z 1

0
bdbXð�; y��h; T0bÞ

� exp

2
4�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2

T02�02
þ b2

s 3
5: (B2)

In the next step we define a ¼ y=ðT0�0Þ and obtain

� ¼ 4�T03�0
Z þ1

�1
da

Z 1

0
bdbXð�; T0�0a� �h; T0bÞ

� exp ½�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
	: (B3)

Changing to the polar coordinates a ¼ r cos� and
b ¼ r sin� we find

� ¼ 4�T03�0
Z 1

0
e�rr2dr

Z �

0
d� sin�

� Xð�; T0�0r cos���h; T0r sin�Þ: (B4)

In the case � ¼ �J (X ¼ w=v),

�Jð�; �0Þ ¼ 4�T3ð�0Þ�0
Z 1

0
drr2e�rFJ
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�0
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�
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(B5)

where

FJðx; yÞ ¼ y
Z �

0

sin�ðcos�� xÞd�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2ðcos�� xÞ2 þ sin 2�

p : (B6)

In the case � ¼ �" (X ¼ v),

�"ð�; �0Þ ¼ 4�T4ð�0Þ�2
Z 1

0
drr3e�rF"
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(B7)

where

F"ðx; yÞ ¼ y
Z �

0
sin�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2ðcos�� xÞ2 þ sin 2�

q
d�: (B8)
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In the case � ¼ �k (X ¼ w2=v),

�kð�; �0Þ ¼ 4�T4ð�0Þ�2
Z 1

0
drr3e�rFk

�
�hð�; �0Þ
Tð�0Þ�0r ;

�0

�

�
;

(B9)

where

Fkðx; yÞ ¼ y3
Z �

0

sin�ðcos�� xÞ2d�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2ðcos�� xÞ2 þ sin 2�

p : (B10)

We note that the definition of the variable v—see

Eq. (28)—implies that �" ¼ �k þ 2�?. Hence, the func-
tion �? may be expressed in terms of �" and �k. We also
note that the integrals (B6), (B8), and (B10) are analytic.
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Abstract
Adetailed study of thermalization of themomentum spectra of partons produced
via decays of colour flux tubes due to the Schwinger tunnelling mechanism is
presented. The collisions between particles are included in the relaxation-time
approximation specified by different values of the shear viscosity to entropy
density ratio. At first we show that, to a good approximation, the transverse-
momentum spectra of the produced partons are exponential, irrespective of the
assumed value of the viscosity of the system and the freeze-out time. This
thermal-like behaviour may be attributed to specific properties of the Schwinger
tunnelling process. In the next step, in order to check the approach of the system
towards genuine local equilibrium, we compare the local slope of the model
transverse-momentum spectra with the local slope of the fully equilibrated
reference spectra characterized by the effective temperature that reproduces the
energy density of the system.Wefind that the viscosity corresponding to the anti-
de Sitter/conformal field theory lower bound is necessary for thermalization of
the system within about two fermis.

Keywords: relativistic heavy-ion collisions, quark–gluon plasma, Boltzmann–
Vlasov equations, colour-flux-tube model, thermalization, relativistic fluid
dynamics, kinetic theory

(Some figures may appear in colour only in the online journal)

1. Introduction

The properties and space-time evolution of strongly interacting matter produced in ultra-
relativistic heavy-ion collisions at the Relativistic Heavy-Ion Collider (RHIC) and the Large
Hadron Collider (LHC) have been subject to intense experimental and theoretical studies for
more than a decade now. Detailed analyses of hadronic observables suggest that the initial
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processes in a short time of about one fermi give rise to a relatively well equilibrated system
of elementary particles that have been named quark–gluon plasma [1]. Due to its non-Abelian
structure, the underlying theory of such processes, quantum chromodynamics (QCD), is far
too complex to study the system’s real time dynamics. Instead, it is argued that the system, if
thermalized sufficiently early, may be subsequently described in the classical framework of
fluid dynamics [2–28], with initial conditions determined within some microscopic model of
the initial stage, such as the colour glass condensate/glasma model [29–32], the Monte-Carlo
Glauber model [33] or the IP-glasma model [34].

The fast thermalization required for subsequent application of viscous fluid dynamics in
such a system is, however, hard to prove and in fact has been a subject of intensive studies
over the last few years that have identified, in particular, the important role of plasma
instabilities [35–41]. Nevertheless, significant progress has been made recently in this subject
using microscopic approaches, both in the weak [42–45] and strong [46–49] coupling limits.
Qualitatively, similar results have been also found recently in [50], in a simpler framework of
the colour-flux-tube model [51–57], where the colour field dynamics is treated in the Abelian
dominance approximation [58–65] (these results have been reproduced in [66], in the Monte-
Carlo transport approach [67–73]). In [50] the production of partons appears in the model
through the decay of colour fields by the Schwinger tunnelling mechanism [51, 52, 56,
74–79], and the thermalization is included explicitly through the introduction of the colli-
sional kernels treated in the relaxation-time approximation (RTA)1[82–90].

In this paper we present a detailed study of the early-time thermalization of the spectrum
of the plasma constituents in relativistic heavy-ion collisions using the framework described
in [50]. At first, we find that without the collisions the system, although showing thermalized
(i.e. of the exponential shape) transverse-momentum, p̂ , spectra, is free-streaming, with the
proper-time dependence of the effective temperature described very well by the exact (0 + 1)-
dimensional ((0 + 1)D) free-streaming solution found within the anisotropic hydrodynamics
in [13, 14]. Hence, this case may be described as apparent two-dimensional thermalization. In
the next step, we argue that the inclusion of collisions with the shear viscosity to entropy
density ratio h̄ h= s, corresponding to the anti-de Sitter/conformal field theory (AdS/CFT)
lower bound of ( )p1 4 [91, 92], is necessary to fully thermalize the system within about two
fermis, which is required for subsequent application of viscous fluid dynamics. By full
thermalization in this context we mean reaching local equilibrium, where the system is
isotropic in the momentum space and the three-dimensional spectra correspond to equilibrium
distributions. Finally, we show that the deviations of the exact spectra predicted by our model
from the fully thermalized ones may be very well handled with the use of the standard viscous
hydrodynamics phase-space distribution function obtained within the Grad 14-moment
approximation. We identify this fact with the so called hydrodynamization of the system [48].

The structure of the paper is as follows: in section 2 we introduce the Bjorken symmetry
and several parametrizations used in the calculations. In section 3 we review the version of the
colour-flux-tube model introduced first in [50]. In section 4 we derive the formulas for the
transverse-momentum spectra of partons using the Cooper–Frye formula. In section 5 we
discuss our results for the collisionless plasma and plasma with collisions included. We
summarize in section 6. In the paper we use natural units where c = 1, kB = 1, and  = 1.

1 We stress here, that, although the approaches using the RTA describe the transient far-from-equilibrium dynamics
of the full kinetic theory in heavy-ion collisions reasonably well, see [80, 81], to the best of our knowledge, there is
no formal proof of applicability of the RTA to such systems. Herein we keep the RTA as an assumption.
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2. Imposing Bjorken symmetry

In the case of a (0 + 1)D, longitudinally boost-invariant and transversally homogeneous
expansion (commonly referred to as the Bjorken model [93]), it is convenient to introduce
Milne parameterization of Minkowski space-time coordinates

( ) ( ) ( ) t h t h= =m
^ ^x t x z x, , cosh , , sinh , 1

where t º -t z2 2 is the longitudinal proper time and ( )h º - z ttanh 1 is the space-time
rapidity. The corresponding boost-invariant parameterization of the particle four-momentum
is

( ) ( ) ( ) 
= =m

^ ^ ^ ^p E p p m y p m y, , cosh , , sinh , 2

where º +^ ^m m p2 2 is the transverse mass and ( )º -y E ptanh 1 is the rapidity. For the
particles on the mass shell we have


= - =p E p m2 2 2 2, where m is the particle rest mass.

The flow of matter is fixed by the Bjorken symmetry and has the form [93]

( ) ( )t t=mu t z, 0, 0, . 3

We also introduce the other two convenient boost-invariant variables [53], which mix space-
time and four-momentum coordinates, namely

( ) ( ) t h= - = -^w tp zE m ysinh , 4

( ) ( ) t h= - = -^v Et p z m ycosh . 5

We note that t- = ^v w m2 2 2 2.
The requirement of boost-invariance implies that all scalar functions of space and time

depend on τ solely, whereas the phase-space distribution function may depend only on τ, w
and p̂ [53], i.e. ( ) ( )t= ^f x p f w p, , , . The integration measure in the momentum sector of
the phase-space is = =^ ^P p p w p vd dp d d d2 0 2 and the Lorentz-invariant element of the
phase-space is G = x Pd d dinv

4 . In what follows we neglect masses of quarks and set m = 0.

3. Quark–gluon plasma dynamics in the colour-flux-tube approach

Henceforth, we consider a quark–gluon plasma whose dynamics in the Abelian dominance
approximation [58–64] may be described within the following transport equations

( · ) ( ) ( )¶ + ¶ =
G

+m
m

mn
n mp g p f x p

N
CF ,

d

d
, 6i

p
if

if
if

inv

( · ) ¯ ( ) ¯ ( )¶ - ¶ =
G

+m
m

mn
n mp g p f x p

N
CF ,

d

d
, 7i

p
if

if
if

inv

( · ) ( ) ( )h¶ + ¶ =
G

+
~

~
m

m
mn

n mp g p f x p
N

CF ,
d

d
, 8ij

p
ij

ij
ij

inv

for quark, antiquark, and charged-gluon single-particle phase-space distribution functions, see
[50]. The terms on the left-hand side of equations (6)–(8) describe the free-streaming of
particles and their interaction with the mean colour field, ( )( ) ( )=mn mn mnF FF ,3 8 , with the only
non-vanishing component corresponding to the longitudinal chromoelectric field, =F30 .
The partons couple to the field through the charges i (for quarks), - i (for antiquarks), and
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 h = -ij i j (for gluons) [94], where the colour indices i j, run from 1 to 3. The index f in
equations (6)–(8) onward denotes the quark/antiquark flavour.

The first terms on the right-hand side of equations (6)–(8) describe the particle production
due to the decay of the colour field through the Schwinger tunnelling mechanism
[51, 52, 56, 74, 75] and they are given by the formula ( )dG =N p pd d inv

0, where

( )
p

p
=

L
- -

L
^

⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞
⎠
⎟⎟

m

4
ln 1 exp , 9if

i f

i
3

2

( )
p

p
=

L
+ -

L

~

~
~ ^

⎛
⎝
⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞
⎠
⎟⎟

p

4
ln 1 exp , 10ij

ij

ij
3

2

and

( ∣ · ∣ ) ( ∣ · ∣ ) ( )  s q sL = - -g g , 11i i q i q

( ∣ · ∣ ) ( ∣ · ∣ ) ( ) h hs q sL = - -
~

g g , 12ij ij g ij g

where ( )sq g is the string tension for quarks (gluons), g is the strong coupling constant, and θ is
the step function. The last terms in equations (6)–(8) describe the collision terms which herein
are treated in the relaxation-time approximation [82–84, 86, 87]

¯
¯

( )


t t t
=

-
=

-
=

-~
C pu

f f
C pu

f f
C pu

f f
, , , 13if

if
if

if
ij

ij
eq

eq

eq

eq

eq

eq

where

( )
( )

( )
( )

( )
p

= -
⎛
⎝⎜

⎞
⎠⎟f x p

g pu x

T x
,

2
exp , 14eq s

3

with gs = 2 being the spin degeneracy. The temperature T in equation (14) is obtained from
the Landau matching condition, requiring that the energy density of the actual partonic
system, described by the superposition of the quark and gluon distribution functions, equals
the energy density in thermal equilibrium, namely

( ) ( ¯ ) ( ) ( ) ( ) ( )ò òåå å+ + = +
¹ =

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥P pu f f f N P pu f Td 6 6 d . 15

f

N

i
if if

i j j
ij f

2
3

, 1

3
2 eq

f

The relaxation time is expressed through the shear viscosity to entropy density ratio h̄ as
( ) ¯ ( )t t h t= T5eq [95–100].
It is straightforward to check that in the case of a (0 + 1)D Bjorken expansion the kinetic

equations (6)–(8) have the following formal solutions [50]
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( ) ( ) ( ) ( )
( )

( )

¯ ( ) ( ) ( ) ( )
( )

( )

( ) ( ) ( ) ( )
( )

( )
( )









ò

ò

ò

t t t t t t d
t

t t

t t t t t t d
t

t t

t t t t t t d
t

t t

= ¢ ¢ ¢ ¢ D + +
¢ D +

¢

= ¢ ¢ ¢ ¢ D - +
¢ D -

¢

= ¢ ¢ ¢ ¢ D + +
¢ D +

¢
~

t

t

t

^ ^
^

^ ^
^

^ ^
^

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

f w p D p h w
f h w p

f w p D p h w
f h w p

f w p D p h w
f h w p

, , d , ,
, ,

,

, , d , ,
, ,

,

, , d , ,
, ,

,

16

if if i
i

if if i
i

ij ij ij
ij

0

eq

eq

0

eq

eq

0

eq

eq

where we introduce the damping function ( )( ) ( )òt t t t t= -  
t

t
D , exp d2 1 eq

1

2 . The

functions Dh, which are eventually integrated out when calculating the spectra of particles
(see equation (23)), are defined in [50].

Equations (6)–(8) with the solutions (16) describe the interaction of the partonic degrees
of freedom with the mean colour field mnF . In order to have a self-consistent description we
have to take into account the backreaction of the particle dynamics on the colour field due to
the generated colour currents. Hence, we consider Maxwell equations of the form

( ) ( ) ( ) ( )¶ = +m
mn n nx x xF j j , 17D

where

( ) ( ( ) ¯ ( )) ( ) ( )ò å å å h= - +n n

=

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥x g P p f x p f x p f x pj d , , , 18i

N
if if

i j
ij ij

3 , 1

3

f

and

( ) ( )ò åå å=
G

+
G

~
n n n

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥x P

N N
j d

d

d
d

d

d
d 19D

N

if
if

ij
ij

3 inv 3 inv
f

describe the conductive and displacement current, respectively. The dipole moments of the
produced parton pairs are defined through expressions

· ·
( )

  

h

h
= + = = =n n

^ ^
¹ ¹p m pd d d d

2
,

2
, 0, 0. 20if

i

i
f ij

ij

ij
if ij

3 2 2 3 3 3

Within the Bjorken symmetry described in section 2 and using solutions (16) we arrive at
single integro-differential equation (equation (48) in [50]), which we solve numerically for the
field using the iterative method developed in [85]. At each step of the algorithm the effective
temperature ( )tT required in the equilibrium distributions is determined from Landau
matching (15).

Using the formalism described above we attempt to model the central region of the ultra-
relativistic heavy-ion collisions. A classical field Yang–Mills calculation within the glasma
picture [101] shows that the only non-vanishing components of the initial colour fields
spanned by the receding colour-charged nuclei (just after the collision) are the longitudinal
ones. Moreover, following the traditional colour-flux-tube picture we neglect the colour
magnetic field in our description. Furthermore, we assume that the initial chromoelectric field
is spanned by the gluons with the charge h12. As a result the hypercharge component of the
electric field vanishes identically. The initial chromoelectric field follows from the Gauss law
applied to single colour flux tube and is set by the condition  s= k q2 g , where

s s= = -3 3 GeV fmg q
1,  p= =R̂ 1 fm2 2 is the transverse area of a tube, k = 10 [50] is
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the number of colour charges spanning the tube2, and we choose h=q 12. As a consequence

the strong coupling constant is = »-g 6 GeV fm 5.481 .

4. Transverse-momentum spectra

The transverse-momentum spectra may be calculated from the Cooper–Frye formula [102]

( ) ( ) ( )ò= Sm
m

^

N

y p
x p f x p

d

d d
d , , 21

2

where ( )Sm xd is the element of the freeze-out hypersurface that may be obtained with the help
of the expression known from differential geometry [103]

( )e
h

hS =
¶
¶

¶
¶

¶
¶

m mabg

a b gx

x

x

y

x
x yd d d d . 22

Here emabg is the totally antisymmetric Levi-Civita tensor with e = 10123 . Assuming that the
freeze-out occurs on the constant proper-time hypersurface defined by the condition
t = constant we get t hS =m mu x yd d d d . Since the system is transversally homogeneous
we may arbitrarily set the transverse radius, R̂ , of the system in such a way that the
integration (21) gives the production per unit area,  = 1 fm2. Using equations (2), (3) and
(5) we have t=pu v , which allows us to rewrite equation (21) in the form

( ) ( )òp t=
^

^
-¥

+¥

^
N

y p
R w f w p

d

d d
d , , , 23

2
2

where we changed the integration measure using h =v wd d . In the special case, where the
system is locally in the equilibrium state, the distribution function has the form (14) leading to
the following transverse-momentum spectrum

( ) ( )
( )

p
t

t
=

^

^
^

^⎛
⎝⎜

⎞
⎠⎟

N

p

g R
p K

p

T

d

dy d 2
, 24

2
s

2

2 1

where K1 is the modified Bessel function of the second kind. We note here that for p̂ T
equation (24) scales as ( )-^ ^p T p Texp , hence, to a good approximation, it is an
exponential.

In what follows we assume that the system distribution function is the sum of the quark
and gluon distribution functions (16)

( ) ( ( ) ¯ ( )) ( ) ( )åå åt t t t= + +^ ^ ^
¹ =

^f w p f w p f w p f w p, , , , , , , , . 25
f

N

i
if if

i j
ij

3

1

3f

2 We note here that although we restrict our analysis to the LHC case by setting k = 10 our main conclusions also
hold, up to some small quantitative differences, for the RHIC case where k = 5, see [50].
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Using equation (25) in (23) we get
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where in the numerical calculations we take Nf = 2.

5. Results

In this section we analyse the momentum spectra of partons produced in the system defined
above. In order to have a reference case, we first consider the plasma without collisions,
which is formally obtained by setting the ratio h s to infinity. Subsequently, we move to the
discussion of the influence of collisions on the system behaviour. The effect of collisions is
included using the RTA collisional kernels.

5.1. Collisionless plasma

Let us first consider the plasma production described by equation (26), excluding the colli-
sions of particles, which corresponds to setting h̄ = ¥3. In this case, after a short time,
t » -0.5 1 fm, the shape of the parton spectrum becomes frozen, see the left panel of
figure 1. In order to study the proper-time evolution of the spectra in more detail, in the right
panel of figure 1 we plot the negative inverse logarithmic slope4 λ of the spectrum defined in
the following way

Figure 1. The transverse-momentum spectra of partons obtained from equation (26),
with the collisions excluded, shown for various freeze-out proper times (left). The
corresponding inverse slope parameter λ (right), as introduced in equation (27).

3 In this case the first term in curly brackets may be dropped.
4 In what follows, interchangeably we call it local slope to stress its p̂ dependence.
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We observe that after the evolution time t = 0.5 fm the transverse-momentum spectrum
is approximately exponential down to »p̂ 500 MeV and exhibits a strong enhancement at
low p̂ . The exponential shape of the spectrum results from the tunnelling in the changing/
oscillatory colour field [104, 105]. It may be interpreted as an apparent thermalization of
transverse degrees of freedom5. Nevertheless, one should keep in mind that at the LHC
energies considered here (see also the results presented in [50] for k = 10) the low- p̂ peak
extends to higher values of the transverse momentum as compared to the case of low energies
considered in [105]. In our case the p̂ region below 500MeV consists of almost 45% of the
particles present in the system, while the particles with <p̂ 1 GeV make up »75% of the
total yield. Thus, the concept of apparent thermalization may be questionable in our case.

It is interesting to note, that the low- p̂ peak may be traced back to the singularity in the
quark production rate in equation (9) at =p̂ 0, which may be reduced if a finite, constituent
quark mass is considered, see dotted line in the left panel of figure 26. In the right panel of
figure 2 we present the proper-time dependence of the p̂ -integrated parton yield per unit
rapidity, separately for quarks (solid line) and gluons (dashed line). We see that quarks are
more abundant than gluons, and both are produced mainly during the first fermi of the time
evolution. As the colour field decays below the parton production threshold, the particle
production is strongly suppressed. After that time, partons just stream freely in the transverse
direction, which is visible in the frozen transverse-momentum spectrum, and oscillate long-
itudinally in the remnant colour field (see the dotted line in the right panel of figure 1
from [50]).

Finally, we stress that the slope parameter λ (≈400MeV) read off from the right panel of
figure 1 at t = 1 fm is quite different from the effective temperature T (≈300MeV) calcu-
lated at the same proper time. The latter can be read off from the left panel of figure 3. This

Figure 2. Left: the transverse-momentum spectra of quarks (solid line) and gluons
(dashed line) at t = 1 fm. For comparison, the case of massive quarks is also presented
(dotted line). Right: proper-time dependence of the p̂ -integrated rapidity density for
quarks (solid line) and gluons (dashed line).

5 Apparent thermalization in this case means that the exponential, thermal-like shape of the transverse-momentum
spectrum results solely from the specific mechanism of particle production rather than from the particle collisions that
gradually drive the system towards local equilibrium.
6 The low- p̂ enhancement is not observed in [66], where the gluon spectrum is exclusively considered.
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difference may be easily understood in the following way. If h s is sufficiently large, the
partons, once produced, are effectively free-streaming, see equations (6)–(8). In this case, for
the boost-invariant and transversally homogeneous system, the momentum-space anisotropy
in the local rest frame, ( )x t , evolves according to the formula

( ) ( ( ))( )x t x t t t= + -1 10 0
2 and the effective temperature, by the force of so called

Landau matching is ( ) ( ( )) ( )t x t t= LT R 1 4 , where Λ is the transverse temperature [13, 14].
The latter is equivalent to the slope parameter λ (which in the case h̄ = ¥ is approximately
constant for t > 1 fm), and the initial anisotropy parameter, ( )x t0 , may be deduced from the
relation ( ( )) ( ( )) ( ) ( )x t x t t t=R R P PL 0 T 0 L 0 T 0 , where we choose t 10 fm. The functions
R R R, ,L T are defined in [13], while longitudinal, ( )tPL , and transverse, ( )tPT , pressures are
taken from [50]. The resulting ( )tT , including uncertainty connected with the choice of t0,
agrees very well with the case h = ¥s in figure 3.

5.2. Plasma with collisions

In this section we present the study of the parton production, including the collisions in the
system, as calculated using equation (26). In the left panels of figure 4 we show the p̂ spectra
of partons for a broad range of the shear viscosity to entropy density ratio, from

( )h p=s 1 4 (top), through ( )h p=s 3 4 (middle), to ( )h p=s 10 4 (bottom), and for
various times of the proper time at freeze-out (as indicated in the figures). We observe that the
spectra have exponential, thermal-like shapes for all proper times and values of h s except for
very early proper times, t < 0.5 fm, and/or the low momentum part of the spec-
tra, <p̂ 500 MeV.

The exponential shape of the transverse-momentum spectra does not necessarily mean
that the system is in local equilibrium. To come to a conclusion about the local equilibrium
we also have to analyse the longitudinal spectra. Alternatively, we may compare the local
slope of the transverse-momentum spectrum with the local slope obtained for the three-
dimensional equilibrated system characterized by the effective temperature obtained from
Landau matching. In view of the discussion in section 5.1, in the right panel of figure 4 we
compare the local slopes of the p̂ -spectra from the left panel (solid lines) with the local
slopes resulting from equation (24), i.e. for a locally equilibrated system of classical particles,

Figure 3. Left: proper-time dependence of the effective temperature in the system for
various values of the shear viscosity to entropy density ratio. Right: the proper-time
dependence of the effective temperature for ( )h p=s 1 4 (solid line) and h = ¥s
(dotted line) compared to the Bjorken scaling (dashed line) and free-streaming scaling
(blue band).
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( ) ( )l = ^ ^TK p T K p Teq 1 0 (dashed lines in the bands), where the effective ( )tT is presented
in the left panel of figure 3.

For the lower bound ( )h p=s 1 4 , see the right top panel of figure 4, we observe that
only for t > 1 fm the effective temperature of the system obtained from the Landau matching
condition (T= 285 MeV) gives the slope parameter ( )l p̂eq , which describes well the actual

( )l p̂ (in order to judge the deviation of leq from the exact λ in figure 4 we introduced the
error bands showing the change in T by ±5%). This suggests that the plasma approaches full

Figure 4. Left panel: the p̂ spectra of partons calculated using equation (26) for
( )h p=s 1 4 (top), ( )h p=s 3 4 (middle) and ( )h p=s 10 4 (bottom), and various

freeze-out proper times. Right panel: corresponding inverse logarithmic slopes of the
spectra. The dashed lines denote the slope of the corresponding Boltzmann equilibrium
spectrum.
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local equilibrium at the proper time of about 2 fm. On the other hand, at earlier times the
spectra are off equilibrium, with the largest differences observed at low p̂ . Thus, as expected,
the inclusion of collisions specified by the lower bound of ( )h p=s 1 4 results in the almost
complete thermalization of the system within 2 fm. Moreover, the collisions, as included
within the RTA, seem to be more efficient in thermalizing the system at low p̂ , while,
surprisingly, the large- p̂ part of the spectrum goes slightly off equilibrium once the collisions
are included.

In the middle panels of figure 4 we present the analogous analysis as in top panels,
however, here we consider ( )h p=s 3 4 . We observe that the large value of the shear
viscosity prevents the system from fast thermalization. It is especially visible at low momenta
where the slope of the spectra deviates from the thermal one, compare the top panels. From
the left panel of figure 3 we see that the effective temperature at t = 1 fm is similar for all
values of h s. However, the slope in figure 4 deviates from this value significantly. We
expect, however, that the observed anisotropies are small enough to be addressed within the
perturbative viscous fluid dynamical modelling.

Finally, in the bottom panels of figure 4 we present the case of ( )h p=s 10 4 . In this
case the system does not thermalize, which may be again deduced from the slope, which does
not decrease in time fast enough, as compared to the dashed lines shown in the figure.
Altogether, this case is similar to the case described in section 5.1. Large deviations from
equilibrium suggest that in this case in order to describe the system within an effective fluid
dynamical picture it may be necessary to use more sophisticated approaches, for instance
anisotropic hydrodynamics [13, 14].

5.3. Thermalization versus hydrodynamization

The last point that we want to address is the question of whether, although not completely
thermalized, the system presented above may be still reasonably well described within some
effective dissipative fluid dynamical framework, for instance with standard viscous fluid
dynamics, by including perturbative corrections to the local equilibrium distribution given by
equation (14). The latter concept is referred to as the hydrodynamization of the system and it
was first proposed by Heller et al in [48].

In the (0 + 1)D case the distribution function ansatz for a conformal (massless) classical
system of particles within viscous fluid dynamics has the form [106]
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where ( )p p p p= -mn diag 0, 2, 2,s s s , ( )p = -P P2 3s T L , and ε and P are the equilibrium
energy density and pressure, respectively. Inserting formula (28) into equation (23) we may
subsequently obtain respective lvisc using equation (27),

(( ˆ ) ˆ ) ( ˆ ) ( ˆ )
(( ˆ ) ˆ ) ( ˆ ) ( ˆ )

( )l =
+ -
+ -

^
-

^ ^ ^

^
-

^ ^ ^

T
ap p K p K p

ap p K p K p

2

4
, 29visc

1
1 2

1
0 1

with ˆ =^ ^p p T and ( ) ( )e= -a P P 8T L . On the left of figure 5 the results of equation (29)
(thick dotted lines) are compared with the values of λ for the case ( )h p=s 1 4 (solid lines)
and with the equilibrium results leq (dashed lines). We clearly see that the inclusion of
viscous corrections improves significantly the description of the transient non-equilibrium
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behaviour of the exact results at large p̂ . On the right of figure 5 we show that the values of
lvisc are close to those of λ also in the case of ( )h p=s 3 4 (compare the respective case in
figure 4).

6. Conclusions

In this paper, extending the scope of [50], we have presented a detailed study of the proper-
time dependence of the spectra of partons produced in the colour-flux-tube model. The
calculations were performed for different ratios of the shear viscosity to the entropy density.
We studied the interplay between the production of particles by the Schwinger tunnelling
process and their equilibration due to collisions. We have found that the collisions in the
system are required to thermalize the system eventually in all three directions in momentum
space. Otherwise, the parton spectrum, although apparently thermal in the transverse direc-
tion, does not correspond to a true local equilibrium state. In the collisionless case the
effective temperature of the system is shown to drop accordingly to the free-streaming
solution found within the anisotropic hydrodynamics framework. If the collisions are inclu-
ded, the value ( )h p»s 1 4 is necessary to bring the system to the full local equilibrium
state within ≈2 fm. On the other hand, the hydrodynamization of the system, that is the time
when the fluid dynamical framework is applicable, is achieved within less than 1 fm.

Finally, one should note here that similar timescales for isotropization/hydro-
dynamization were found recently in [45] by solving numerically boost-invariant (2 + 1)D
effective kinetic theory of weak coupling QCD, see also [107–109]. By contrast to the present
work, instead of initial colour flux tubes decaying through the Schwinger mechanism to
quarks and gluons governed by RTA-type kinetic equations, in [45] they consider the multi-
stage evolution of the saturated gluonic initial state described through classical Yang–Mills
fields passed through to the effective Boltzmann equation with «1 2 and «2 2 scattering
kernels.

Figure 5. Left: the slope parameters λ as a function of p̂ (solid lines) at various proper
times for the case ( )h p=s 1 4 compared with the results obtained within viscous
fluid dynamic slope lvisc (dotted lines). To guide the reader’s eye we show also the
results for the equilibrium case leq. Right: same as the left panel except for the case

( )h p=s 3 4 . For the sake of clarity the results for leq are removed here.
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Abstract

We exactly solve the relaxation-time approximation Boltzmann equation for a system which is trans-
versely homogeneous and undergoing boost-invariant longitudinal expansion. We compare the resulting
exact numerical solution with approximate solutions available in the anisotropic hydrodynamics and second
order viscous hydrodynamics frameworks. In all cases studied, we find that the anisotropic hydrodynamics
framework is a better approximation to the exact solution than traditional viscous hydrodynamical ap-
proaches.
© 2013 Elsevier B.V. All rights reserved.

Keywords: Hydrodynamic models; Relativistic heavy-ion collisions; Kinetic and transport theory of gases; Quark–gluon
plasma

The application of relativistic viscous hydrodynamics is important in a wide variety of sit-
uations including, for example, the dynamics of high energy astrophysical plasmas and the
quark–gluon plasma created in relativistic heavy-ion collisions. Since the seminal work of Is-
rael and Stewart [1,2] there have been many papers that have addressed the questions of how to
apply and systematically improve relativistic viscous hydrodynamics [3–21]. Recently, a new
framework called anisotropic hydrodynamics (aHydro) has emerged for describing the non-
equilibrium dynamics of relativistic systems [22–29].
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In contrast to conventional viscous hydrodynamical treatments, aHydro does not implicitly
rely on an assumption that the system is approximately isotropic in momentum-space. Instead,
momentum-space anisotropies are built in at leading order by utilizing a spheroidal form for
the one-particle distribution function. For systems that are boost-invariant and homogeneous
in the transverse direction it has been proven that the aHydro framework reduces to second
order viscous hydrodynamics in the limit of small anisotropies [23]. In addition, the framework
reproduces the longitudinal free-streaming limit and in all cases the one-particle distribution and
the transverse/longitudinal pressures are guaranteed to be positive.

Given these appealing features, the aHydro framework seems to offer a promising alternative
to standard viscous hydrodynamical treatments. However, in order to judge the efficacy of the
framework it is desirable to have an exactly solvable case with which to compare the various
approximations. With this in mind, in this Letter we exactly solve the Boltzmann equation for
a transversely homogeneous boost-invariant system of massless particles in the relaxation time
approximation. We then compare the resulting exact solutions with aHydro and two different
second order viscous hydrodynamics approximations.

Our starting point is the Boltzmann equation pμ∂μf (x,p) = C[f (x,p)] where f (x,p) is
the one-particle distribution function and C[f ] is the collisional kernel. We will focus on the
case of the relaxation time approximation (RTA) [30]

C[f ] = pμuμ

τeq

[
feq

(
pμuμ,T (x)

) − f (x,p)
]
, (1)

where uμ is the local rest frame four velocity, τeq is the relaxation time which may depend on
proper time, and feq is an equilibrium distribution function that may be taken to be a Bose–
Einstein, Fermi–Dirac, or Boltzmann distribution. The effective temperature T (τ) appearing in
the argument of the equilibrium distribution function is fixed by requiring dynamical energy-
momentum conservation [31].

We focus on boost-invariant systems which are homogenous in the transverse direction in
which case the dynamical variables only depend on the proper time. We additionally specialize
to the case of massless particles. Defining variables w = tpL − zE and v = Et − pLz [32–34],
where pL is the particle momentum along the z direction, the left-hand side of the Boltzmann
equation can be written simply as pμ∂μf = (v/τ)∂τ f . This allows one to solve the RTA Boltz-
mann equation exactly

f (τ,w,p⊥) = D(τ, τ0)f0(w,p⊥) +
τ∫

τ0

dτ ′

τeq(τ ′)
D

(
τ, τ ′)feq

(
τ ′,w,p⊥

)
, (2)

where τ0 is the initial proper time, f0 is the initial non-equilibrium distribution function, and
D(τ2, τ1) = exp[− ∫ τ2

τ1
dτ ′′τ−1

eq (τ ′′)] is the damping function. This solution is similar to the one
obtained originally by Baym [31], see also [35,36]. We have generalized it to an arbitrary ini-
tial condition at τ0 �= 0 and allowed for the possibility that the equilibration time τeq is time
dependent. In the relaxation time approximation one finds τeq = 5η/(T S) where η is the shear
viscosity, S is the entropy density, and T is the effective temperature which we will specify
below [37,38].1 Herein we will assume that η/S is time independent.

1 We note that when employing the Grad–Israel–Stewart approximation truncated at second order in moments, one
finds instead τeq = 6η/(TS). This is an artifact of the second order truncation. We will return to this issue later and
demonstrate that the value τeq = 6η/(TS) is not in agreement with the exact solution.
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Fig. 1. (Color online.) Pressure anisotropy as a function of proper time assuming ξ0 = 0 and T0 = 600 MeV at τ0 =
0.25 fm/c for 4πη/S = 1 (top), 3 (middle), and 10 (bottom). Exact solution (black solid), aHydro (AH) approximation
(red long-dashed), Israel–Stewart (IS) approximation (blue dot-dashed), and full second order (DNMR) approximation
(brown dotted) [20] are compared.

Based on Eq. (2), one can evaluate the energy density via

E(τ ) = g

∫
dP v2f (τ,w,p⊥)/τ 2, (3)

where g is the degeneracy factor and dP = 2d4p δ(p2)θ(p0) = v−1 dw d2pT . Integrating
Eq. (2) one obtains an integral equation for the energy density

Ē(τ ) = D(τ, τ0)R
(
ξFS(τ )

)
/R(ξ0) +

τ∫
τ0

dτ ′

τeq(τ ′)
D

(
τ, τ ′)Ē(

τ ′)R
((

τ

τ ′

)2

− 1

)
, (4)

where Ē = E/E0 is the energy density scaled by the initial energy density, ξ0 is the ini-
tial momentum-space anisotropy, ξFS(τ ) = (1 + ξ0)(τ/τ0)

2 − 1, and R(z) = 1
2 [(1 + z)−1 +

arctan(
√

z )/
√

z ].
Eq. (4) can be solved numerically using the iteration method. From the resulting energy den-

sity, one can solve for the effective temperature via E(τ ) = γ T 4(τ ) where γ is a constant which
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Fig. 2. (Color online.) Pressure anisotropy as a function of proper time assuming ξ0 = 10 and T0 = 600 MeV at τ0 =
0.25 fm/c for 4πη/S = 1 (top), 3 (middle), and 10 (bottom). Labeling is the same as in Fig. 1.

depends on the particular equilibrium distribution function assumed and the number of degrees
of freedom. The resulting effective temperature allows one to determine the distribution func-
tion feq at all proper times and, with this, the full particle distribution function can be obtained
using Eq. (2). Additionally, one can determine the number density, longitudinal pressure, and
transverse pressure by integrating the distribution function multiplied by v/τ , w2/τ 2, and p2

T /2,
respectively.

We will compare the resulting numerical solutions with the solution of the aHydro (AH)
equations which are obtained by evaluating the zeroth and first moments of Boltzmann equation
in the relaxation time approximation assuming a spheroidal form for the distribution function
fAH = feq(((pμuμ)2 + ξ(pμzμ)2)/Λ2) with uμ = (t,0,0, z)/τ and zμ = (z,0,0, t)/τ . With
this assumption, one obtains [23]

1

1 + ξ
∂τ ξ − 2

τ
− 6

Λ
∂τΛ = 2

τAH
eq

[
1 −R3/4(ξ)

√
1 + ξ

]
,

R′(ξ)
∂τ ξ + 4

∂τΛ = 1
[

1 − 1 − 1

]
, (5)
R(ξ) Λ τ ξ(1 + ξ)R(ξ) ξ
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Fig. 3. (Color online.) Pressure anisotropy as a function of proper time assuming ξ0 = 0 and T0 = 300 MeV at τ0 =
0.25 fm/c for 4πη/S = 1 (top), 3 (middle), and 10 (bottom). Labeling is the same as in Fig. 1.

where Λ is the transverse temperature and τAH
eq = 5η/(2ΛS) is the relaxation time.2 We note that

in the limit ξ → 0 one has Λ → T and τAH
eq = τeq/2. The time evolution of ξ and Λ is obtained

by solving Eqs. (5) and using these one can straightforwardly compute the time dependence of
the energy density, transverse pressure, longitudinal pressure, and number density [23,39].

In addition we will compare the exact solution with two second order viscous hydro prescrip-
tions, both of which can be written compactly as

∂τE = −E +P
τ

+ Π

τ
,

∂τΠ = − Π

τπ

+ 4

3

η

τπτ
− β

Π

τ
, (6)

where Π is the shear and τπ = 5η/(T S) is the shear relaxation time. In the majority of the
literature, practitioners use β = 4/3 which we will refer to as the Israel–Stewart (IS) prescription.
We will also compare the exact solutions with the complete second order treatment from Ref. [20]
which, within the relaxation time approximation, gives β = 38/21. We will refer to the second

2 The identification of τAH
eq used herein differs from the prescription specified in Ref. [23] where the scale was set by

the effective temperature instead of Λ.
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Fig. 4. (Color online.) Pressure anisotropy as a function of proper time assuming ξ0 = 10 and T0 = 300 MeV at τ0 =
0.25 fm/c for 4πη/S = 1 (top), 3 (middle), and 10 (bottom). Labeling is the same as in Fig. 1.

choice as the DNMR prescription.3 In both cases one can compute the transverse pressure via
PT = P + Π/2 and the longitudinal pressure via PL = P − Π . To be consistent with the exact
solution and the aHydro approximation we assume an ideal equation of state for the viscous
hydrodynamical approximations.

We now turn to our results. For all results shown we have assumed that the initial distribution
function was spheroidal in form but for the exact solution we do not restrict the distribution
function in any way after this point in time. In Fig. 1 we show the pressure anisotropy as a
function of proper time assuming an initial isotropic plasma with ξ0 = 0 and T0 = 600 MeV
at τ0 = 0.25 fm/c. The three panels show three different assumed values of the shear viscosity
to entropy ratio corresponding to 4πη/S ∈ {1,3,10}. In the figure the aHydro, Israel–Stewart,
and full second order viscous hydrodynamics approximations [20] are compared with numerical
solution of the Boltzmann equation. In Fig. 2 we plot the same quantity for a system possessing
an initial momentum-space anisotropy corresponding to ξ0 = 10. In Figs. 3 and 4 we present the
pressure anisotropy subject to the same initial conditions and values of η/S only changing the
initial (effective) temperature to T0 = 300 MeV.

3 Reference [21] has also obtained λ = 38/21 with a different technique.



W. Florkowski et al. / Nuclear Physics A 916 (2013) 249–259 255
Fig. 5. (Color online.) Comparison of the exact solution (BE) with the Israel–Stewart (IS) approximation assuming
η = τeqTS/6. The parameters used were ξ0 = 0 and T0 = 600 MeV at τ0 = 0.25 fm/c for (left) 4πη/S = 1 and (right)
4πη/S = 3.

As these figures demonstrate, the aHydro approximation is always closer to the exact solution
than the IS and DNMR approximations. The IS approximation is the worst approximation to
the exact solution in all cases shown and for the case 4πη/S = 10 it even predicts a negative
longitudinal pressure for the majority of the time shown. The DNMR approximation represents
a significant improvement over the IS approximation; however, we note that if one increases the
shear viscosity to entropy ratio even further, the DNMR approximation also predicts negative
longitudinal pressures. Within the aHydro approximation, on the other hand, the pressures are
guaranteed to be positive at all times. In addition, within aHydro the one-particle distribution
function is guaranteed to be positive at all times.

As mentioned earlier, if one uses the Grad–Israel–Stewart approximation truncated at second
order in moments one erroneously obtains τeq = 6η/(T S) [40]. If one instead uses the Chapman–
Enskog method [37,41], a complete second order Grad expansion [20], or asymptotic expansion
without moment expansion [42], one obtains the correct value of τeq = 5η/(T S). Whether one
obtains τeq = 6η/(T S) or τeq = 5η/(T S) is not specific to 2nd order viscous hydrodynamics
as specified in Eqs. (6), but instead is a result of the approximations used when treating the
collisional kernel itself. Since both results are quoted in the literature, in Fig. 5 we compare
the results obtained via exact solution of the relaxation time approximation Boltzmann equation
and the Grad–Stewart–Israel approximation assuming τeq = 6η/(T S) with 4πη/S = 1 (left) and
4πη/S = 3 (right). As can be seen from this figure, the Grad–Stewart–Israel approximation with
τeq = 6η/(T S) disagrees at early and late times with the exact solution. This should be con-
trasted with Fig. 1 in which we have used the correct value of τeq = 5η/(T S). In this case one
sees agreement at early and late times with the exact solution.

In Fig. 6 we show three contour plots which compare the evolution of the one-particle distribu-
tion function obtained from the numerical solution of the Boltzmann equation with the aHydro
approximation. As this figure shows, the exact solution shows deviations from the spheroidal
form of aHydro at early times. The magnitude of these deviations decreases as the shear viscos-
ity to entropy ratio decreases. However, as Figs. 1–4 demonstrate, moments of the distribution
function are described quite well. We note that the shape of the contours shown in Fig. 6 for the
exact result suggest that it may be more effective to describe the distribution function in terms
of a linear superposition of two spheroidal forms, one which is related to the free streaming con-
tribution coming from the initial distribution function (first term in Eq. (2)) and the other which
describes the late-time dynamics.



256 W. Florkowski et al. / Nuclear Physics A 916 (2013) 249–259
Fig. 6. (Color online.) Distribution function contour lines resulting from the exact numerical solution (black solid) and
the aHydro approximation (red dashed) at three different times τ = 0.25 fm/c (top), 1 fm/c (middle), and 10 fm/c. The
parameters used where ξ0 = 10 and T0 = 600 MeV at τ0 = 0.25 fm/c for 4πη/S = 3.

In Fig. 7 we show the particle number generation measured via �n ≡ τf /τ0 n(τf )/n(τ0) − 1
where τf is the freeze-out time defined by when the effective temperature drops below Tf =
150 MeV starting with isotropic ξ0 = 0 initial conditions and a temperature of 600 MeV at
τ0 = 0.25 fm/c. For the IS and DNMR approximations, the number density is defined via n ∝ T 3

where T is the effective temperature obtained via the fourth root of the energy density. In the
case of the RTA and aHydro results, the number density is computed from the underlying dis-
tribution function. In Fig. 7, we compare �n obtained via numerical solution of the Boltzmann
equation, the aHydro approximation, the IS viscous hydrodynamical equations, and the DNMR
viscous hydrodynamical equations. On physical grounds one expects this ratio to vanish in the
ideal hydrodynamical limit (η/S → 0) and the free-streaming limit (η/S → ∞). As this figure
demonstrates both the IS and DNMR approximations predict that �n is a monotonically increas-
ing function of the shear viscosity to entropy ratio. On the other hand, although the aHydro
framework has too much particle production at large η/S, it has the right qualitative behavior.

In conclusion, we have presented an exactly solvable case in which the Boltzmann equation
can be straightforwardly solved numerically. The resulting (0 + 1)-dimensional RTA solution,
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Fig. 7. (Color online.) Particle production measure �n = τf /τ0 n(τf )/n(τ0)− 1 as a function of 4πη/S . Exact solution
(black points), aHydro (AH) approximation (red long-dashed), Israel–Stewart (IS) approximation (blue dot-dashed), and
full second order (DNMR) approximation (brown dotted) [20] are compared.

while not comprehensive, constitutes a toy model that can be used to test the accuracy of dif-
ferent dynamical approximation schemes for a variety of initial conditions, values of the shear
viscosity, etc. In the case considered herein, we found that the aHydro approximation is closer to
the exact RTA solution than both the IS and DNMR approximations in all cases. This is remark-
able since the aHydro equations themselves are essentially zeroth order in a general anisotropic
expansion of the one-particle distribution function, whereas the other approximations are at their
respective second order of approximation. If deviations from the exact spheroidal form are taken
into account, one expects the quality of the aHydro approximation to further improve. We note
in closing that the exact solutions obtained herein can perhaps be used to create a better approx-
imation framework which takes into account such deviations in a systematic manner.

Acknowledgements

We thank G. Denicol and P. Romatschke for discussions. W.F. was supported in part by the
Polish National Science Center with decision No. DEC-2012/06/A/ST2/00390. R.R. was sup-
ported by a Polish National Science Center grant with decision No. DEC-2012/07/D/ST2/02125
and the Foundation for Polish Science.

References

[1] W. Israel, Nonstationary irreversible thermodynamics: A causal relativistic theory, Ann. Phys. 100 (1976) 310–331.
[2] W. Israel, J.M. Stewart, Transient relativistic thermodynamics and kinetic theory, Ann. Phys. 118 (1979) 341–372.
[3] A. Muronga, Second order dissipative fluid dynamics for ultra-relativistic nuclear collisions, Phys. Rev. Lett. 88

(2002) 062302, arXiv:nucl-th/0104064.
[4] R. Baier, P. Romatschke, U.A. Wiedemann, Dissipative hydrodynamics and heavy ion collisions, Phys. Rev. C 73

(2006) 064903, arXiv:hep-ph/0602249.
[5] P. Romatschke, U. Romatschke, Viscosity information from relativistic nuclear collisions: How perfect is the fluid

observed at RHIC? Phys. Rev. Lett. 99 (2007) 172301, arXiv:0706.1522 [nucl-th].
[6] R. Baier, P. Romatschke, D.T. Son, A.O. Starinets, M.A. Stephanov, Relativistic viscous hydrodynamics, conformal

invariance, and holography, J. High Energy Phys. 0804 (2008) 100, arXiv:0712.2451 [hep-th].

http://refhub.elsevier.com/S0375-9474(13)00700-8/bib49737261656C3A31393736746Es1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib49737261656C3A313937397770s1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib4D75726F6E67613A323030317A6Bs1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib4D75726F6E67613A323030317A6Bs1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib42616965723A32303036756Ds1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib42616965723A32303036756Ds1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib526F6D61747363686B653A323030376D71s1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib526F6D61747363686B653A323030376D71s1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib42616965723A323030376978s1
http://refhub.elsevier.com/S0375-9474(13)00700-8/bib42616965723A323030376978s1


258 W. Florkowski et al. / Nuclear Physics A 916 (2013) 249–259
[7] K. Dusling, D. Teaney, Simulating elliptic flow with viscous hydrodynamics, Phys. Rev. C 77 (2008) 034905, arXiv:
0710.5932 [nucl-th].

[8] M. Luzum, P. Romatschke, Conformal relativistic viscous hydrodynamics: Applications to RHIC results at
√

sNN =
200 GeV, Phys. Rev. C 78 (2008) 034915, arXiv:0804.4015 [nucl-th].

[9] H. Song, U.W. Heinz, Extracting the QGP viscosity from RHIC data – A status report from viscous hydrodynamics,
J. Phys. G 36 (2009) 064033, arXiv:0812.4274 [nucl-th].

[10] A. El, Z. Xu, C. Greiner, Third-order relativistic dissipative hydrodynamics, Phys. Rev. C 81 (2010) 041901,
arXiv:0907.4500 [hep-ph].

[11] J. Peralta-Ramos, E. Calzetta, Divergence-type 2 + 1 dissipative hydrodynamics applied to heavy-ion collisions,
Phys. Rev. C 82 (2010) 054905, arXiv:1003.1091 [hep-ph].

[12] G. Denicol, T. Kodama, T. Koide, The effect of shear and bulk viscosities on elliptic flow, J. Phys. G 37 (2010)
094040, arXiv:1002.2394 [nucl-th].

[13] G. Denicol, T. Koide, D. Rischke, Dissipative relativistic fluid dynamics: a new way to derive the equations of
motion from kinetic theory, Phys. Rev. Lett. 105 (2010) 162501, arXiv:1004.5013 [nucl-th].

[14] B. Schenke, S. Jeon, C. Gale, Elliptic and triangular flow in event-by-event (3 + 1)D viscous hydrodynamics, Phys.
Rev. Lett. 106 (2011) 042301, arXiv:1009.3244 [hep-ph].

[15] B. Schenke, S. Jeon, C. Gale, Anisotropic flow in
√

s = 2.76 TeV Pb + Pb collisions at the LHC, Phys. Lett. B 702
(2011) 59–63, arXiv:1102.0575 [hep-ph].

[16] P. Bozek, Components of the elliptic flow in Pb–Pb collisions at
√

s = 2.76 TeV, Phys. Lett. B 699 (2011) 283–286,
arXiv:1101.1791 [nucl-th].

[17] H. Niemi, G.S. Denicol, P. Huovinen, E. Molnar, D.H. Rischke, Influence of the shear viscosity of the quark–gluon
plasma on elliptic flow in ultrarelativistic heavy-ion collisions, Phys. Rev. Lett. 106 (2011) 212302, arXiv:1101.2442
[nucl-th].

[18] H. Niemi, G.S. Denicol, P. Huovinen, E. Molnár, D.H. Rischke, Influence of a temperature-dependent shear viscosity
on the azimuthal asymmetries of transverse momentum spectra in ultrarelativistic heavy-ion collisions, Phys. Rev.
C 86 (2012) 014909.
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We exactly solve the one-dimensional boost-invariant Boltzmann equation in the relaxation time approximation
for arbitrary shear viscosity. The results are compared with the predictions of viscous and anisotropic
hydrodynamics. Studying different nonequilibrium cases and comparing the exact kinetic-theory results to
the second-order viscous hydrodynamics results we find that recent formulations of second-order viscous
hydrodynamics agree better with the exact solution than the standard Israel-Stewart approach. Additionally,
we find that, given the appropriate connection between the kinetic and anisotropic hydrodynamics relaxation
times, anisotropic hydrodynamics provides a very good approximation to the exact relaxation time approximation
solution.
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I. INTRODUCTION

Since the seminal work of Israel and Stewart [1,2] there
has been a considerable amount of effort devoted to the
development and application of relativistic viscous hydro-
dynamics [3–24]. Although the original developments of
Israel and Stewart were primarily intended for application
to astrophysical systems, recent developments have focused
on the application of relativistic viscous hydrodynamics to the
modeling of the hot and dense matter created in ultrarelativistic
heavy-ion collisions. These systems are special in the sense
that the hot and dense matter created in this manner is subject to
rapid longitudinal expansion along the beam line direction. As
a result, the viscous corrections to the ideal energy-momentum
tensor can become large (particularly the corrections to the
longitudinal pressure).

Because of these large corrections, many groups have been
seeking methods to improve the description of the early-time
dynamics of the hot and dense matter created in heavy-ion col-
lisions. These methods include, for example, complete second-
order treatments [23], third-order treatments [11,25], and a
method dubbed anisotropic hydrodynamics which linearizes
instead around a momentum-space anisotropic background
[26–35]. In order to assess the efficacy of these different
approaches it would be nice to have an exactly solvable case
with which to compare the various approximation schemes.

In this paper we present details concerning the development
of ideas introduced in Ref. [36] in which we presented a
solution to the 0 + 1d Boltzmann equation in the relaxation
time approximation (RTA). We follow the method used in
[37,38] (see also [39,40]) to exactly solve the one-dimensional
boost-invariant kinetic equation with the collision term treated
in the relaxation-time approximation. We extend the exact
solution to the case that the relaxation time, τeq, depends
on proper time. Our results are then compared to second-
order viscous hydrodynamics approximations [1–11,13–24]
and the spheroidal anisotropic hydrodynamics approximation
[26–35].

The comparison of the exact kinetic theory result with
the viscous and anisotropic hydrodynamics approximations
allows us to characterize the effectiveness of various hy-
drodynamic approaches and to unambiguously establish the
correct value of the shear viscosity coefficient in RTA. We
find that the recent formulations of second-order viscous
hydrodynamics [23,24] better reproduce the results of the
kinetic theory than the standard second-order (Israel-Stewart)
approach. Additionally, we compare the predictions of the
kinetic theory with the results of anisotropic hydrodynamics.
We find very good agreement between the anisotropic hy-
drodynamics approximation and the exact solution, provided
that the relaxation times used in the kinetic equation and
anisotropic hydrodynamics are properly matched.

In Refs. [27,29,31] the equations of anisotropic hydrody-
namics were derived from the kinetic theory with the collision
term treated in RTA. This approach used the zeroth and the first
moments of the kinetic equation. In addition, the distribution
function was assumed to have the Romatschke-Strickland
form (RSF) [41]. If the system is close to equilibrium, this
formulation has a direct connection to the standard second-
order viscous hydrodynamics—the parameters of anisotropic
hydrodynamics are connected with the kinetic coefficients.
In this work, we reanalyze this connection and, compared
to the original Martinez and Strickland paper [27], find
a modified relation between the shear viscosity and the
relaxation time which leads to a better agreement between the
exact results of the exact kinetic theory solution and anisotropic
hydrodynamics.

In addition, we establish the relationship between the re-
laxation time in the anisotropic hydrodynamics approximation
and the exact case. By analyzing systems which are close to
equilibrium, we analytically prove that there is a factor of 2
difference between the relaxation time in these two cases. The
need for a modification of the relations between the parameters
of anisotropic hydrodynamics and the exact solution may be
traced back to the use of RSF which restricts the distribution
function to a spheroidal form. Once this factor of 2 is taken into
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account, we find that there is very good agreement between
the anisotropic hydrodynamics approximation and the exact
solution, with the agreement becoming better as the relaxation
time decreases. Additionally, for far-from-equilibrium systems
we demonstrate that the scale for the relaxation time is set by
the transverse-momentum scale, �.

We show that with the proper matching between the
relaxation times used in the kinetic theory and anisotropic
hydrodynamics approaches, one finds an excellent agreement
between the two approaches. It is somewhat surprising that
already at the leading order of the anisotropic hydrodynamics
approximation, one obtains agreement with the exact results
which is at the level achieved only in the second order of
viscous hydrodynamics. This observation is demonstrated for
a variety of different initial temperatures, initial momentum-
space anisotropies, and values of the shear viscosity to entropy
density ratio.

Our study is complementary to studies based on the
AdS/CFT correspondence [42–48]. In both cases one checks
how a system which is governed by specific nonequilibrium
dynamics approaches the viscous hydrodynamic limit. Al-
though the underlying model employed herein is rather simple
due to the restriction to 0 + 1d dynamics and RTA, it allows
one to easily study the system for different values of the shear
viscosity to entropy ratio. Additionally, due to the simplicity of
this toy model the exact solutions can be obtained to arbitrary
numerical accuracy allowing for precision tests.

The structure of the paper is as follows. In Sec. II we
introduce the kinetic equation to be solved and define a
convenient set of variables which can be used in studies of
the 0 + 1d Boltzmann equation. In Sec. III we demonstrate
how to compute moments of the Boltzmann equation using
these variables. In Sec. IV we write down an integral equation
which exactly solves the 0 + 1d RTA kinetic equations. We
then discuss how to numerically solve this equation and
extract the components of the energy momentum tensor, the
number density, and the entropy density. In Secs. V and VI
we compare the exact solution to the kinetic equations to
first- and second-order viscous hydrodynamics and anisotropic
hydrodynamics. In Sec. VII we derive the relationship between
the shear viscosity and relaxation time by making use of
asymptotic expansions of the dynamical equations. In Sec. VIII
we conclude and give an outlook for the future. We collect
some relations and properties of special functions which
appear in Appendix A. Finally, in Appendix B we assess the
effect of the inclusion of the full set of conformal terms in the
Israel-Stewart evolution equations.

II. KINETIC EQUATION

A. Relaxation-time approximation

Our approach is based on the simple form of the kinetic
equation

pμ∂μf (x, p) = C[f (x, p)]. (1)

Here f (x, p) is the parton phase-space distribution function
which depends on the parton space-time coordinates x and

momentum p, and C is the collision term treated in RTA,

C[f ] = p · u

τeq
(f eq − f ). (2)

The quantity τeq is the relaxation time which can depend on
proper time. The equilibrium distribution function f eq may
be taken to be a Bose-Einstein, Fermi-Dirac, or Boltzmann
distribution which depends on p · u and the isotropic tem-
perature T . In order to simplify some intermediate steps one
can, without loss of generality, assume that f is given by a
Boltzmann distribution

f eq = 2

(2π )3
exp

(
−p · u

T

)
. (3)

The factor of 2 above accounts for spin degeneracy.1 The
temperature T will be obtained via the Landau matching
condition which demands that the energy density calculated
from the distribution function f be equal to the energy
density determined from the equilibrium distribution, f eq. The
quantity uμ represents the four-velocity of the local rest frame
of the matter.

We emphasize that, except for the entropy density, all
results obtained are independent of the assumed form of the
underlying distribution function up to trivial rescalings. For
the entropy density, one need only change the relationship
between the entropy density and the underlying distribution
function. We also note that in the general case, the temperature
T above should be treated as an effective temperature related
to the fourth root of the energy density and, therefore, it can
be seen as an alternative measure of the energy density. Only
if the system is close to equilibrium does the definition of T
coincide with the standard concept of temperature.

The use of the simple form of the kinetic equation
given in Eq. (1) is motivated by the fact that there are
many results obtained within this approximation allowing us
to make comparisons with other approaches. In particular,
there exist several calculations of the kinetic coefficients
in RTA; for example, see [49–53]. In addition, as we will
demonstrate below, in this simple case it is possible to solve
the kinetic equation exactly to arbitrary numerical precision
using straightforward numerical algorithms.

In equilibrium, for massless particles obeying classical
statistics one may use the following expressions for particle
density, entropy density, energy density, and pressure:

neq = 2g0T
3

π2
, Seq = 8g0T

3

π2
,

(4)

Eeq = 6g0T
4

π2
, Peq = 2g0T

4

π2
,

where g0 is the degeneracy factor counting all internal degrees
of freedom except for spin (the spin degeneracy equals 2). In
what follows we make use of the relation Eeq = 3Peq when a
specification of the equilibrium equation of state is required.

1Degeneracies such as color will be taken into account with an
additional overall degeneracy factor g0.
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B. Boost-invariant variables

In the case of one-dimensional boost-invariant expansion,
all scalar functions of time and space depend only on the proper
time τ = √

t2 − z2. In addition, the hydrodynamic flow uμ has
the form [54]

uμ =
(

t

τ
, 0, 0,

z

τ

)
. (5)

The phase-space distribution function f (x, p) behaves like
a scalar under Lorentz transformations. The requirement of
boost invariance implies that in this case f (x, p) may depend
only on three variables: τ , w, and �pT [55,56]. The boost-
invariant variable w is defined by

w = tpL − zE. (6)

With the help of w and �pT we define

v(τ,w, pT ) = Et − pLz =
√

w2 + (
m2 + �p 2

T

)
τ 2. (7)

From (6) and (7) one can easily find the energy and the
longitudinal momentum of a particle:

E = p0 = vt + wz

τ 2
, pL = wt + vz

τ 2
. (8)

The momentum integration measure in phase space is

dP = 2 d4p δ(p2 − m2)θ (p0) = dpL

p0
d2pT = dw

v
d2pT .

(9)

In the following we shall consider massless partons and set
masses equal to zero, m = 0.

C. Boost-invariant form of the kinetic equation

Using the boost-invariant variables introduced in the previ-
ous section one finds

pμ∂μf = v

τ

∂f

∂τ
, p · u = v

τ
. (10)

Using Eq. (10) in Eq. (1) and simplifying, one finds

∂f

∂τ
= f eq − f

τeq
, (11)

where the equilibrium distribution function may be written as

f eq(τ,w, pT ) = 2

(2π )3
exp

[
−

√
w2 + p2

T τ 2

T (τ )τ

]
. (12)

In the following we assume that f (τ,w, �pT ) is an even
function of w and depends only on the magnitude of the
transverse momentum �pT ,

f (τ,w, pT ) = f (τ,−w,pT ). (13)

III. MOMENTS OF THE KINETIC EQUATION

In this section we detail how to calculate the moments of
the kinetic equation using the coordinates introduced in the
previous section. In addition, we discuss the application of dy-
namical Landau matching which results from the requirement
of energy conservation.

A. Zeroth moment: Parton number current

The zeroth moment of the kinetic equation (1) leads to the
equation

dn

dτ
+ n

τ
= neq − n

τeq
, (14)

where the parton density (measured in the local rest frame)
equals

n(τ ) = g0

∫
dP p · uf (τ,w, pT ),

(15)
= g0

τ

∫
dP v f (τ,w, pT ).

We note that the parton number is not conserved in RTA. This
is in agreement with the expectations that partons (gluons) are
produced at the early stages of the collisions. In the approaches
where the parton density is proportional to the entropy density,
the right-hand side of (14) is proportional to the entropy source
term. Note, however, that it is possible to enforce baryon
number conservation in the quark sector in the anisotropic
hydrodynamics framework [35].2 Herein we will ignore the
distinction between quarks and gluons and simply treat the
system as partons with the same relaxation time and bulk
properties.

B. First moment: Energy-momentum tensor

The first moment of the left-hand side of Eq. (1) defines the
divergence of the energy-momentum tensor

T μν(τ ) = g0

∫
dP pμpνf (τ,w, pT ). (16)

Using the symmetry properties (13) we may rewrite (16) in
the form [26,31]

T μν = (E + PT )uμuν − PT gμν + (PL − PT )zμzν, (17)

where

E(τ ) = g0

τ 2

∫
dP v2 f (τ,w, pT ),

PL(τ ) = g0

τ 2

∫
dP w2 f (τ,w, pT ), (18)

PT (τ ) = g0

2

∫
dP p2

T f (τ,w, pT ),

and

zμ =
(

z

τ
, 0, 0,

t

τ

)
(19)

is a four-vector orthogonal to uμ which, in the local rest frame,
is the z direction of the coordinate system.

The energy-momentum conservation law for the system of
partons has the form

∂μT μν(x) = 0. (20)

2To conserve parton number one may introduce an effective
chemical potential in a way analogous to the way in which one
introduces the effective temperature.
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For one-dimensional systems, the four equations implied by
Eq. (20) are reduced to the single equation

dE
dτ

= −E + PL

τ
. (21)

We note that the structure of the energy-momentum
tensor (17) with (18) and (19) is typical for an anisotropic
system. In the framework of anisotropic hydrodynamics one
solves Eqs. (14) and (21) with the assumption that all bulk
properties (such as n, E ,PL, andPT ) can be expressed in terms
of two independent variables. These variables can be chosen,
for example, to be the longitudinal and transverse pressures,
the entropy density S and the anisotropy parameter x which is
related to the momentum-space ellipticity of the distribution
function [26], or the transverse momentum scale � and the
anisotropy parameter ξ = x − 1 [27]. Within kinetic theory,
Eqs. (14) and (21) are automatically fulfilled if the distribution
function satisfies the kinetic equation (1).

C. Landau matching

Equation (20) is satisfied at any proper time if the energy
densities calculated with the distribution functions f and f eq

are equal, namely

E(τ ) = g0

τ 2

∫
dP v2 f (τ,w, pT )

= g0

τ 2

∫
dP v2 f eq(τ,w, pT )

= 6g0T
4(τ )

π2
. (22)

The last line above defines the effective temperature T (τ ) that
should be used in the background distribution function.

IV. SOLUTIONS OF THE KINETIC EQUATION

In this section we introduce the general structure of
solutions of the kinetic equation (1) and present numerical
solutions for different initial conditions. The latter are charac-
terized by the initial momentum anisotropy x0 = 1 + ξ0, the
initial effective temperature T0, and the initial proper time τ0.
The time dependence of the physical quantities such as energy
density or the two pressures depends on the specific form of
the relaxation time. The results presented in this section will
be used to make comparisons with viscous and anisotropic
hydrodynamics in the next sections.

A. Formal structure of solutions and damping function

The formal solution of the kinetic equation (1) has the form

f (τ,w, pT ) = D(τ, τ0)f0(w,pT )

+
∫ τ

τ0

dτ ′

τeq(τ ′)
D(τ, τ ′) f eq(τ ′, w, pT ), (23)

where we have introduced the damping function

D(τ2, τ1) = exp

[
−

∫ τ2

τ1

dτ ′′

τeq(τ ′′)

]
. (24)

For τ = τ0 the distribution function f is reduced to the initial
distribution function, f0.

The damping function D(τ2, τ1) has the following proper-
ties: D(τ, τ ) = 1, D(τ3, τ2)D(τ2, τ1) = D(τ3, τ1), and

∂D(τ2, τ1)

∂τ2
= −D(τ2, τ1)

τeq(τ2)
. (25)

The equilibration time in our approach may be an arbitrary
function of the proper time, τeq = τeq(τ ). For the exact solution
we use the relation

τeq(τ ) = 5η̄

T (τ )
, (26)

where η̄ ≡ η/S is the ratio of the shear viscosity to entropy
density. We will assume that η̄ is time independent in all results
that follow. We return to the discussion of the relationship
between η̄ and τeq in Secs. V A and VII C.

In the numerical calculations we use the values

η̄ ∈
{

1

4π
,

3

4π
,

10

4π

}
. (27)

The first two values on the right-hand side of (27) cover
the viscosity range extracted to date from the hydrodynamic
analyses of relativistic heavy-ion collisions studied at RHIC
and the LHC. The last value is on the order expected by
leading log perturbative results extrapolated to RHIC and LHC
energies.

Applying the Landau matching condition (22) directly to
the formal solution (23) one finds

T 4(τ ) = D(τ, τ0)
π2E0(τ )

6g0

+
∫ τ

τ0

dτ ′

2τeq(τ ′)
D(τ, τ ′) T 4(τ ′)H

(
τ ′

τ

)
. (28)

Here E0(τ ) denotes the weighted integral over the initial
distribution function f0,

E0(τ ) = g0

τ 2

∫
dP v2 f0(w,pT ). (29)

We stress that the time dependence of E0(τ ) is induced not
only by the term 1/τ 2 but by the time dependence of v as well.
The initial energy density is given by

E0 = E0(τ0) = 6g0T
4

0

π2
. (30)

The function H appearing in Eq. (28) may be expressed in
terms of the function R defined in Refs. [27,29,31], namely

H (y) = 2R
(

1

y2
− 1

)
, (31)

where R(z) = 1
2 [(1 + z)−1 + arctan(

√
z)/

√
z]. We give more

details concerning the H and R functions in Appendix A.
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B. Initial distributions

1. Romatschke-Strickland form

As our first option for the initial conditions we consider
the Romatschke-Strickland form [41] with a Boltzmann
distribution as the underlying isotropic distribution

f0(w,pT ) = 2

(2π )3
exp

[
−

√
(p · u)2 + ξ0(p · z)2

�0

]

= 1

4π3
exp

[
−

√
(1 + ξ0)w2 + p2

T τ 2
0

�0τ0

]
. (32)

This reduces to an isotropic Boltzmann distribution if the
anisotropy parameter ξ0 = ξ (τ0) vanishes. In this case, the
transverse momentum scale �0 is equal to the system’s initial
temperature T0. By direct calculation one obtains

E0(τ ) = 6g0T
4

0

π2

H(
τ0
τ

x
−1/2
0

)
H(

x
−1/2
0

) , (33)

where

x(τ ) = 1 + ξ (τ ), (34)

and x0 = x(τ0) denotes the initial value of the anisotropy
parameter x.

2. Gaussian distributions

As another option for the initial distribution function we
consider an anisotropic Gaussian distribution of the form

f0(w,pT ) = A exp

[
− w2

C2τ 2
0

− B2p2
T

]
, (35)

where the parameters C and B determine the width(s) of the
distribution in momentum space and A is an overall normal-
ization. In this case the integral over the initial distribution
function gives

E0(τ ) = 6g0T
4

0

π2

H (
τ0
τ
CB

)
H (CB)

. (36)

By comparing Eqs. (33) and (36) we see that the Romatschke-
Strickland and Gaussian initial conditions lead to the same
dynamic evolution equation for the effective temperature T (τ )
via Eq. (28) if one takes

CB = x
−1/2
0 = (1 + ξ0)−1/2. (37)

Consequently, in this work we will use the Romatschke-
Strickland form from this point forward with the understanding
that the evolution of the effective temperature is the same
assuming the initial widths are chosen as described above. As
a result, we can solve the following dynamical equation for
the effective temperature:

T 4(τ ) = D(τ, τ0)T 4
0

H(
τ0
τ

x
−1/2
0

)
H(

x
−1/2
0

)

+
∫ τ

τ0

dτ ′

2τeq(τ ′)
D(τ, τ ′) T 4(τ ′)H

(
τ ′

τ

)
. (38)

We note that in the limit C → 0 (at fixed B) or ξ0, x0 → ∞
the initial distribution is very narrow in w, and the initial
longitudinal pressure of the system vanishes, PL(τ0) → 0.
Such configurations naturally emerge in models of the very
early stages of heavy-ion collisions, for example, in the color
glass condensate theory. The situation where the transverse
pressure is larger than the longitudinal pressure corresponds
to an “oblate” momentum-space distribution.

C. Numerical method

Equation (38) can be solved by the iterative method. We
first use a trial function Ta(τ ) and substitute it into the right-
hand side of Eq. (38). In this way the left-hand side of (38)
defines the new temperature profile Tb(τ ) which, in the next
iteration, we treat as Ta(τ ) and substitute into the right-hand
side of (38). Repeating this procedure many times, we find
a stable temperature profile which is invariant under further
iterations. This method has been successfully used earlier, for
example, in Ref. [57].

In Fig. 1 we show the time dependence of the effective
temperature T (τ ) obtained from Eq. (38) for two different
values of the initial anisotropy: ξ0 = 0 (upper panel) and ξ0 =
10 (lower panel), and for two values of the initial effective
temperature: T0 = 300 MeV and T0 = 600 MeV. The initial
time τ0 = 0.25 fm/c. The dashed, dotted, and dashed-dotted
lines correspond to different values of viscosity: 4πη̄ = 1, 3,
and 10, respectively.
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FIG. 1. (Color online) Time dependence of the effective temper-
ature T (τ ) for two different values of the initial anisotropy: ξ0 = 0
(upper panel) and ξ0 = 10 (lower panel), and for two values of the
initial temperature: T0 = 300 MeV and T0 = 600 MeV. The initial
time τ0 = 0.25 fm/c. The dashed, dotted, and dashed-dotted lines
correspond to different values of viscosity: 4πη̄ = 1, 3, and 10,
respectively. The solid black lines show the ideal Bjorken results
corresponding to the limit τeq → 0 and assuming that the initial
distribution is an equilibrium distribution.
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The solid black lines in Fig. 1 show the ideal Bjorken
results corresponding to the limit τeq → 0 and assuming that
the initial distribution is an equilibrium distribution. With
increasing viscosity we observe larger deviations from the
ideal Bjorken solution. This can be easily understood with
the help of Eq. (21) since larger values of viscosity imply
smaller longitudinal pressure and hence a smaller decrease of
the energy density with time.

D. Parton and entropy densities

Once the effective temperature T (τ ) is obtained, one
may use it to find other bulk properties by performing the
appropriate phase-space integrals. In particular, the parton
density can be obtained via

n(τ ) = 2g0

π2

[
D(τ, τ0) �3

0 x
−1/2
0

τ0

τ

+
∫ τ

τ0

dτ ′

τeq(τ ′)
D(τ, τ ′) T 3(τ ′)

τ ′

τ

]
. (39)

Using the Landau matching condition (22) at τ = τ0 one finds

T 4
0 = 1

2 �4
0 H

(
x

−1/2
0

)
, (40)

which relates the initial values of �0, T0, and x0 = 1 + ξ0.
Assuming classical statistics, the entropy density can be

calculated from the Boltzmann formula

S(τ ) = −g0

∫
dP p · u f (τ,w, pT )

× [ln(4π3 f (τ,w, pT )) − 1]. (41)

Here, the distribution function f (τ,w, pT ) is obtained from
Eq. (23). In equilibrium S = 4n and the equilibrium pressure
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FIG. 2. (Color online) Time dependence of the Parton number
(lower lines) and entropy (upper lines) densities rescaled by the
initial entropy density S0 for different values of viscosity. The solid
black line shows the ideal Bjorken result where n = n0τ0/τ and
S = S0τ0/τ = 4n0τ0/τ . The initial temperature T0 = 300 MeV.
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FIG. 3. (Color online) Same as Fig. 2 but for the initial effective
temperature T0 = 600 MeV.

Peq is connected with the parton density by the well-known
relation Peq = neqT .

The time dependence of the parton and entropy densities
extracted from the exact solution of Eq. (1) scaled by the initial
entropy density S0 is shown in Figs. 2 and 3 for T0 = 300 MeV
and T0 = 600 MeV, respectively. In this case one observes an
interesting behavior: The finally produced entropy is larger in
the cases with larger viscosity but this is only because entropy
is produced in longer time intervals in such cases—the initially
produced entropy is larger when the viscosity is smaller. This
nonmonotonic behavior is different from that observed in
the case of effective temperature (energy density) shown in
Fig. 1.

E. Longitudinal and transverse pressures

In a similar manner, one can obtain the longitudinal pressure

PL(τ ) = 6g0

π2

[
D(τ, τ0) T 4

0

HL

(
τ0
τ

x
−1/2
0

)
H(

x
−1/2
0

)

+
∫ τ

τ0

dτ ′

2τeq(τ ′)
D(τ, τ ′) T 4(τ ′)HL

(
τ ′

τ

) ]
, (42)

where HL is defined by the expression3

HL(y) = y2 d

dy

(H(y)

y

)
. (43)

Replacing the function HL by HT where

HT (y) = H(y) − HL(y), (44)

3For more information about the functions HT and HL see
Appendix A.
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and dividing by 2, one obtains the transverse pressure

PT (τ ) = 3g0

π2

[
D(τ, τ0) T 4

0

HT

(
τ0
τ

x
−1/2
0

)
H(

x
−1/2
0

)

+
∫ τ

τ0

dτ ′

2τeq(τ ′)
D(τ, τ ′) T 4(τ ′)HT

(
τ ′

τ

)]
. (45)

Equations (42) and (45) will be used below when comparing
the exact results obtained from the kinetic equation with the
results obtained from the second-order viscous and anisotropic
hydrodynamic approximations.

V. COMPARISON WITH VISCOUS HYDRODYNAMICS

Having obtained the exact solution of the Boltzmann
equation one can compare the results with those obtained
by first- and second-order viscous hydrodynamics approxi-
mations. It is well known that the first-order hydrodynamic
theory suffers from conceptual difficulties. Nevertheless, we
discuss this formulation below in order to analyze the system’s
behavior close to equilibrium and to empirically establish the
correct relation between the shear viscosity and relaxation
time. In Sec. V B we introduce and discuss the equations of
second-order viscous hydrodynamics.

A. First-order viscous hydrodynamics

At first-order the hydrodynamic equations for our simplified
physical system reduce to the following two equations (see,
for example, Eqs. (146) and (147) in Ref. [4]):

dE
dτ

= −E + Peq

τ
+ 4η

3τ 2
(46)

and

dSeq

dτ
+ Seq

τ
= 4η

3τ 2T
, (47)

where η is the shear viscosity. Since the value of the
equilibrium energy density Eeq is always equal to the nonequi-
librium value E by construction, we have identified these two
quantities. The equilibrium pressure and entropy density are
defined through the thermodynamic relations

Peq = 1
3Eeq, Eeq + Peq = T Seq, (48)

where we have made use of the fact that the system obeys
an ideal equation of state. Combining Eqs. (21) and (46) we
conclude that

PT = Peq + �

2
, PL = Peq − � (49)

and

� = 2

3
(PT − PL) = 4η

3τ
. (50)

The quantity � is the rapidity-rapidity component of the shear
tensor πμν [4] and its magnitude measures deviations of the
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FIG. 4. (Color online) Time dependence of the effective shear
viscosity to entropy density ratio η̄eff (τ ) obtained from Eq. (52) with
T (τ ) calculated from the kinetic equation (red lines). For comparison
we show the two results for η̄ which are discussed in the literature:
η̄ = T τeq/5 (solid black lines) and η̄ = T τeq/6 (dashed blue lines)
[52]. One observes that for sufficiently large times our system is
described by first-order hydrodynamics with η̄ = T τeq/5. The initial
temperature is T0 = 300 MeV.

energy-momentum tensor from the perfect-fluid form

πμνπμν = 3

2
�2. (51)

Using Eq. (22) one finds that both (46) and (47) lead to the
same equation for the temperature, namely

dT

dτ
+ T

3τ
= 4η̄eff

9τ 2
, (52)

where η̄eff is the viscosity to entropy density ratio, η̄eff =
η/Seq. Equation (52) may be used to calculate η̄eff as a function
of the proper time. This result may be compared with the actual
value of η̄ used to solve the kinetic equation (28). In this way
one can check how much the first-order hydrodynamics is
consistent with the results of the kinetic theory. One expects
that it should only be reliable at large proper times and that in
this limit η̄eff obtained from (52) should converge to the true
shear viscosity of the system.

The results of this calculation are presented in Figs. 4 and 5.
We compare the result with the two results from the literature
(see, for example, Eqs. (8.78) and (8.89) from [52] and use
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Peq/Seq = T/4):

η = 2

3
Peqτeq, η̄ = T τeq

6
, (53)

η = 4

5
Peqτeq, η̄ = T τeq

5
. (54)

Clearly, our numerical study favors Eq. (54). To the best of
our knowledge, Eq. (54) was first derived in Ref. [49] and
then reproduced in Ref. [50], where the complete set of the
kinetic coefficients for the quark-antiquark plasma, including
the color conductivity coefficient, has been derived.4 Recently,
the result (54) has been also obtained, among many other
results, in Ref. [53].

The numerical results shown in Figs. 4 and 5 empirically
demonstrate that the correct relationship between the shear
viscosity and the relaxation time is η̄ = T τeq/5. We note that
if one uses the Grad-Israel-Stewart approximation truncated
at second order in moments one erroneously obtains η̄ =
T τeq/6 [58]. If one instead uses the Chapman-Enskog method
[49,53], a complete second-order Grad expansion [23], or
asymptotic expansion without moment expansion, one obtains

4Note that [49,50] use the units where h = 1 and the calculations
are done for classical statistics. The result η = 4T 4τeq/(5π 2) (for one
internal degree of freedom) is obtained from Eq. (74) in Ref. [49]
by taking the ultrarelativistic limit and dividing by 8π 3. The same
result is obtained for η if Eq. (6.12) in Ref. [50] is divided by 16π 3.
The extra factor of 2 is needed, since both quarks and antiquarks are
considered in Ref. [50].

the correct value of η̄ = T τeq/5. Whether one obtains η̄ =
T τeq/6 or η̄ = T τeq/5 is not specific to second-order viscous
hydrodynamics, but instead is a result of the approximations
used when treating the collisional kernel itself. We return
to this issue in Sec. VII where we employ a late-time
expansion of the kinetic solution, viscous hydrodynamics, and
anisotropic hydrodynamics without moment expansion. In all
cases studied one finds η̄ = T τeq/5.

B. Second-order viscous hydrodynamics

In second-order viscous hydrodynamics the system’s dy-
namics is described by the energy evolution equation supple-
mented by the shear viscous stress evolution equation (see, for
example, Eqs. (175) and (178) in Ref. [4]):

∂τE = −E + P
τ

+ �

τ
,

(55)
∂τ� = − �

τπ

+ 4

3

η

τπτ
− β

�

τ
,

where τπ = 5η̄/T is the shear relaxation time. Viscous
hydrodynamics practitioners most often use β = 4/3 which
we will refer to as the Israel-Stewart (IS) prescription. We will
also compare the exact solutions with the complete second-
order treatment from Ref. [23] which, within RTA, gives
β = 38/21. We will refer to the second choice as the DNMR
prescription.5 In both cases one can compute the transverse
and longitudinal pressures using Eq. (49). To be consistent
with the exact solution and the anisotropic hydrodynamics
approximation we assume an ideal equation of state for the
viscous hydrodynamical approximations. The results obtained
from (55) will be compared with the exact solutions together
with anisotropic hydrodynamics results in the next section.6

VI. COMPARISON WITH ANISOTROPIC
HYDRODYNAMICS

We now turn to the comparison of our exact solutions of the
kinetic equation (1) with those obtained using the anisotropic
hydrodynamic approximation [26–35]. The anisotropic hydro-
dynamics framework is based on the analysis of the zeroth
and first moments of the kinetic equation [27,29,31]. In
this approximation one assumes that to leading order the
distribution function is given by a spheroidal Romatschke-
Strickland form (RSF) [41] defined by the two time-dependent
parameters: the transverse momentum scale �(τ ) and the
anisotropy parameter ξ (τ ) [27]. All physical quantities may
be expressed in terms of �(τ ) and ξ (τ ).

For the case of an RSF obtained by the modifica-
tion (stretching or squeezing) of an isotropic Boltzmann
distribution, the energy density can be expressed as

E = 6g0�
4

π2
R(ξ ), (56)

5Reference [24] has also obtained λ = 38/21 with a different
technique.

6We note that in the conformal limit, it is now standard to include
an additional term proportional to �2 in the dynamical equation for
� [59]. In Appendix B we assess the affect of such a term.
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FIG. 6. (Color online) Time dependence of the energy density, the longitudinal pressure, and the transverse pressure (panels from left to
right, respectively). The black solid, red dashed, blue dashed-dotted, and brown dotted lines describe the results obtained from the kinetic
equation, anisotropic hydrodynamics, Israel-Stewart theory, and DNMR approach, respectively. The initial conditions in this figure are
T0 = 300 MeV and ξ0 = 0.

and the parton number density is

n = 2g0�
3

π2
√

1 + ξ
. (57)

Similarly, the two pressures are obtained from the expressions

PT = 3g0�
4

π2
RT (ξ ), PL = 3g0�

4

π2
RL(ξ ), (58)

where the various R functions are defined in Appendix A. The
RSF entropy density in this case equals

S = 4n = 8g0�
3

π2
. (59)

We recall that g0 is the degeneracy factor accounting for all
internal degrees of freedom except for spin.

From the zeroth and first moment of the Boltzmann
equation one obtains two dynamical equations [27]

∂τ ξ

1 + ξ
= 2

τ
− 4R(ξ )

τAH
eq

R3/4(ξ )
√

1 + ξ − 1

2R(ξ ) + 3(1 + ξ )R′(ξ )
(60)

and

1

1 + ξ

∂τ�

�
= R′(ξ )

τAH
eq

R3/4(ξ )
√

1 + ξ − 1

2R(ξ ) + 3(1 + ξ )R′(ξ )
, (61)

where τAH
eq is the anisotropic hydrodynamics relaxation time.

We solve Eqs. (60) and (61) with initial conditions which are
exactly the same as in the numerical calculations of the kinetic
equation described in the previous sections. This is possible
since the initial conditions for the kinetic equation were chosen
to have the same functional form.

In Eqs. (60) and (61) we allow the relaxation time τAH
eq to

be different from the relaxation time τeq used in the original
kinetic equation (1). In fact, as we will demonstrate in Sec. VII,
by making asymptotic expansions of the anisotropic hydrody-
namics equations (60) and (61) and the kinetic equation (28)
one finds that

τAH
eq = τeq

2
, |ξ | 	 1. (62)

A simple argument why (62) should hold is the following: In
Ref. [27] the matching between anisotropic hydrodynamics
and the Israel-Stewart theory has been made in the case of
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FIG. 7. (Color online) Same as Fig. 6 but for T0 = 300 MeV and ξ0 = 10.

small anisotropies. This matching leads to the formula

� ≡ 1

τAH
eq

= 2

τπ

= 8Peq

5η
. (63)

In view of our results presented in Sec. V A we know that the
correct value of the viscosity is η = 4Peqτeq/5; see Eq. (54).
Hence, Eq. (63) leads to τeq = τπ and (62). If we kept the
relaxation times τAH

eq and τeq equal, the system described
by anisotropic hydrodynamics would have a shear viscosity
which is two times larger than the viscosity found in the exact
solution. Hence one must adjust τAH

eq by a factor of 2. A formal
proof of (62) is given in the next section.

If the system is off equilibrium, the proper matching
between τAH

eq and τeq is more difficult to find. The numerical
analysis of the solutions indicates that

τAH
eq = T

2�
τeq, (64)

or equivalently,

τAH
eq = 5η̄

2�
. (65)

In remainder of this section we use Eqs. (54) and (65) and
present comparisons between the exact solutions of the kinetic

equation, the results of the two second-order viscous hydrody-
namics approximations, and the results of the anisotropic hy-
drodynamics approximation. We note that the above prescrip-
tion is different from the original Martinez-Strickland prescrip-
tion [27] for the relaxation time, which results in τMS

eq = τeq/2.
We find in practice that the τAH

eq prescription given by Eq. (64)
[or equivalently Eq. (65)] results in much better agreement
between anisotropic hydrodynamics and the exact kinetic
solution.

In Figs. 6–9 we show the time dependence of the energy
density, the longitudinal pressure, and the transverse pressure
(three columns of panels from left to right, respectively)
obtained for three different values of the viscosity: 4πη̄ =
1, 3, 10 (three rows of panels from top to bottom, respectively).
The energy density is normalized to its initial value, while
the longitudinal and transverse pressures are normalized to
one-third of the initial energy density. In this way, the late-
time behavior of the displayed quantities becomes similar.
Figures 6–9 differ in the choice of initial conditions. We use
T0 = 300 MeV and ξ0 = 0 in Fig. 6. The consecutive figures
show the cases T0 = 300 MeV and ξ0 = 10, T0 = 600 MeV
and ξ0 = 0, and T0 = 600 MeV and ξ0 = 10. The black solid,
red dashed, blue dashed-dotted, and brown dotted lines in
Figs. 6–9 are the results obtained from the kinetic equation,
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FIG. 8. (Color online) Same as Fig. 6 but for T0 = 600 MeV and ξ0 = 0.

anisotropic hydrodynamics, Israel-Stewart theory, and the
DNMR approach, respectively.

In all cases considered one observes noticeable differences
between the exact results and the standard Israel-Stewart
approximation. If the shear viscosity becomes large, the Israel-
Stewart theory results in negative longitudinal pressure.7 In all
cases studied, the agreement between viscous hydrodynamics
and kinetic theory is dramatically improved if one uses the
DNMR approximation and is further improved if one uses the
anisotropic hydrodynamics approximation. We note, however,
that the problem of negative pressure, although lessened
somewhat, still exists in the DNMR approach, as can be seen
from the bottom middle panel of Fig. 7.

Once the evolution of the effective temperature is known
via Eq. (28) this can be used in Eq. (23) to determine the exact
evolution of the distribution function in momentum space. This
allows one to extract more detailed information than allowed
by the moments of the distribution alone. In Figs. 10–12 we

7In Figs. 6–9, in order to more precisely compare the various
approximations, we have used a logarithmic scale for the horizontal
and vertical axes. With this scaling for the vertical axis, negative
values of the longitudinal pressure lead to regions where the logarithm
is undefined.

compare contour plots of the distribution function obtained
with the exact kinetic solution (black lines) and the anisotropic
hydrodynamics approximation (red dashed lines). We see from
these figures that at early times corresponding to τ ∼ 1 fm/c
there is disagreement between anisotropic hydrodynamics and
the exact solution for the distribution function. One can see,
particularly in Fig. 12 which presents the case 4πη̄ = 10, that
the distribution function is not spheroidal. In fact, one can
see what appears to be a superposition of two spheroids, one
which is governed by pure free-streaming evolution coming
from the first term in Eq. (23) and the second coming from
an equilibrating component coming from the second term in
Eq. (23). This suggests that it may be more accurate to use
a form which is a linear superposition of two spheroids. We
leave this possibility for future work.

VII. LATE-TIME BEHAVIOR

In this section we analyze the late-time behavior of the
system described by anisotropic hydrodynamics, according
to Eqs. (60) and (61), by the kinetic equation (1), and by
the second-order viscous hydrodynamics equations (55). We
prove that the relation (62) should indeed be satisfied in order
to achieve the agreement between anisotropic hydrodynamics
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FIG. 9. (Color online) Same as Fig. 6 but for T0 = 600 MeV and ξ0 = 10.

and the kinetic theory and that η̄ = T τeq/5 is the correct
relationship between the shear viscosity and the relaxation
time in the near-equilibrium limit.

A. Asymptotic expansion of anisotropic hydrodynamics

We start with Eqs. (60) and (61). Since at late times ξ → 0,
we can linearize these two equations in ξ . Treating ξ and ∂τ ξ
as order ε we expand the first equation to order ε2 to obtain

∂τ ξ = 2

τ
+

(
2

τ
− �

2

)
ξ − 17

63
�ξ 2 + O(ξ 3). (66)

Here � is defined by (63). Similarly, we can expand the second
equation to obtain

∂τ� = − 1
12��ξ + 187

3780��ξ 2 + O(ξ 3). (67)

In the next step, we find the solution for ξ . One finds
empirically that ξ decays like

lim
τ→∞ ξ = A

τ
+ B

τ 2
+ O

(
1

τ 3

)
. (68)

Plugging this form into (66) and matching terms of order τ−1

and τ−2 on the left- and right-hand sides one finds

lim
τ→∞ ξ (τ ) = 4

�τ
+ 968

63(�τ )2
+ O

(
1

τ 3

)
. (69)

Inserting this solution on the right-hand side of (67) and
expanding through O(τ−2) one obtains

lim
τ→∞

1

�
∂τ� = −1

3
− 22

45

1

�τ 2
+ O(τ−3). (70)

Solving this differential equation and taking the limit �τ � 1
we obtain

lim
τ→∞ �(τ ) = C

τ 1/3

(
1 + 22

45

1

�τ
+ O(τ−2)

)
, (71)

where C is an undetermined constant. Having determined the
asymptotic behavior of ξ and � we can now determine the
asymptotic expansion of the energy density E = R(ξ )Eeq(�)

lim
τ→∞ E(τ ) = D

τ 4/3

(
1 − 32

45

1

�τ
+ O(τ−2)

)
. (72)

024903-12



TESTING VISCOUS AND ANISOTROPIC HYDRODYNAMICS . . . PHYSICAL REVIEW C 88, 024903 (2013)

− 1.0 − 0.5 0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0
−1.0 −0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0

τ= 0.25 fm c

− 1.0 − 0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0
−1.0 −0.5 0.0 0.5 1.0

0.0

0.2

0.4

0.6

0.8

1.0

p T

τ= 1 fm c

− 10 − 5 0 5 10
0.0

0.2

0.4

0.6

0.8

1.0
− −

0.0

0.2

0.4

0.6

0.8

1.0

w

τ= 10 fm c

   / 

   / 

   / 

FIG. 10. (Color online) Distribution function contours obtained
from the exact kinetic solution (black lines) and the anisotropic
hydrodynamics approximation (red dashed lines) for T0 = 600 MeV,
ξ0 = 10, and 4πη̄ = 1.

B. Asymptotic expansion of the relaxation-time-approximation
integral equation

The integral equation for the energy density is obtained
from (28)

E(τ ) = D(τ, τ0)E0
H(

τ0
τ
x

−1/2
o

)
H(

x
−1/2
o

)

+
∫ τ

τ0

dτ ′

2τeq(τ ′)
D(τ, τ ′)E(τ ′)H

(
τ ′

τ

)
. (73)

We seek the large-τ asymptotic solution of this equation and
once again search for a solution of the form

lim
τ→∞ E(τ ) = A

(
τeq

τ

)4/3(
1 + B

τeq

τ
+ O(τ−2)

)
. (74)

As τ → ∞ the first term in Eq. (73) goes to zero exponentially
fast, so we can ignore it. In order to evaluate the integral we
recognize that the integral is dominated by the end of the
integration region where τ ′ ∼ τ due to the damping function
D. As a result, we can proceed by expanding the H function in
a power series around τ ′ = τ from below. In order to extract
the asymptotic coefficients necessary, it suffices to expand H
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FIG. 11. (Color online) Distribution function contours obtained
from the exact kinetic solution (black lines) and the anisotropic
hydrodynamics approximation (red dashed lines) for T0 = 600 MeV,
ξ0 = 10, and 4πη̄ = 3.

to second order, see Appendix A,

lim
τ ′→τ

H
(
τ ′

τ

)
= 2 + 8(τ ′ − τ )

3τ
+ 4(τ ′ − τ )2

5τ 2
+O((τ ′ − τ )3).

(75)

Inserting the asymptotic expansion above on the left- and right-
hand sides of Eq. (73), performing the integral on the right-
hand side, and discarding terms which go to zero exponentially
in τ − τ0, one obtains

A

(
τeq

τ

)4/3(
1 + B

τeq

τ

)

= A

(
τeq

τ

)4/3(
1 + B

τeq

τ

)
− A

45

(
τeq

τ

)10/3

× (16 + 45B) + O(τ−13/3). (76)

Requiring equivalence between the left and right we obtain
B = −16/45 giving

lim
τ→∞ E(τ ) = A

(
τeq

τ

)4/3 (
1 − 16

45

τeq

τ
+ O(τ−2)

)
. (77)

Comparing (77) with (72) one obtains (62). We note that one
can find this result derived in a different manner in Ref. [37].
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FIG. 12. (Color online) Distribution function contours obtained
from the exact kinetic solution (black lines) and the anisotropic
hydrodynamics approximation (red dashed lines) for T0 = 600 MeV,
ξ0 = 10, and 4πη̄ = 10.

C. Asymptotic expansion of the second-order viscous
hydrodynamics equations

We start with the viscous hydrodynamical equations (55).
To proceed, we assume that τeq = τπ is held constant. The
shear viscosity and the relaxation time are related via

η = ατeqT S = 4
3ατeqE, (78)

where α will be determined via asymptotic expansion and
matching. Note that we have assumed an ideal equation of
state in the last equality. With these assumptions one finds that
the energy density and shear � have the following asymptotic
expansions:

lim
τ→∞ E(τ ) = A

(
τeq

τ

)4/3

+ B

(
τeq

τ

)7/3

+ O(τ−10/3),

(79)
lim

τ→∞ �(τ ) = Cτ−7/3 + O(τ−10/3).

Inserting these expansions and requiring that in the limit
τ → ∞ the coefficient of the leading O(τ−10/3) term in the
first equation vanishes gives B = −C. Requiring that the
coefficient of the leading O(τ−7/3) term in the second equation
vanishes gives C = 16Aα/9. Putting these results together one

obtains

lim
τ→∞ E(τ ) = A

(
τeq

τ

)4/3 (
1 − 16α

9

τeq

τ
+ O(τ−2)

)
. (80)

Matching Eqs. (77) and (80) one obtains α = 1/5 indepen-
dently of the coefficient β which appears in the second-order
equations. This gives the desired relation η̄ = T τeq/5.

VIII. CONCLUSIONS

In this paper we presented an exact solution to the
0 + 1d Boltzmann equation in the relaxation time approxi-
mation. Our solution is appropriate for systems with time-
independent or time-dependent relaxation times. From this
solution we were able to obtain to arbitrary numerical
accuracy the proper-time evolution of all relevant bulk
properties of the system: the energy density, transverse and
longitudinal pressures, number density, and entropy density.
We then compared the exact kinetic theory solution to the
standard Israel-Stewart second-order viscous hydrodynamics
approximation (IS), a complete second-order viscous hy-
drodynamics approximations (DNMR), and the anisotropic
hydrodynamics approximation. We performed comparisons
of the energy density and pressures for two different initial
temperatures, two different initial anisotropies, and three
different values for the shear viscosity to entropy density
ratio.

Our results show that, among the different approximations
considered, the standard IS approximation was the poorest
approximation to the exact RTA solution. Comparatively, the
DNMR second-order viscous hydrodynamics approximation
represented a significant improvement over the IS approx-
imation; however, like the standard IS approximation the
DNMR approximation can result in predictions of negative
longitudinal pressure. Finally, in all cases tested the anisotropic
hydrodynamics approximation most accurately reproduced
the exact RTA solution. The relative success of anisotropic
hydrodynamics in reproducing the exact results is somewhat
surprising since the equations used were derived at LO
in the anisotropic expansion, only taking into account a
spheroidal functional form for the one-particle distribution
function.

In the process we were able to establish that there
exists a factor of 2 difference between the relaxation time
in the anisotropic hydrodynamics approximation and the
exact relaxation time. Additionally, we determined that for
best agreement with the exact kinetic solution, the scale
in the far-from-equilibrium anisotropic dynamics relaxation
time should be set by the transverse temperature �. In the
context of second-order viscous hydrodynamics we deter-
mined empirically and analytically that the correct relation-
ship between the shear viscosity and the relaxation time
is η̄ = T τeq/5.

Of course, our exact solution is restricted to the 0 + 1d
Boltzmann equation in RTA. As a consequence, the con-
clusions stated above are strictly applicable only in this
context. It is not currently possible to make a general
statement about the ranking of the relative errors of the various
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approximations. That being said it is certainly nice to have
one exactly solvable case that can be used to assess different
approximation schemes. Since the exact solution obtained is
applicable for arbitrary shear viscosity to entropy ratio it can
be used to assess the efficacy of different far-from-equilibrium
approaches. Looking forward, knowledge of the exact solution
in this simple situation could prove useful in the development
of more comprehensive far-from-equilibrium approximation
schemes.
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APPENDIX A: THE H AND R FUNCTIONS

The functions H, HL, and HT are defined by the integrals

H(y) = y

∫ π

0
dφ sin φ

√
y2 cos2 φ + sin2 φ,

HL(y) = y3
∫ π

0
dφ

sin φ cos2 φ√
y2 cos2 φ + sin2 φ

, (A1)

HT (y) = y

∫ π

0
dφ

sin3 φ√
y2 cos2 φ + sin2 φ

.

There are simple relations connecting H, HL, and HT

with the functions R, RL, and RT defined in Ref. [27],
namely

H
(

1√
1 + ξ

)
= 2R(ξ ),

HL

(
1√

1 + ξ

)
= 2

3
RL(ξ ), (A2)

HT

(
1√

1 + ξ

)
= 4

3
RT (ξ ).

In the region 0.5 � y � 1 the functions H(y) are very well
approximated by the expressions

H (y) � 2 + 8
3 (y − 1) + 4

5 (y − 1)2 + O((y − 1)3),

HL (y) � 2
3 + 8

5 (y − 1) + 36
35 (y − 1)2

+ 8
315 (y − 1)3 + O((y − 1)4), (A3)

HT (y) � 4
3 + 16

15 (y − 1) − 8
35 (y − 1)2

+ 16
315 (y − 1)3 + O((y − 1)4).

APPENDIX B: INCLUDING THE λ1 CONFORMAL TERM

In this Appendix we discuss the impact of including the
full set of “conformal” second-order terms in the viscous
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FIG. 13. (Color online) Time dependence of the ratio of the
longitudinal and transverse pressures for T0 = 300 MeV and ξ0 = 0
at τ0 = 0.25 fm/c. Shown in the plot are the exact kinetic theory
solution (black), the anisotropic hydrodynamics approximation (red
dashed), the Israel-Stewart equation without the conformal �2 term
(blue dot-dashed), and the Israel-Stewart equation with the conformal
�2 term (brown dotted). Panels (top to bottom) show the cases 4πη̄ =
1, 3, and 10, respectively. In all cases we used η̄ = T τeq/5.

hydrodynamical evolution. In the conformal limit one finds
that an additional term is required in the second-order viscous
hydrodynamical equations which is proportional to �2 [59]:

∂τE = −E + P
τ

+ �

τ
,

(B1)

∂τ� = − �

τπ

+ 4

3

η

τπτ
− 4�

3τ
− λ1

2τπη2
�2,

where, in RTA, the coefficient λ1 = 5ητπ/7 [53,60].
In Fig. 13 we compare the solution of (B1) with and

without the term proportional to �2 to the exact kinetic
solution obtained via (28) and the anisotropic hydrodynamics
approximation obtained via Eqs. (60) and (61). As one can see
from this figure, while the inclusion of the �2 does somewhat
improve the agreement of the Israel-Stewart approximation
with the exact solution, it still has a larger error associated
with it than the anisotropic hydrodynamics approximation.
In addition, we see in the bottom panel of Fig. 13 that
the longitudinal pressure can become negative even when
including the �2 term.
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We solve the one-dimensional boost-invariant kinetic equation for a relativistic massive system with the
collision term treated in the relaxation time approximation. The result is an exact integral equation which can
be solved numerically by the method of iteration to arbitrary precision. We compare predictions for the shear
and bulk viscosities of a massive system with those obtained from the exact solution. Finally, we compare the
time evolution of the bulk pressure obtained from our exact solution with results obtained from the dynamical
equations of second-order viscous hydrodynamics.
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I. INTRODUCTION

In order to properly understand the data generated in rela-
tivistic heavy-ion collisions it is necessary to have dynamical
models that can accurately describe the time evolution of
the system from the moment after the Lorentz-contracted
nuclei pass through one another to the final production of
the hadrons that are detected. To date, the primary tool used
for describing the time evolution of the matter created in
heavy-ion collisions has been relativistic viscous hydrody-
namics [1–25]. Originally, most practitioners relied on the
Israel–Stewart framework for obtaining the necessary viscous
hydrodynamic equations; however, recently there have been
efforts to provide more complete formulations of second- and
third-order viscous hydrodynamics which should, in principle,
more accurately describe the time evolution of the system. In
addition to these developments, recently a framework called
dissipative anisotropic hydrodynamics has been developed
which attempts to improve upon standard relativistic viscous
hydrodynamics approximations by relaxing the assumption
that the system is approximately isotropic in momentum
space [26–38].

If one wants to assess how well these various dissipa-
tive relativistic hydrodynamics approaches describe the true
nonequilibrium evolution of the system, it is necessary to have
some exactly solvable cases that can be used to discriminate
the various approaches. One possible avenue for doing this
is to compare predictions of hydrodynamic models with exact
solutions of the underlying kinetic theory. Doing this in general
is not possible; however, there are some cases in which this
can be done. Recently it was shown that it was possible to
exactly solve the Boltzmann equation in the relaxation time
approximation for a system of massless particles which is

transversely homogeneous and boost invariant [39,40]. In this
paper we generalize the results obtained in Refs. [39,40] to
a system of massive particles. This generalization allows us
to directly test various predictions available in the literature
for the massive near-equilibrium transport coefficients now
including bulk viscous effects.

The structure of the paper is as follows: In Sec. II we
present the kinetic equation we solve, list the thermodynamic
functions for an equilibrium massive Boltzmann gas, specify
the boost-invariant variables we will use for the exact solution,
and discuss the constraint implied by energy-momentum
conservation. In Sec. III we present our exact solution and
associated quantities. In Sec. IV we collect results for the
shear and bulk viscosities of a massive Boltzmann gas and
compute some asymptotic limits of these transport coefficients.
In this section we also list three evolution equations for
the bulk pressure which can be found in the literature.
In Sec. V we present a numerical evaluation of our exact
solution and compare the results obtained with the massless
limit and various results available from relativistic viscous
hydrodynamics. In Sec. VI we briefly discuss the implications
of having a fixed shear viscosity to entropy density ratio on the
equilibration of the system. Finally, in Sec. VII we conclude
and give an outlook for the future.

II. BOLTZMANN EQUATION IN RELAXATION
TIME APPROXIMATION

In this paper we consider the relativistic Boltzmann
equation

pμ∂μf (x,p) = C[f (x,p)], (1)
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where f (x,p) is the one-particle distribution function, and
C is the collision term which we treat in the relaxation time
approximation [41],

C[f ] = −p · u

τeq
(f − feq), (2)

where p · u ≡ pμuμ and τeq is the relaxation time. Herein, we
will take the background equilibrium distribution function feq

to be a classical Boltzmann distribution

feq = 2

(2π )3
exp

(
−p · u

T

)
. (3)

However, we note that the results contained herein can be
straightforwardly generalized to the case of Bose–Einstein
or Fermi–Dirac distributions. The factor of two in Eq. (3)
accounts for spin degeneracy. The temperature T is obtained
from the Landau matching condition which demands that the
energy density calculated from the distribution function f is
equal to the energy density obtained from the equilibrium
distribution feq. We will provide the details of how this is
accomplished in practice below. If the system is close to
thermal equilibrium, then T can be interpreted as the true
temperature of the system; however, since we consider a
nonequilibrium system, T should be interpreted as an effective
temperature which is related to the nonequilibrium energy
density of the system. The quantity uμ in Eq. (3) is the flow
velocity of matter with u

μ
LRF = (1,0) in the local rest frame

(LRF) of the matter.
We note that the simple forms of Eqs. (1)–(3) used herein

are motivated in large part by the fact that there are many
results which have been obtained with these assumptions and,
as a consequence, this allows us to make direct comparisons
with other approaches. In particular, we note that there exist
several calculations of the relaxation time approximation
kinetic coefficients using this setup; see, e.g., Refs. [18,42–47].

A. Equilibrium thermodynamic functions

For massive particles obeying classical Boltzmann statistics
the equilibrium particle density, entropy density, energy
density, and pressure can be expressed as [48,49]

Neq(T ) = g0m
2T

π2
K2

(
m

T

)
, (4a)

Seq(T ) = g0m
2

π2

[
4T K2

(
m

T

)
+ mK1

(
m

T

)]
, (4b)

Eeq(T ) = g0m
2T

π2

[
3T K2

(
m

T

)
+ mK1

(
m

T

)]
, (4c)

Peq(T ) = g0m
2T 2

π2
K2

(
m

T

)
, (4d)

where Kn are modified Bessel functions and g0 is a degeneracy
factor which accounts for all internal degrees of freedom
except the spin, which we have included separately in Eq. (3).

B. Boost-invariant variables

As mentioned previously, in this paper we consider the
case of a transversely homogeneous boost-invariant system.

For one-dimensional boost-invariant expansion, all scalar
functions of space and time can depend only on the proper time
τ = (t2 − z2)1/2. In addition, in this case the hydrodynamic
flow uμ should have the Bjorken form in the laboratory
frame uμ = (t/τ,0,0,z/τ ) [50]. As usual, the phase-space
distribution function f (x,p) itself transforms as a scalar under
Lorentz transformations. In this case, the requirement of boost
invariance implies that f (x,p) can depend only on τ , w, and
�pT with [51,52]

w = tpL − zE. (5)

By using w and pL one can define another boost-invariant
variable:

v(τ,w,pT ) = Et − pLz =
√

w2 + (
m2 + �p 2

T

)
τ 2. (6)

From Eqs. (5) and (6) one finds the energy and the longitudinal
momentum of a particle:

E = p0 = vt + wz

τ 2
, pL = wt + vz

τ 2
. (7)

The momentum-space integration measure can be expressed
in terms of these variables as

dP = 2d4pδ(p2 − m2)θ (p0) = d2pT

dpL

p0
= d2pT

dw

v
. (8)

Using the boost-invariant variables introduced above, the
kinetic equation may be written in the simple form:

∂f

∂τ
= feq − f

τeq
, (9)

where the boost-invariant form of the equilibrium distribution
function (3) is

feq(τ,w,pT ) = 2

(2π )3
exp

⎡
⎣−

√
w2 + (

m2 + p2
T

)
τ 2

T (τ )τ

⎤
⎦ .

(10)

Below, we assume that f (τ,w, �pT ) is an even function of w and
depends only on the magnitude of the transverse momentum
�pT ; namely,

f (τ,w,pT ) = f (τ, − w,pT ). (11)

C. Energy-momentum conservation

The energy-momentum tensor can be obtained via

T μν(τ ) = g0

∫
dPpμpνf (τ,w,pT ). (12)

By using Eq. (11) one can express the energy-momentum
tensor (12) in the form [31,32]

T μν = (E + PT )uμuν − PT gμν + (PL − PT )zμzν, (13)
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where the energy density E , the longitudinal pressure PL, and
the transverse pressure PT , can be obtained via

E(τ ) = g0

τ 2

∫
dPv2f (τ,w,pT ), (14a)

PL(τ ) = g0

τ 2

∫
dPw2f (τ,w,pT ), (14b)

PT (τ ) = g0

2

∫
dPp2

T f (τ,w,pT ), (14c)

and zμ = (z/τ,0,0,t/τ ) is a four-vector which defines the
beam direction. Energy-momentum conservation requires that

∂μT μν = 0. (15)

For a one-dimensional boost-invariant system, the four equa-
tions implicit in Eq. (15) reduce to a single equation

dE
dτ

= −E + PL

τ
. (16)

We note that the structure of the energy-momentum tensor (13)
and the explicit representations given in Eqs. (14) are typ-
ical for a momentum-space anisotropic system. The energy
conservation equation (15) is satisfied if the energy densities
calculated with the nonequilibrium distribution functions f
or the equilibrium distribution function feq are equal, which
requires that

E(τ ) = g0

τ 2

∫
dPv2f (τ,w,pT )

= g0

τ 2

∫
dPv2feq(τ,w,pT )

= g0m
2T

π2

[
3T K2

(
m

T

)
+ mK1

(
m

T

)]
. (17)

This requirement represents the so-called dynamical Landau
matching condition and can be used to define the effective
temperature T at any proper time.

III. SOLUTIONS OF KINETIC EQUATION

We now proceed to solve the kinetic equation (1) for a
transversely homogenous boost-invariant system.

A. General form of solutions

The general form of solutions of Eq. (1) can be expressed
as [39,40,53–56]

f (τ,w,pT ) = D(τ,τ0)f0(w,pT )

+
∫ τ

τ0

dτ ′

τeq(τ ′)
D(τ,τ ′)feq(τ ′,w,pT ), (18)

where we have introduced the damping function

D(τ2,τ1) = exp

[
−

∫ τ2

τ1

dτ ′′

τeq(τ ′′)

]
. (19)

For the purposes of this paper, we will assume that at τ = τ0

the distribution function f can be expressed in Romatschke–
Strickland form with an underlying Boltzmann distribution as

the isotropic distribution [57]:

f0(w,pT ) = 2

(2π )3
exp

[
−

√
(p · u)2 + ξ0(p · z)2

	0

]

= 1

4π3
exp

⎡
⎣−

√
(1 + ξ0)w2 + (

m2 + p2
T

)
τ 2

0

	0τ0

⎤
⎦ .

(20)

This form simplifies to an isotropic Boltzmann distribution
if the anisotropy parameter ξ0 is zero, in which case the
transverse momentum scale 	0 can be identified with the
system’s initial temperature T0.

B. Dynamical Landau matching

By multiplying Eqs. (10) and (20) by g0v
2/τ 2 and integrat-

ing over momentum one obtains

g0

τ 2

∫
dPv2feq(τ ′,w,pT ) = g0T

4(τ ′)
2π2

H̃2

[
τ ′

τ
,

m

T (τ ′)

]
, (21)

g0

τ 2

∫
dPv2f0(w,pT ) = g0	

4
0

2π2
H̃2

[
τ0

τ
√

1 + ξ0
,
m

	0

]
, (22)

where the function H̃2(y,z) is defined by the integral

H̃2(y,z) =
∫ ∞

0
duu3H2

(
y,

z

u

)
exp(−

√
u2 + z2), (23)

with

H2(y,ζ ) = y

∫ π

0
dφ sin φ

√
y2 cos2 φ + sin2 φ + ζ 2. (24)

We note that Eqs. (21) and (22) are equal if τ = τ ′ = τ0

and the system is initially isotropic (ξ0 = 0). In this case the
parameter 	0 can be identified with the system’s temperature
T (τ ) and the expressions on the left-hand sides of Eqs. (21)
and (22) become the equilibrium energy density Eeq(T (τ )).

In general, the integral appearing in Eq. (24) can be
performed analytically, with the result being

H2(y,ζ ) = y

⎛
⎝√

y2 + ζ 2 + 1 + ζ 2√
y2 − 1

tanh−1

√
y2 − 1

y2 + ζ 2

⎞
⎠ .

(25)

However, the remaining integration over u in Eq. (23) must
be performed numerically. We note that the function H2(y,0)
reduces to the function H(y) introduced in Ref. [40] and,
hence, H̃2(y,0) = 6H(y).

By using Eqs. (17), (18), (21), and (22) to implement the
dynamical Landau matching, we obtain our main result:

2m2T (τ )

[
3T (τ )K2

(
m

T (τ )

)
+ mK1

(
m

T (τ )

)]

= D(τ,τ0)	4
0H̃2

[
τ0

τ
√

1 + ξ0
,
m

	0

]

+
∫ τ

τ0

dτ ′

τeq
D(τ,τ ′)T 4(τ ′)H̃2

[
τ ′

τ
,

m

T (τ ′)

]
. (26)
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This is an integral equation for the effective temperature T (τ ).
It can be solved by using the iterative method [58]. In the
massless limit (m → 0), Eq. (27) reduces to Eq. (38) of
Ref. [40].

C. Transverse and longitudinal pressures

A sensitive measure of the degree of equilibration can be
obtained by computing the system’s transverse and longitudi-
nal pressures. One can calculate the transverse and longitudinal
pressures using Eqs. (14). Similarly to Eqs. (21) and (22) one
obtains

g0

2

∫
dPp2

T feq(τ ′,w,pT ) = g0T
4(τ ′)

4π2
H̃2T

[
τ ′

τ
,

m

T (τ ′)

]
, (27)

g0

2

∫
dPp2

T f0(w,pT ) = g0	
4
0

4π2
H̃2T

[
τ0

τ
√

1 + ξ0
,
m

	0

]
, (28)

where we have introduced the new function

H̃2T (y,z) =
∫ ∞

0
duu3H2T

(
y,

z

u

)
exp(−

√
u2 + z2), (29)

with

H2T (y,ζ ) = y

∫ π

0

dφ sin3 φ√
y2 cos2 φ + sin2 φ + ζ 2

= y

(y2 − 1)3/2

[
(ζ 2 + 2y2 − 1) tanh−1

√
y2 − 1

y2 + ζ 2

−
√

(y2 − 1)(y2 + ζ 2)

]
. (30)

Equations (27)–(30) allow us to write a compact formula for
the transverse pressure:

PT (τ ) = g0

4π2
D(τ,τ0)	4

0H̃2T

[
τ0

τ
√

1 + ξ0
,
m

	0

]

+ g0

4π2

∫ τ

τ0

dτ ′

τeq
D(τ,τ ′)T 4(τ ′)H̃2T

[
τ ′

τ
,

m

T (τ ′)

]
. (31)

In order to calculatePT (τ ) using Eq. (31), one has to determine
the proper-time dependence of T (τ ) by solving the integral
equation (26). Once T (τ ) is obtained, the integral over τ ′ in
Eq. (31) can be performed. Similarly to the functions H̃2(y,z)
and H2(y,ζ ), the functions H̃2T (y,z) and H2T (y,ζ ) satisfy the
relations H2T (y,0) = HT (y) and H̃2T (y,0) = 6HT (y), where
HT (y) is defined in Ref. [40].

In the case of the longitudinal pressure, one can follow a
similar procedure. Once again, one calculates the appropriate
moments of the distribution functions

g0

τ 2

∫
dPw2feq(τ ′,w,pT ) = g0T

4(τ ′)
2π2

H̃2L

[
τ ′

τ
,

m

T (τ ′)

]
, (32)

g0

τ 2

∫
dPw2f0(w,p⊥) = g0	

4
0

2π2
H̃2L

[
τ0

τ
√

1 + ξ0
,
m

	0

]
, (33)

where the function H̃2L is defined by

H̃2L(y,z) =
∫ ∞

0
duu3H2L

(
y,

z

u

)
exp(−

√
u2 + z2), (34)

with

H2L(y,ζ ) = y3
∫ π

0

dφ sin φ cos2 φ√
y2 cos2 φ + sin2 φ + ζ 2

= y3

(y2 − 1)3/2

[√
(y2 − 1)(y2 + ζ 2)

− (ζ 2 + 1) tanh−1

√
y2 − 1

y2 + ζ 2

]
. (35)

Using Eqs. (32)–(35) one finds

PL(τ ) = g0

2π2
D(τ,τ0)	4

0H̃2L

[
τ0

τ
√

1 + ξ0
,
m

	0

]

+ g0

2π2

∫ τ

τ0

dτ ′

τeq
D(τ,τ ′)T 4(τ ′)H̃2L

[
τ ′

τ
,

m

T (τ ′)

]
, (36)

where, once again, if the function T (τ ) is known, Eq. (36)
can be used to calculate the longitudinal pressure as a function
of proper time. As before, one finds that H2L(y,0) = HL(y)
and H̃2L(y,0) = 6HL(y), where HL(y) has been defined in
Ref. [40].

IV. SHEAR AND BULK VISCOSITIES OF A
RELATIVISTIC MASSIVE GAS

In the results section we will compare the results of the
exact solution with near-equilibrium expansions provided by
first- and second-order viscous hydrodynamics. In preparation
for this, in this section we collect formulas for the shear and
bulk viscosities of relativistic massive systems and discuss
their asymptotic limits.

A. Shear viscosity

The shear viscosity of a classical massive gas in the
relaxation time approximation (2) was obtained originally by
Anderson and Witting [42]:

η(T ) = τeqPeq(T )

15
γ 3

[
3

γ 2

K3

K2
− 1

γ
+ K1

K2
− Ki,1

K2

]
, (37)

where all functions above are understood to be evaluated at
γ ≡ m/T and the function Ki,1 is defined by the integral

Ki,1(γ ) =
∫ ∞

0

e−γ cosh t

cosh t
dt, (38)

which can be expressed as

Ki,1(γ ) = π

2
[1 − γK0(γ )L−1(γ ) − γK1(γ )L0(γ )], (39)

where Li is a modified Struve function. Equation (37) gives
the proper-time dependence of the shear viscosity coefficient
since, using the exact solution, one can determine T (τ ). This
result will be compared with the kinetic estimate of the shear
viscosity which can be obtained from

ηkin(τ ) = 1
2τ (PT (τ ) − PL(τ )). (40)

The form (40) follows from the structure of the energy-
momentum tensor in boost-invariant first-order viscous hy-
drodynamics. Therefore, one expects that the results obtained
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using Eqs. (37) and (40) will agree only at late times, τ 	 τeq,
when the system approaches equilibrium.

Since the temperature goes to zero at large times, proper
understanding of the late-time asymptotic behavior of the
system requires understanding of the γ → ∞ limit of this
quantity. In this limit, Eq. (37) becomes

lim
γ→∞ η = τeqPeq + O(γ −1), (41)

where we have used the fact that

lim
γ→∞

Ki,1

K2
= 1 − 5

2γ
+ 39

8γ 2
+ 45

8γ 3
+ 885

128γ 4
+ O(γ −5).

(42)

As a consequence, in this limit η̄ = η/Seq becomes

lim
γ→∞ η̄ ≈ τeq

Peq

Seq
≈ τeq

T 2

m
. (43)

B. Bulk viscosity

The bulk viscosity for a massive Boltzmann gas can be
found in Refs. [18,46,47]1

ζ (T ) = τeq
g0m

2

3π2T

∫ ∞

0
p2e−

√
m2+p2

T

[
c2
s (T )− p2

3(m2 + p2)

]
dp.

(44)

The integral over momentum in Eq. (44) can be performed,
giving

ζ (T ) = τeqPeq
γ 2

3

[(
c2
s (T ) − 1

3

)
+ γ

3

(
K1

K2
− Ki,1

K2

)]

= τeqPeq
γ 2

3

[
− γK2

3(3K3 + γK2)
+ γ

3

(
K1

K2
− Ki,1

K2

)]
.

(45)

Since there are similar terms in the expressions for the shear
and bulk viscosities (proportional to the difference K1 − Ki,1)
one may find a relationship between ζ and η; namely,

ζ (T ) = 5

3
η(T ) − τeqPeq

γ 3

9

(
K2

3K3 + γK2
+ 3K3

γ 2K2
− 1

γ

)
.

(46)

In the limit of large masses (or, alternatively, low temperatures)
one may use Eq. (41) and expand the Bessel functions on the
right-hand side of Eq. (46) to obtain

lim
γ→∞ ζ (T ) = 2

3τeqPeq + O(γ −1). (47)

Below, we present the numerical evidence that Eq. (44) and
its equivalent forms (45) or (46) are the correct results for

1Anderson and Witting [42] also derived an expression for the bulk
viscosity for a massive Boltzmann gas; however, it does not match
the result obtained by others. In addition, their expression does not
agree with our numerical results at late times, so we do not consider
it here.

the bulk viscosity of a massive system. Our considerations are
based on the analysis of the bulk viscous pressure �kin

ζ which
may be obtained directly from our exact solution by computing

�kin
ζ (τ ) = 1

3 [PL(τ ) + 2PT (τ ) − 3Peq(τ )]. (48)

This expression follows from the energy-momentum tensor
used in boost-invariant viscous hydrodynamics and is not
restricted to the first-order scheme. Only when the system
approaches equilibrium at proper times τ 	 τeq can the bulk
viscous pressure be determined by the bulk viscosity ζ (T )
through the relation

�kin
ζ (τ ) ≈ −ζ (T (τ ))

τ
. (49)

C. Second-order viscous hydrodynamic equations
for bulk viscous pressure

Our exact computation of the bulk viscous pressure can
be compared with second-order viscous hydrodynamic pre-
dictions for the time dependence of this quantity. Below we
consider three possibilities for the evolution equation which
appear in the literature:

τeq
d�

hyd
ζ

dτ
+ �

hyd
ζ = −ζ

τ
− τeq�

hyd
ζ

2

(
1

τ
− 1

ζ

dζ

dτ
− 1

T

dT

dτ

)
,

(50)

τeq
d�

hyd
ζ

dτ
+ �

hyd
ζ = −ζ

τ
− 4τeq�

hyd
ζ

3τ
, (51)

τeq
d�

hyd
ζ

dτ
+ �

hyd
ζ = −ζ

τ
. (52)

These three forms appear in Refs. [4,5], [25], and [5],
respectively. The final expression (52) is an approximation
to the first expression (50) which is obtained by discarding
the second term on the right-hand side. In the subsequent
results section we numerically solve Eqs. (50)–(52) using the
proper-time dependence of the effective temperature T (τ )
obtained from the exact solution and then compare to the
bulk pressure extracted directly from the exact solution using
Eq. (48).2

V. RESULTS

In this section we present results of our exact solution for
a specific initial condition and set of physical parameters.
We compare the massless and massive exact solutions to
determine what effect the mass has on the evolution of the
system. We then compare the shear and bulk viscosities from
the literature with those extracted from the exact solution
by considering the late-time near-equilibrium evolution of
the solutions. Finally, we compare the evolution of the bulk

2We have checked explicitly that using the proper-time dependence
of the temperature from second-order viscous hydrodynamics yields
the same result for the bulk pressure to within a fraction of a percent
for the values of τeq used herein.
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pressure from the exact solution with the evolution predicted
by three different viscous hydrodynamics approaches.

A. Initial conditions

We perform our numerical calculations for two fixed values
of the initial effective temperature: T0 = 600 MeV and T0 =
300 MeV. The equilibration time τeq is kept constant and equal
to 0.5 fm/c. The integral equation (26) is solved by the iterative
method. The initial time is taken to be τ0 = 0.5 fm/c and we
continue the evolution until τ = 10 fm/c. In order to identify
the mass effects more clearly, we consider the case of a fixed
mass with m = 300 MeV.3 The degeneracy factor g0 is taken
to be 16; however, the specific value of g0 is irrelevant for
our conclusions since it either cancels in ratios we consider or
appears as an overall scaling.

The initial distribution function is assumed to be of
Romatschke–Strickland form [57] with the initial anisotropy
parameter ξ0 ∈ {0,100}, corresponding to an initially isotropic
or oblate initial configuration, respectively. The transverse-
momentum scale 	0 is chosen in such a way that the initial
energy density of an anisotropic system coincides with the
energy density of an equilibrium system with temperature T0:

2m2T0

[
3T0K2

(
m

T0

)
+ mK1

(
m

T0

)]

= 	4
0H̃2

[
1√

1 + ξ0
,
m

	0

]
, (53)

which is simply the Landau matching condition (27) at τ = τ0.
We note that for fixed T0 and ξ0 the value of 	0 depends on
m. In the special case m = 0, Eq. (53) reduces to the form

2T 4
0 = 	4

0H
(

1√
1 + ξ0

)
, (54)

where, as mentioned previously, H is defined in Ref. [40].

B. Effective temperature

In Fig. 1 we plot the time dependence of the effective
temperature T obtained by iterative solution of Eq. (26). In
the top panel we show the results obtained for an initially
isotropic system and in the bottom panel we show the case of
a highly oblate initial anisotropy. In both the top and bottom
panels, the solid lines are the solution for m = 0 and the dashed
lines are the solution for m = 300 MeV. Also, in both the top
and bottom panels, the upper set of curves corresponds to T0 =
600 MeV, while the bottom set of curves correspond to T0 =
300 MeV. As we can see from this figure, the primary effect
of the mass on the effective temperature is to cause it decrease
more slowly as a function of proper time. This behavior is
consistent with what one expects from hydrodynamics since,
as the mass increases, the speed of sound decreases causing
the energy density (and hence the effective temperature) to
decrease more slowly as a function of proper time. We also

3In the context of quasiparticle models which assume a gluon mass
mg ∼ gT , with g ∼ 2 at phenomenologically relevant temperatures,
such a mass might even be a bit small.

FIG. 1. (Color online) Time dependence of the effective temper-
ature T . Solid lines are the solution for m = 0 and dashed lines are
the solution for m = 300 MeV. In both the top and bottom panels, the
upper set of curves corresponds to T0 = 600 MeV, while the bottom
set of curves corresponds to T0 = 300 MeV.

note that the effect of adding a mass is larger for lower initial
temperatures, as one would expect based on general arguments.

C. Pressure anisotropy

In Fig. 2 we plot the time dependence of the ratio of
the longitudinal and transverse pressures PL/PT obtained by
using the iterative solution of Eq. (26) to evaluate Eqs. (31)

FIG. 2. (Color online) The time dependence of the ratio of the
longitudinal and transverse pressures. The initial temperature was
taken to be T0 = 600 MeV. The top panel shows the case of an
initially isotropic system and the bottom panel shows the case of an
initially oblate system.
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FIG. 3. (Color online) The effective shear viscosity ηkin (solid
line) compared with ηhyd (dashed line) obtained from Eq. (37). The
system was assumed to be initially isotropic, i.e., ξ0 = 0. The top
panel shows the results obtained for T0 = 600 MeV and the bottom
panel shows the results obtained for T0 = 300 MeV.

and (36). The initial temperature was taken to be T0 =
600 MeV; however, we note that this ratio depends very
weakly on the initial temperature when the relaxation time
is a constant. In the top panel of Fig. 2 we show the case of an
initially isotropic system and in the bottom panel we show the
case of an initially oblate system. As before, the solid lines are
the solution for m = 0 and the dashed lines are the solution
for m = 300 MeV. As we can see from these figures, having a
nonzero mass seems to have very little effect on the pressure
anisotropy.

D. Shear viscosity

We now turn to a comparison of the effective shear viscosity
extracted from our exact solution using Eq. (40) with the near-
equilibrium behavior predicted by viscous hydrodynamics.
In Figs. 3 and 4 we plot the resulting ηkin compared with
ηhyd obtained from Eq. (37). Figure 3 shows the case ξ0 = 0
and Fig. 4 shows the case ξ0 = 100. In both figures the top
panel shows the results obtained for T0 = 600 MeV and the
bottom panel shows the results obtained for T0 = 300 MeV.
As we can see from these figures, after some initial transient
nonequilibrium evolution during which the effective shear
viscosity deviates from the near-equilibrium value, the results
converge and the exact solution is well approximated by the
near-equilibrium shear viscosity (37).

E. Bulk viscosity and pressure

We now turn to the comparison of the proper-time de-
pendence of the bulk pressure and associated bulk viscosity
extracted from our exact solution using Eq. (48). In Figs. 5–8
we plot the bulk pressure times τ for five different cases. The
solid line is the result obtained using the exact solution and

FIG. 4. (Color online) Same as Fig. 3 except with ξ0 = 100.

Eq. (48). The other curves shown correspond to the first-order
solution (49) indicated by a thick dashed line and the solutions
to Eqs. (50), (51), and (52) indicated by a thin dashed line, a
dot-dashed line, and a dotted line, respectively. As we can see
from these figures, the exact solution and all second-order
viscous hydrodynamics variations tend toward the first-
order solution at late times. However, none of the second-
order viscous hydrodynamics variations seems to accurately
describe the early time evolution of the bulk viscous pressure
in all cases. Paradoxically, the simple approximate form
(52) seems to provide the best approximation when the
system initially possesses a highly oblate momentum-space
anisotropy; however, it provides the worst approximation if the
system is initially isotropic in momentum space. These results
indicate that there may be something incomplete in the manner
in which second-order viscous hydrodynamics treats the bulk

FIG. 5. (Color online) Proper-time dependence of the bulk pres-
sure times τ for ξ0 = 0 and T0 = 600 MeV. Solid line is the exact
solution obtained from Eq. (48). The other curves correspond to the
first-order solution (49) and the solutions of Eqs. (50), (51), and (52).
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FIG. 6. (Color online) Same as Fig. 5 except with ξ0 = 100.

pressure. One possibility is that the evolution equations for
the bulk pressure used herein have neglected to include the
possibility of shear-bulk coupling which appears, for example,
in the complete expansion derived in Ref. [23].

VI. TEMPERATURE-DEPENDENT RELAXATION TIME

Before concluding, we would like to point out that in the
previous section we considered numerical results obtained
using a time-independent relaxation time τeq; however, our
exact solution (26) is not limited to this case. If one wanted
to study the case, for example, that the ratio of the shear
viscosity to entropy density were held fixed, this would imply a
temperature-dependent, and hence time-dependent, relaxation
time. For general masses one could use Eq. (37) expressed
in terms of η̄ = η/Seq and then solve for τeq as function of
the mass and temperature. If this were done, one would find
that the relaxation time depends nontrivially on the assumed
mass. The relation becomes particularly transparent in the limit
of large masses, in which case one can use the asymptotic
form (43) to obtain limγ→∞ τeq = mη̄/T 2, which implies that,
for fixed temperature, the relaxation time goes to infinity. In
practice, this means that for a massive system one will see

FIG. 7. (Color online) Same as Fig. 5 except with T0 = 300 MeV.

FIG. 8. (Color online) Same as Fig. 5 except with T0 = 300 MeV
and ξ0 = 100.

larger deviations from equilibrium than for a massless system
if one fixes η̄ and compares the two.

VII. CONCLUSIONS

In this paper we generalized the results of Refs. [39,40] to
a system of massive particles obeying Boltzmann statistics.
Our main result is an integral equation (26) that can be
solved to arbitrary numerical precision by using the method
of iteration. Based on this solution one can obtain the
proper-time dependence of the full one-particle distribution
function and, as a consequence, one can numerically obtain all
thermodynamic functions to arbitrary numerical precision. We
presented explicit expressions for the transverse pressure (31)
and longitudinal pressure (36). We then presented the results
of numerical solution of the integral equation for the effective
temperature, the pressure anisotropy, the effective shear
viscosity, and the bulk pressure. We found that the effect
of finite masses on the effective temperature is to cause it
to decrease more slowly in proper time, which is consistent
with hydrodynamic expectations. We found that the pressure
anisotropy depends very weakly on the mass in the case
that τeq is assumed to be independent of the temperature.
Finally, we compared our exact results with results obtained
from relativistic hydrodynamics. We found that the standard
expressions available in the literature for the mass and
temperature dependence of the shear and bulk viscosities
correctly describe the evolution of the system well for τ 	 τeq.

Looking forward it will be interesting to compare results
obtained by using anisotropic hydrodynamics for the massive
case with the exact solution obtained herein. There are now
two formulations of leading-order anisotropic hydrodynamics
on the market: one which uses the zeroth moment of the
Boltzmann equation to obtain an equation of motion [27]
and one which uses the second moment of the Boltzmann
equation to obtain an equation of motion [37]. The exact
solution continued here can be used to determine which
scheme provides the best approximation. We leave this for
future work [59].
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[52] A. Białas and W. Czyż, Nucl. Phys. B 296, 611 (1988).
[53] G. Baym, Phys. Lett. B 138, 18 (1984).
[54] G. Baym, Nucl. Phys. A 418, 525 (1984).
[55] H. Heiselberg and X.-N. Wang, Phys. Rev. C 53, 1892 (1996).
[56] S. M. H. Wong, Phys. Rev. C 54, 2588 (1996).
[57] P. Romatschke and M. Strickland, Phys. Rev. D 68, 036004

(2003).
[58] B. Banerjee, R. Bhalerao, and V. Ravishankar, Phys. Lett. B 224,

16 (1989).
[59] W. Florkowski, R. Ryblewski, M. Strickland, and L. Tinti, Phys.

Rev. C 89, 054909 (2014).

054908-9

http://dx.doi.org/10.1016/0003-4916(76)90064-6
http://dx.doi.org/10.1016/0003-4916(76)90064-6
http://dx.doi.org/10.1016/0003-4916(76)90064-6
http://dx.doi.org/10.1016/0003-4916(76)90064-6
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1103/PhysRevLett.88.062302
http://dx.doi.org/10.1103/PhysRevLett.88.062302
http://dx.doi.org/10.1103/PhysRevLett.88.062302
http://dx.doi.org/10.1103/PhysRevLett.88.062302
http://dx.doi.org/10.1103/PhysRevC.69.034903
http://dx.doi.org/10.1103/PhysRevC.69.034903
http://dx.doi.org/10.1103/PhysRevC.69.034903
http://dx.doi.org/10.1103/PhysRevC.69.034903
http://dx.doi.org/10.1103/PhysRevC.73.034904
http://dx.doi.org/10.1103/PhysRevC.73.034904
http://dx.doi.org/10.1103/PhysRevC.73.034904
http://dx.doi.org/10.1103/PhysRevC.73.034904
http://dx.doi.org/10.1103/PhysRevC.73.064903
http://dx.doi.org/10.1103/PhysRevC.73.064903
http://dx.doi.org/10.1103/PhysRevC.73.064903
http://dx.doi.org/10.1103/PhysRevC.73.064903
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.78.034915
http://dx.doi.org/10.1103/PhysRevC.78.034915
http://dx.doi.org/10.1103/PhysRevC.78.034915
http://dx.doi.org/10.1103/PhysRevC.78.034915
http://dx.doi.org/10.1088/0954-3899/36/6/064033
http://dx.doi.org/10.1088/0954-3899/36/6/064033
http://dx.doi.org/10.1088/0954-3899/36/6/064033
http://dx.doi.org/10.1088/0954-3899/36/6/064033
http://dx.doi.org/10.1103/PhysRevC.81.041901
http://dx.doi.org/10.1103/PhysRevC.81.041901
http://dx.doi.org/10.1103/PhysRevC.81.041901
http://dx.doi.org/10.1103/PhysRevC.81.041901
http://dx.doi.org/10.1103/PhysRevC.82.054905
http://dx.doi.org/10.1103/PhysRevC.82.054905
http://dx.doi.org/10.1103/PhysRevC.82.054905
http://dx.doi.org/10.1103/PhysRevC.82.054905
http://dx.doi.org/10.1088/0954-3899/37/9/094040
http://dx.doi.org/10.1088/0954-3899/37/9/094040
http://dx.doi.org/10.1088/0954-3899/37/9/094040
http://dx.doi.org/10.1088/0954-3899/37/9/094040
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://dx.doi.org/10.1016/j.physletb.2011.06.065
http://dx.doi.org/10.1016/j.physletb.2011.06.065
http://dx.doi.org/10.1016/j.physletb.2011.06.065
http://dx.doi.org/10.1016/j.physletb.2011.06.065
http://dx.doi.org/10.1103/PhysRevC.81.034909
http://dx.doi.org/10.1103/PhysRevC.81.034909
http://dx.doi.org/10.1103/PhysRevC.81.034909
http://dx.doi.org/10.1103/PhysRevC.81.034909
http://dx.doi.org/10.1016/j.physletb.2011.04.020
http://dx.doi.org/10.1016/j.physletb.2011.04.020
http://dx.doi.org/10.1016/j.physletb.2011.04.020
http://dx.doi.org/10.1016/j.physletb.2011.04.020
http://dx.doi.org/10.1103/PhysRevLett.106.212302
http://dx.doi.org/10.1103/PhysRevLett.106.212302
http://dx.doi.org/10.1103/PhysRevLett.106.212302
http://dx.doi.org/10.1103/PhysRevLett.106.212302
http://dx.doi.org/10.1103/PhysRevC.86.014909
http://dx.doi.org/10.1103/PhysRevC.86.014909
http://dx.doi.org/10.1103/PhysRevC.86.014909
http://dx.doi.org/10.1103/PhysRevC.86.014909
http://dx.doi.org/10.1103/PhysRevC.85.064915
http://dx.doi.org/10.1103/PhysRevC.85.064915
http://dx.doi.org/10.1103/PhysRevC.85.064915
http://dx.doi.org/10.1103/PhysRevC.85.064915
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1103/PhysRevD.87.034003
http://dx.doi.org/10.1103/PhysRevD.87.034003
http://dx.doi.org/10.1103/PhysRevD.87.034003
http://dx.doi.org/10.1103/PhysRevD.87.034003
http://dx.doi.org/10.1103/PhysRevC.87.051901
http://dx.doi.org/10.1103/PhysRevC.87.051901
http://dx.doi.org/10.1103/PhysRevC.87.051901
http://dx.doi.org/10.1103/PhysRevC.87.051901
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1088/0954-3899/38/1/015104
http://dx.doi.org/10.1088/0954-3899/38/1/015104
http://dx.doi.org/10.1088/0954-3899/38/1/015104
http://dx.doi.org/10.1088/0954-3899/38/1/015104
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.003
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.003
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.003
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.003
http://dx.doi.org/10.1140/epjc/s10052-011-1761-8
http://dx.doi.org/10.1140/epjc/s10052-011-1761-8
http://dx.doi.org/10.1140/epjc/s10052-011-1761-8
http://dx.doi.org/10.1140/epjc/s10052-011-1761-8
http://dx.doi.org/10.1103/PhysRevC.85.044902
http://dx.doi.org/10.1103/PhysRevC.85.044902
http://dx.doi.org/10.1103/PhysRevC.85.044902
http://dx.doi.org/10.1103/PhysRevC.85.044902
http://dx.doi.org/10.1103/PhysRevC.85.064913
http://dx.doi.org/10.1103/PhysRevC.85.064913
http://dx.doi.org/10.1103/PhysRevC.85.064913
http://dx.doi.org/10.1103/PhysRevC.85.064913
http://dx.doi.org/10.1103/PhysRevC.85.064901
http://dx.doi.org/10.1103/PhysRevC.85.064901
http://dx.doi.org/10.1103/PhysRevC.85.064901
http://dx.doi.org/10.1103/PhysRevC.85.064901
http://dx.doi.org/10.1103/PhysRevC.87.034914
http://dx.doi.org/10.1103/PhysRevC.87.034914
http://dx.doi.org/10.1103/PhysRevC.87.034914
http://dx.doi.org/10.1103/PhysRevC.87.034914
http://dx.doi.org/10.5506/APhysPolB.44.2003
http://dx.doi.org/10.5506/APhysPolB.44.2003
http://dx.doi.org/10.5506/APhysPolB.44.2003
http://dx.doi.org/10.5506/APhysPolB.44.2003
http://arxiv.org/abs/arXiv:1311.6720
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://arxiv.org/abs/arXiv:1402.2401
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRev.94.511
http://dx.doi.org/10.1103/PhysRev.94.511
http://dx.doi.org/10.1103/PhysRev.94.511
http://dx.doi.org/10.1103/PhysRev.94.511
http://dx.doi.org/10.1016/0031-8914(74)90355-3
http://dx.doi.org/10.1016/0031-8914(74)90355-3
http://dx.doi.org/10.1016/0031-8914(74)90355-3
http://dx.doi.org/10.1016/0031-8914(74)90355-3
http://dx.doi.org/10.1103/PhysRevD.36.2172
http://dx.doi.org/10.1103/PhysRevD.36.2172
http://dx.doi.org/10.1103/PhysRevD.36.2172
http://dx.doi.org/10.1103/PhysRevD.36.2172
http://dx.doi.org/10.1103/PhysRevC.79.055207
http://dx.doi.org/10.1103/PhysRevC.79.055207
http://dx.doi.org/10.1103/PhysRevC.79.055207
http://dx.doi.org/10.1103/PhysRevC.79.055207
http://dx.doi.org/10.1103/PhysRevD.85.065012
http://dx.doi.org/10.1103/PhysRevD.85.065012
http://dx.doi.org/10.1103/PhysRevD.85.065012
http://dx.doi.org/10.1103/PhysRevD.85.065012
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1103/PhysRevD.30.2371
http://dx.doi.org/10.1103/PhysRevD.30.2371
http://dx.doi.org/10.1103/PhysRevD.30.2371
http://dx.doi.org/10.1103/PhysRevD.30.2371
http://dx.doi.org/10.1016/0550-3213(88)90035-1
http://dx.doi.org/10.1016/0550-3213(88)90035-1
http://dx.doi.org/10.1016/0550-3213(88)90035-1
http://dx.doi.org/10.1016/0550-3213(88)90035-1
http://dx.doi.org/10.1016/0370-2693(84)91863-X
http://dx.doi.org/10.1016/0370-2693(84)91863-X
http://dx.doi.org/10.1016/0370-2693(84)91863-X
http://dx.doi.org/10.1016/0370-2693(84)91863-X
http://dx.doi.org/10.1016/0375-9474(84)90573-6
http://dx.doi.org/10.1016/0375-9474(84)90573-6
http://dx.doi.org/10.1016/0375-9474(84)90573-6
http://dx.doi.org/10.1016/0375-9474(84)90573-6
http://dx.doi.org/10.1103/PhysRevC.53.1892
http://dx.doi.org/10.1103/PhysRevC.53.1892
http://dx.doi.org/10.1103/PhysRevC.53.1892
http://dx.doi.org/10.1103/PhysRevC.53.1892
http://dx.doi.org/10.1103/PhysRevC.54.2588
http://dx.doi.org/10.1103/PhysRevC.54.2588
http://dx.doi.org/10.1103/PhysRevC.54.2588
http://dx.doi.org/10.1103/PhysRevC.54.2588
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1016/0370-2693(89)91041-1
http://dx.doi.org/10.1016/0370-2693(89)91041-1
http://dx.doi.org/10.1016/0370-2693(89)91041-1
http://dx.doi.org/10.1016/0370-2693(89)91041-1
http://dx.doi.org/10.1103/PhysRevC.89.054909
http://dx.doi.org/10.1103/PhysRevC.89.054909
http://dx.doi.org/10.1103/PhysRevC.89.054909
http://dx.doi.org/10.1103/PhysRevC.89.054909


PHYSICAL REVIEW C 90, 044905 (2014)

Shear-bulk coupling in nonconformal hydrodynamics

Gabriel S. Denicol
Department of Physics, McGill University, 3600 University Street, Montreal, QC H3A 2T8, Canada

Wojciech Florkowski
Institute of Physics, Jan Kochanowski University, PL-25406 Kielce, Poland
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We compute the temporal evolution of the pressure anisotropy and bulk pressure of a massive gas using
second-order viscous hydrodynamics and anisotropic hydrodynamics. We then compare our results with an exact
solution of the Boltzmann equation for a massive gas in the relaxation time approximation. We demonstrate that,
within second-order viscous hydrodynamics, the inclusion of the full set of kinetic coefficients, particularly the
shear-bulk couplings, is necessary to properly describe the time evolution of the bulk pressure. We also compare
the results of second-order hydrodynamics with those obtained using the anisotropic hydrodynamics approach.
We find that anisotropic hydrodynamics and second-order viscous hydrodynamics including the shear-bulk
couplings are both able to reproduce the exact evolution with comparable accuracy.
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I. INTRODUCTION

Dissipative hydrodynamics plays a central role in the
phenomenology of the quark gluon plasma. Since quantum
mechanics implies that there is a lower bound on the shear
viscosity to entropy density ratio [1,2], one must include
dissipative viscous corrections in order to realistically model
the spatiotemporal evolution of the soft degrees of freedom of
the system. The application of ideal [3–5] and second-order
viscous hydrodynamics [6–32] now has a long history with re-
cent developments focusing on constructing complete and self-
consistent methods for deriving the fluid-dynamical equations
of motion and the associated transport coefficients. Following a
different strategy, another promising framework for describing
the soft dynamics of relativistic systems has recently been
developed called anisotropic hydrodynamics [33–48]. While
second-order hydrodynamics is constructed from an expansion
around a local equilibrium state, anisotropic hydrodynamics
originates from an expansion around a dynamically evolving
anisotropic background.

So far, fluid-dynamical theories that include only the
effects of shear viscous corrections have been considered
sufficient to describe the strongly interacting system created
in ultrarelativistic heavy-ion collisions. However, since QCD
is a nonconformal field theory, one should not neglect the
bulk viscous corrections to the ideal energy momentum tensor
if one wants a complete and self-consistent description of the
dynamics. While the accuracy of second-order and anisotropic
hydrodynamics has been investigated in the conformal and/or
massless limits [49,50], there have not been comparisons of
complete second-order formulations in the nonconformal case.

It was recently shown that Israel-Stewart theory [51], which
is the most widespread formulation of relativistic dissipative
fluid dynamics, is not able to reproduce exact solutions of the
massive 0+one-dimensional (1D) Boltzmann equation in the
relaxation time approximation [52]. Therefore, one is led to ask
whether more complete formulations of second-order viscous
hydrodynamics can better reproduce the exact solution.

In the past several months, some progress has been made in
the second-order viscous hydrodynamics framework within
the 14-moment approximation [32] and in the anisotropic
hydrodynamics framework [53]. Both of these formalisms
have been extended to provide a more accurate description
of massive and, consequently, nonconformal systems. In
Ref. [53] it was shown that inclusion of an explicit bulk degree
of freedom in the anisotropic hydrodynamics framework
results in a quite reasonable agreement with the exact kinetic
solutions. In this paper we take another step in this direction
and compare the solutions of second-order hydrodynamics
obtained using the 14-moment approximation [32] with the
exact kinetic solution from Ref. [52]. We demonstrate that
the failure of Israel-Stewart theory in reproducing solutions of
the Boltzmann equation in the massive case occurs because
this theory does not take into account the coupling between
bulk viscous pressure and the shear-stress tensor. We find
that, for the case of the bulk viscous pressure, such coupling
terms become as important as the corresponding first-order
Navier-Stokes term and must be included in order to obtain a
reasonable agreement with the microscopic theory. This indi-
cates that the coupling between the two viscous contributions
can be relevant in the description of nonconformal fluids.
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We further compare the recent solutions of anisotropic
hydrodynamics derived in Ref. [53] with those of second-
order viscous hydrodynamics. We find that both are able to
reproduce the exact solution with comparable accuracy. Such
good agreement found between anisotropic hydrodynamics
and solutions of the Boltzmann equation is encouraging since
in anisotropic hydrodynamics the shear-bulk couplings do not
need to be included explicitly but are instead implicit in the
formalism.

The structure of this paper is as follows. In Sec. II we present
the recently obtained second-order viscous hydrodynamics
equations of motion obtained using the 14-moment approxi-
mation. In Sec. III we present the necessary 0+1D anisotropic
hydrodynamics equations including the bulk degree of free-
dom. In Sec. IV we briefly review the method for solving
the 0+1D massive Boltzmann equation exactly. In Sec. V
we present our numerical results. In Sec. VI we present our
conclusions and an outlook for the future. In the appendix, we
collect expressions for the necessary thermodynamic integrals
and their asymptotic expansions.

A. Notation and conventions

We use natural units with � = c = kB = 1. The metric
tensor has the form gμν = diag(1, − 1, − 1, − 1). The space-
time coordinates are denoted as xμ = (t,x,y,z), and the
longitudinal proper time is τ = √

t2 − z2.

B. Bulk variables

In order to compare the various approximation schemes
considered herein, we will specialize in the end to the
case that the equilibrium distribution is a classical massive
Boltzmann distribution. In this case, the isotropic equilibrium
bulk variables are

neq(T ,m) = 4πÑT 3 m̂2
eqK2(m̂eq), (1)

Seq(T ,m) = 4πÑT 3 m̂2
eq[4K2(m̂eq) + m̂eqK1(m̂eq)], (2)

Eeq(T ,m) = 4πÑT 4 m̂2
eq[3K2(m̂eq) + m̂eqK1(m̂eq)], (3)

Peq(T ,m) = neq(T ,m) T , (4)

where neq,Seq,Eeq, andPeq are the equilibrium number density,
entropy density, energy density, and pressure, respectively,
m̂eq = m/T , and Ñ = Ndof/(2π )3 with Ndof being the number
of degrees of freedom.

II. 14-MOMENT APPROXIMATION APPROACH
TO FLUID DYNAMICS

Using the 14-moment approximation one can derive the
equations of motion for a relativistic fluid from the relativistic
Boltzmann kinetic equation. In this way, the continuity
equations for the energy-momentum tensor

∂μT μν = 0, (5)

have to be solved together with the relaxation-type equations
for the bulk viscous pressure � and the shear-stress tensor

πμν [32],

τ��̇ + � = −ζθ − δ���θ + ϕ1�
2 + λ�ππμνσμν

+ϕ3π
μνπμν, (6)

τπ π̇ 〈μν〉 + πμν = 2ησμν + 2τππ 〈μ
α ων〉α − δπππμνθ

+ϕ7π
〈μ
α πν〉α − τπππ 〈μ

α σ ν〉α + λπ��σμν

+ϕ6�πμν. (7)

Here we have neglected the effect of net-charge diffusion.
Above, we introduced the vorticity tensor ωμν ≡ (∇μuν −
∇νuμ)/2, the shear tensor σμν ≡ ∇〈μuν〉, and the expansion
scalar θ ≡ ∇μuμ, where uμ is the fluid four-velocity and
∇μ ≡ �ν

μ∂ν is the projected spatial gradient. We use the
notation A〈μν〉 ≡ �

μν
αβAαβ , with �

μν
αβ ≡ (�μ

α�ν
β + �

μ
β�ν

α −
2/3�μν�αβ)/2, where �μν ≡ gμν − uμuν . In Eqs. (6) and (7)
we have also introduced the shorthand notation for the proper-
time derivative ˙( ) ≡ d/dτ .

The terms multiplying different tensor structures in (6)
and (7) are transport coefficients. They are complicated
functions of temperature and the particle’s mass, and their form
should be found by matching (6) and (7) with the underlying
microscopic theory. As shown in Ref. [54], the terms ϕ1�

2,
ϕ3π

μνπμν , ϕ6�πμν , and ϕ7π
〈μ
α πν〉α appear only because the

collision term is nonlinear in the single-particle distribution
function. In the case of the relaxation time approximation,
which will be employed throughout this paper, the collision
term is assumed to be linear in the nonequilibrium single-
particle distribution function and one can explicitly show
that ϕ1 = ϕ3 = ϕ6 = ϕ7 = 0. One should stress, however, that
Eqs. (6) and (7) include a coupling between the shear and bulk
relaxation equations (the terms λ�π and λπ�), which are absent
in the traditional Israel-Stewart viscous hydrodynamics. One
can find a plot of the various transport coefficients in Fig. 1
of Ref. [32]. There have been some prior works that have
considered shear-bulk couplings in viscous hydrodynamics,
see, e.g., Refs. [55–57], but for the most part, the existence of
these types of couplings has been ignored in the literature.

In the 0+1D case describing one-dimensional and boost-
invariant expansion, the formulas (5)–(7) reduce to

Ė = −E + P + � − π

τ
, (8)

τ��̇ + � = −ζ

τ
− δ��

�

τ
+ λ�π

π

τ
, (9)

τπ π̇ + π = 4

3

η

τ
−

(
1

3
τππ + δππ

)
π

τ
+ 2

3
λπ�

�

τ
, (10)

where E and P are the energy density and thermodynamic
pressure, respectively. We note that in 0+1D the vorticity
tensor vanishes and the term 2τππ 〈μ

α ων〉α has no effect on
the dynamics of the fluid. The coefficients appearing in the
equation for the bulk pressure are the following:

ζ

τ�

=
(

1

3
− c2

s

)
(E + P) − 2

9
(E − 3P) − m4

9
I−2,0, (11)

δ��

τ�

= 1 − c2
s − m4

9
γ

(0)
2 , (12)
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FIG. 1. (Color online) Time evolution of the pressure anisotropy
PL/PT (a) and the bulk pressure (b). Three lines describe three
different results: the exact solution of the Boltzmann equation [52]
(black solid line), the result of the full second-order viscous
hydrodynamics [32] including the shear-bulk couplings λ�π and λπ�

(red dashed line), and the result of the second-order hydrodynamics
with λ�π = λπ� = 0 (blue dot-dashed line). For both panels we
use m = 30 MeV, τ0 = 0.5 fm/c, τeq = τπ = τ� = 0.5 fm/c, and
T0 = 600 MeV. The initial spheroidal anisotropy parameter fixing
the initial distribution function equals ξ0 = 0, correspondingly, we
use π0 = 0 and �0 = 0.

λ�π

τ�

= 1

3
− c2

s + m2

3
γ

(2)
2 . (13)

On the other hand, the coefficients in the equation for the shear
pressure are

η

τπ

= 4

5
P + 1

15
(E − 3P) − m4

15
I−2,0, (14)

δππ

τπ

= 4

3
+ 1

3
m2γ

(2)
2 , (15)

τππ

τπ

= 10

7
+ 4

7
m2γ

(2)
2 , (16)

λπ�

τπ

= 6

5
− 2

15
m4γ

(0)
2 , (17)

where we have introduced the sound velocity squared,

c2
s = E + P

β0I3,0
, (18)

and β0 = I1,0/P . The coefficients γ (0)
n and γ (2)

n are complicated
functions of T and m given by

γ (0)
n = (E0 + B0m

2)I−n,0 + D0I1−n,0 − 4B0I2−n,0, (19)

γ (2)
n = I4−n,2

I4,2
, (20)

where

D0

3B0
= −4

I3,1I2,0 − I4,1I1,0

I3,0I1,0 − I2,0I2,0
≡ −C2, (21)

E0

3B0
= m2 + 4

I3,1I3,0 − I4,1I2,0

I3,0I1,0 − I2,0I2,0
≡ −C1, (22)

B0 = − 1

3C1I2,1 + 3C2I3,1 + 3I4,1 + 5I4,2
. (23)

Here we make use of the thermodynamic functions In,q defined
by the integrals

In,q(T ,m) = 1

(2q + 1)!!

∫
dK(uμkμ)n−2q(−�μνk

μkν)qf0k,

(24)

where, herein, the equilibrium distribution function is assumed
to be a classical Boltzmann distribution f0k = exp(−uμkμ/T ),
and the integration measure is dK = Ndof d3k/((2π )3k0).
The relevant integrals In,q(T ,m) are expressed in terms of
special functions in the appendix. Finally, in this paper we
only consider the Boltzmann equation in the relaxation time
approximation. In this case, the shear and bulk relaxation
times, τπ and τ�, respectively, are equal to the microscopic
relaxation time τeq, i.e., τ� = τπ = τeq [32].1

We note here that there are other formulations of second-
order hydrodynamics which have different values for the
various transport coefficients listed above. For example, if
one uses the naive Israel-Stewart theory one has τππ = 0.
In addition, even using the method of moments one finds
that the coefficients depend on the number of moments
considered. For example, for a gas of massless particles
with constant cross sections, one has τππ = 134/77 in the
23-moment approximation and τππ � 1.69 in the 32- and
41-moment approximations [28]. In this paper, we will use
the coefficients calculated in the 14-moment approximation
using the relaxation time approximation [32]. We note that,
for the case of the relaxation time approximation, the trans-
port coefficients of hydrodynamics have not been calculated
beyond the 14-moment approximation.

Finally, in this context we note that even the form of the
bulk pressure evolution equations put forward by different
authors differ and, generally speaking, until the recent papers
of Denicol et al., no authors included explicit shear-bulk cou-
plings, see, e.g., Refs. [7,9,51,58–61]. As shown in Ref. [52],
approaches that do not explicitly include the shear-bulk cou-
plings do not agree with the bulk pressure evolution obtained
via exact solution of the Boltzmann equation. The complete
14-moment second-order viscous hydrodynamics equations
presented in this section include shear-bulk couplings, λπ�

and λ�π . As we will see in the results section, including
these couplings results in much better agreement with the
exact kinetic solution compared to Israel-Stewart second-order
viscous hydrodynamics.

III. ANISOTROPIC HYDRODYNAMICS APPROACH

Anisotropic hydrodynamics (aHydro) is an alternative
framework for obtaining the necessary nonequilibrium

1In a more general case the relaxation times for the shear and bulk
pressures may differ from each other.
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FIG. 2. (Color online) Same as Fig. 1 except here we take m = 300 MeV [(a) and (b)] and m = 1 GeV [(c) and (d)].

evolution equations. In contrast to traditional viscous hy-
drodynamics approaches, which make an expansion around
the equilibrium state, anisotropic hydrodynamics expands the
underlying distribution function around a momentum-space
anisotropic state. In this way, the potentially large degree
of momentum-space anisotropy in the system is included in
the leading order of expansion and treated nonperturbatively.
Moreover, in this framework one is not restricted by the
condition of being close to the equilibrium state since the
dynamical background is allowed to possess even large
momentum-space anisotropies.

In its newest formulation [53], the framework of anisotropic
hydrodynamics allows for a degree of freedom associated with
the bulk pressure of the system. This is accomplished using
the following form for the underlying distribution function:

f (x,p) = fiso

(
1

λ

√
pμ�μνpν

)
, (25)

with �μν = uμuν + ξμν − �μν�, where uμ is the four-
velocity associated with the local rest frame, ξμν is a symmetric
and traceless tensor, and � is the bulk degree of freedom. The
quantities uμ, ξμν , and � are understood to be functions of
space and time and obey uμuμ = 1, ξμ

μ = 0, and uμξμν = 0.
Taking the isotropic distribution fiso to be a Boltzmann

distribution and assuming 0+1D boost-invariant evolution, the
dynamics of the system is determined by the three aHydro
equations [53]

∂τ log α2
xαz +

[
3 + m̂

K1(m̂)

K2(m̂)

]
∂τ log λ + 1

τ

= 1

τeq

[
1

α2
xαz

T

λ

K2(m̂eq)

K2(m̂)
− 1

]
a, (26)

(4H̃3 − �̃m)∂τ log λ + �̃T ∂τ log α2
x + �̃L∂τ log αz

= − 1

τ
�̃L, (27)

∂τ log

(
αx

αz

)
− 1

τ
+ 3

4τeq

ξz

α2
xαz

(
T

λ

)2
K3(m̂eq)

K3(m̂)
= 0, (28)

where τeq is the microscopic relaxation time. Above the vari-
ables αi are a particular combination of the traceless (ξi) and
traceful component (�) parts of the underlying momentum-
space anisotropy tensor with αi = (1 + ξi + �)−1/2. The
variable λ is the nonequilibrium energy scale in the distribution
function (25) and we have defined two dimensionless mass
scales, m̂eq = m/T and m̂ = m/λ. The integrals H̃3, �̃T , �̃L,
and �̃m are defined in Eqs. (A3) and (59) of Ref. [53].

Equations (26)–(28) determine the proper-time evolution
of αx , αz, and λ. The temperature, or, more accurately,
the effective temperature appearing above, is determined by
requiring energy conservation at all proper times. This results
in the dynamical Landau matching condition

H̃3λ
4 = 4πÑT 4m̂2

eq[3K2(m̂eq) + m̂eqK1(m̂eq)]. (29)
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FIG. 3. (Color online) Same as Fig. 1 except here we take
ξ0 = 100.
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When the system is transversely homogeneous, the longitudi-
nal and transverse pressure can be expressed as

PT = H̃3T (ξ ,�,m̂) λ4, (30)

PL = H̃3L(ξ ,�,m̂) λ4, (31)

where ξ = (ξx,ξy,ξz) are the diagonal components of the ξμν .
The H̃3T and H̃3L functions appearing above are defined by
Eqs. (A8) and (A13) in Ref. [53]. Likewise, the bulk pressure
can be computed using

�(τ ) = 1
3 [PL(τ ) + 2PT (τ ) − 3P(τ )] . (32)

IV. EXACT SOLUTIONS OF BOLTZMANN KINETIC
EQUATION IN THE RELAXATION TIME

APPROXIMATION

Herein we focus on a transversely homogeneous boost-
invariant system. In this case the hydrodynamic flow uμ

should have the Bjorken form in the lab frame uμ =
(t/τ,0,0,z/τ ) [62]. This implies that the distribution function
f (x,p) can depend only on τ , w, and pT with w = tpL −
zE [63,64] . Using w and pL one can define another boost-
invariant variable v = Et − pLz =

√
w2 + (m2 + �p 2

T )τ 2. Us-
ing the boost-invariant variables introduced above, the relax-
ation time approximation kinetic equation may be written in a
simple form,

∂f

∂τ
= feq − f

τeq
, (33)

where the boost-invariant form of the equilibrium distribution
function is

feq(τ,w,pT ) = exp

⎡
⎣−

√
w2 + (

m2 + p2
T

)
τ 2

T (τ )τ

⎤
⎦ . (34)

The general form of solutions of Eq. (33) can be expressed
as [49,50,52,65–68]

f (τ,w,pT ) = D(τ,τ0)f0(w,pT )

+
∫ τ

τ0

dτ ′

τeq(τ ′)
D(τ,τ ′) feq(τ ′,w,pT ), (35)

where we have introduced the damping function,

D(τ2,τ1) = exp

[
−

∫ τ2

τ1

dτ ′′

τeq(τ ′′)

]
. (36)

For the purposes of this paper, we will assume that at τ = τ0

the distribution function f can be expressed in spheroidal
Romatschke-Strickland form [69] with the underlying Boltz-
mann distribution being an isotropic distribution

f0(w,pT ) = exp

⎡
⎣−

√
(1 + ξ0)w2 + (

m2 + p2
T

)
τ 2

0

�0τ0

⎤
⎦ , (37)

where ξ0 measures the initial momentum-space anisotropy
and �0 is the initial spheroidal momentum scale. This
form simplifies to an isotropic Boltzmann distribution if the
anisotropy parameter ξ0 is zero, in which case the transverse
momentum scale �0 can be identified with the system’s initial
temperature T0. Using Eq. (35) one can derive an integral
equation satisfied by the energy density [52]

2m2T (τ )[3T (τ )K2(m̂eq(τ )) + mK1(m̂eq(τ ))]

= D(τ,τ0)�4
0H̃2

[
τ0

τ
√

1 + ξ0
,
m

�0

]
+

∫ τ

τ0

dτ ′

τeq(τ ′)
D(τ,τ ′)T 4(τ ′)H̃2

[
τ ′

τ
,m̂eq(τ ′)

]
, (38)

where T is the effective temperature which is related to the
energy density via Eq. (3). The function H̃2(y,z) above is
defined by the integral

H̃2(y,z) =
∫ ∞

0
du u3 H2

(
y,

z

u

)
exp(−

√
u2 + z2), (39)

with

H2(y,ζ ) = y

⎛
⎝√

y2 + ζ 2 + 1 + ζ 2√
y2 − 1

tanh−1

√
y2 − 1

y2 + ζ 2

⎞
⎠ .

(40)

Equation (38) can be solved numerically using the method
of iteration. Using this method, one makes an initial guess for
the proper time dependence of the effective temperature, e.g.,
the ideal hydrodynamics, plugs this into the right-hand side
of Eq. (38), and then one solves for the effective temperature
necessary to make the left- and right-hand sides equal using a
root finder. The resulting effective temperature “profile” is then

used as the new “initial guess” and one repeats this process
iteratively until the effective temperature profile converges to
a given accuracy within the proper-time interval of interest.
Once the effective temperature is determined via iterative
solution, one can use this to determine the transverse pressure,
longitudinal pressure, full distribution function, and so on. For
further details, we refer the reader to Ref. [52].

V. RESULTS

In this section we present and discuss our results for
the proper-time evolution of the system using different
approaches. The results obtained within 14-moment second-
order viscous hydrodynamics and anisotropic hydrodynamics
are compared with the exact solution. We begin by emphasiz-
ing the importance of including the full set of kinetic coeffi-
cients in the second-order viscous relativistic hydrodynamics
in order to describe the bulk pressure evolution obtained via
exact solution of the relaxation time approximation (RTA)

044905-5



DENICOL, FLORKOWSKI, RYBLEWSKI, AND STRICKLAND PHYSICAL REVIEW C 90, 044905 (2014)

0.0

0.2

0.4

0.6

0.8

L
T

Ξ0 100
T0 600 MeV

m 1 GeV
Τeq 0.5 fm c

exact
DNMR Λ 0
DNMR

c

0.5 1 2 3 4 5 7 10

0

2

4

6

Τ fm c

fm
3

d

0.0

0.2

0.4

0.6

0.8

L
T

Ξ0 100
T0 600 MeV
m 300 MeV
Τeq 0.5 fm c

exact
DNMR Λ 0
DNMR

a

0.5 1 2 3 4 5 7 10

0.0

0.5

1.0

1.5

2.0

Τ fm c

fm
3

b

FIG. 4. (Color online) Same as Fig. 2 except here we take ξ0 = 100.

Boltzmann equation. In order to illustrate this point, below
we will compare the second-order viscous hydrodynamics
predictions with and without the shear-bulk couplings. After
making this point, we then compare the results obtained using
full second-order viscous hydrodynamics with those obtained
within the anisotropic hydrodynamics. We find that the two
approaches reproduce the exact solution with comparable
accuracy. In all cases we use a fixed relaxation time of
τeq = τπ = τ� = 0.5 fm/c, an initial time of τ0 = 0.5 fm/c,
and an initial temperature of T0 = 600 MeV. We will consider
two different initial pressure anisotropies corresponding to an
isotropic initial condition (ξ0 = 0) and a highly oblate initial
anisotropy (ξ0 = 100). For the particle mass, we will consider
three different cases corresponding to m = 30 MeV, 300 MeV,
and 1 GeV.

A. Shear-bulk couplings in the second-order viscous
hydrodynamics

In this section we solve the second-order hydrodynamic
equations discussed in Sec. II and compare the obtained
solutions with the exact results. In order to have an overlap
with our previous results available in the literature, the initial
temperature at τ0 = 0.5 fm/c has been set equal to T0 =
600 MeV. By solving the kinetic equation in the relaxation
time approximation using Eq. (38) we obtain the effective
temperature T (τ ). As mentioned previously, knowing T (τ ) we
can then calculate the exact pressures PL(τ ) and PT (τ ). We
then use Eq. (32) to obtain the exact bulk pressure �(τ ). The
exact bulk pressure computed in this manner can be compared
directly with the second-order hydrodynamic result for �(τ ),
which follows from Eqs. (8)–(10).

In addition, the second-order hydrodynamics results for P ,
�, and π can be used to determine PT and PL via

PL = P + � − π,
(41)

PT = P + � + π/2,

In Figs. 1–4 we compare the proper-time evolution of the
pressure anisotropy PL/PT (top panels) and the bulk pressure

� multiplied by proper-time τ (bottom panels) obtained from
the exact solution of the Boltzmann equation (black solid line),
the full second-order viscous equations including the shear-
bulk couplings λ�π and λπ� (red dashed line), and second-
order viscous equations with λ�π = λπ� = 0 (blue dot-dashed
line). We show the results for two different initial values of
the anisotropy parameter ξ0 ∈ {0,100} and three values of the
particle mass m ∈ {0.03,0.3,1} GeV.
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FIG. 5. (Color online) Proper-time evolution of pressure
anisotropy PL/PT (a) and bulk pressure (b). The three lines
correspond to the exact solution of the Boltzmann equation [52]
(black solid line), the full second-order viscous equations including
the shear-bulk couplings λ�π and λπ� [32] (blue dot-dashed line),
and anisotropic hydrodynamics [53] (red dashed line). For both
figures we used m = 30 MeV, τ0 = 0.5 fm/c, τeq = τπ = τ� = 0.5
fm/c, and T0 = 600 MeV. The initial spheroidal anisotropy parameter
for initial distribution function of the exact solution of Boltzmann
equation is taken to be ξ0 = 0; in consequence π0 = 0 and �0 = 0.
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FIG. 6. (Color online) Proper-time evolution of PL/PT [(a) and (c)] and bulk pressure [(b) and (d)]. Parameters and descriptions are the
same as in Fig. 5 except here we take m = 300 MeV [(a) and (b)] and m = 1 GeV [(c) and (d)].

As one can see from Figs. 1 and 3, which both assume
m = 30 MeV, the 14-moment second-order viscous hydrody-
namical result (DNMR) including the shear-bulk couplings
works quite well in reproducing the exact solution for small
masses. For the larger masses shown in Figs. 2 and 4
(m = 300 MeV and m = 1 GeV), we see somewhat larger
deviations from the exact solution. Note importantly that in all
cases shown, when one turns off the shear-bulk couplings by
setting λ�π = λπ� = 0, the resulting bulk pressure evolution
does not agree well with the exact solution demonstrating
the importance of these couplings for early time dynamics.
Additionally, one notices that inclusion of these couplings has
a larger relative effect on the bulk pressure evolution than the
pressure anisotropy with the effect on the pressure anisotropy
increasing as the mass increases.

B. Comparison with anisotropic hydrodynamics

In this section we compare the results of the second-
order viscous hydrodynamics and anisotropic hydrodynamics
with the exact solutions of the RTA Boltzmann equation.
In the framework of anisotropic hydrodynamics the system
is characterized by a set of nonequilibrium parameters and
one does not deal explicitly with the kinetic coefficients.
Interestingly, one may demonstrate that both the second-order
viscous hydrodynamics and anisotropic hydrodynamics lead
to similar description of the system and the two approaches
agree reasonably well with the exact kinetic solution.

Working within the anisotropic hydrodynamics framework,
we numerically solve Eqs. (26)–(28) for the nonequilibrium
parameters αx , αz, and λ. We fix the initial conditions for αx , αz,
and λ such that the initial energy density, pressure anisotropy,
and bulk pressure are the same as those used in the exact so-
lution and the second-order viscous hydrodynamics solution.
At each step of the numerical integration we use Eq. (29) to
self-consistently determine the effective temperature T which
appears in the equations of motion.

Our comparisons between second-order viscous hydro-
dynamics and anisotropic hydrodynamics are presented in
Figs. 5–8. The parameters are chosen to be the same as
in the previous section. From these figures, one sees that
anisotropic hydrodynamics provides a comparable description
of bulk and shear pressure as complete second-order viscous
hydrodynamics. However, in the small mass case it seems
that second-order viscous hydrodynamics does a better job
in reproducing the evolution of the bulk pressure for large
initial anisotropies. In most cases, however, anisotropic hydro
does a slightly better job in reproducing the exact solution for
the pressure anisotropy. Note, however, that herein we have
assumed τeq = 0.5 fm/c in all figures. If one were to take
larger values of τeq or smaller initial temperatures, then one
would have to reconsider this comparison.
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FIG. 7. (Color online) Proper-time evolution of PL/PT (a) and
bulk pressure (b). Parameters and descriptions are the same as in
Fig. 5 except here we take ξ0 = 100.
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FIG. 8. (Color online) Proper-time evolution of PL/PT [(a) and (c)] and bulk pressure [(b) and (d)]. Parameters and descriptions are the
same as in Fig. 6 except here we take ξ0 = 100.

VI. CONCLUSIONS AND OUTLOOK

In this paper we have demonstrated the importance of
shear-bulk coupling in the early time dynamics of the quark-
gluon plasma. These couplings are important because there
are large shear corrections at early times and these seem to
have a marked effect on the evolution of the bulk viscous
pressure. The reverse effect of bulk pressure on the shear
pressure, measured here in terms of the pressure anisotropy,
was found to be small. To reach this conclusion, we compared
the results of second-order viscous hydrodynamics using a
complete 14-moment approximation with exact solutions to
the 0+1D kinetic equations in relaxation time approximation.
We found that without the shear-bulk coupling one is not able
to reproduce the behavior exhibited by the exact solution.

Following this, we then compared the resulting full 14-
moment second-order viscous hydrodynamics results with
recently obtained anisotropic hydrodynamics evolution equa-
tions which include a bulk degree of freedom. We demon-
strated that both the complete second-order viscous hydro-
dynamics framework and anisotropic hydrodynamics were
able to reproduce the exact result with comparable accuracy.
For small masses, the 14-moment approximation has better
agreement with the bulk pressure evolution than anisotropic
hydrodynamics; however, anisotropic hydrodynamics was
found to better reproduce the pressure anisotropy in this case.
For larger masses, both approaches had comparable accuracy.

Looking forward, herein we showed explicitly that shear-
bulk couplings can be important for the early time dynamics
of the bulk pressure in simulations of relativistic heavy-
ion collisions. It will be interesting to extend the results
contained herein to higher-dimensional systems in order to
gauge the full impact that shear-bulk couplings have on the
dynamical evolution of the system. In the case of anisotropic
hydrodynamics, the full 1+1D equations including the effects
of the bulk pressure have already appeared in the literature [53].
For 14-moment second-order viscous hydrodynamics, the
general equations are known even for 3+1D including bulk
viscous effects [32]. It will be interesting to see what the
impact shear-bulk couplings will be in both cases. We leave
this for future work.
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APPENDIX: THERMODYNAMIC INTEGRALS

The integrals defined in Eq. (24) can be written in the following form:

Inq(T ,m) = Ndof

2π2(2q + 1)!!

∫ ∞

m

e− t
T (t2 − m2)

1
2 (2q+1)tn−2q dt, (A1)

which leads to the following results:

I−2,0(T ,m) = 4πÑ [K0(m̂eq) − m̂eq(K1(m̂eq) − Ki1(m̂eq))], (A2)

I−1,0(T ,m) = 4πÑT m̂eq[K1(m̂eq) − Ki1(m̂eq)], (A3)
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I0,0(T ,m) = 4πÑT 2m̂eqK1(m̂eq), (A4)

I1,0(T ,m) = 4πÑT 3m̂2
eqK2(m̂eq), (A5)

I2,0(T ,m) = 4πÑT 4m̂2
eq(m̂eqK1(m̂eq) + 3K2(m̂eq)), (A6)

I2,1(T ,m) = 4πÑT 4m̂2
eqK2(m̂eq), (A7)

I2,2(T ,m) = 4πÑ
T 4m̂2

eq

30

[(
6 − m2

eq

)
K2(meq) + m2

eq

(
3K0(meq)

− 2meq(K1(meq) − Ki,1(meq))
)]

, (A8)

I3,0(T ,m) = 4πÑT 5m̂eq
(
m̂eq

(
m̂2

eq + 12
)
K0(m̂eq) + (

5m̂2
eq + 24

)
K1(m̂eq)

)
, (A9)

I3,1(T ,m) = 4πÑT 5m̂3
eqK3(m̂eq), (A10)

I4,1(T ,m) = 4πÑT 6m̂eq
(
m̂eq

(
m̂2

eq + 20
)
K0(m̂eq) + (

7m̂2
eq + 40

)
K1(m̂eq)

)
, (A11)

I4,2(T ,m) = 4πÑT 6m̂3
eqK3(m̂eq), (A12)

where I2,1 = P , I2,0 = E , and I3,0 = T 2(∂E/∂T ). The function Ki,1(z) is defined by the integral

Ki,1(z) =
∫ ∞

0

e−z cosh t

cosh t
dt, (A13)

and can be expressed as [52]

Ki,1(z) = π

2
[1 − zK0(z)L−1(z) − zK1(z)L0(z)] , (A14)

where Li is a modified Struve function.
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We derive the form of the viscous corrections to the phase-space distribution function due to bulk viscous
pressure and shear stress tensor using the iterative Chapman-Enskog method. We then calculate the transport
coefficients necessary for the second-order hydrodynamic evolution of the bulk viscous pressure and the shear
stress tensor. We demonstrate that the transport coefficients obtained using the Chapman-Enskog method
are different than those obtained previously using the 14-moment approximation for a finite particle mass.
Specializing to the case of boost-invariant and transversally homogeneous longitudinal expansion, we show that
the transport coefficients obtained using the Chapman-Enskog method result in better agreement with the exact
solution of the Boltzmann equation in the relaxation-time approximation compared to results obtained in the
14-moment approximation. Finally, we explicitly confirm that the time evolution of the bulk viscous pressure is
significantly affected by its coupling to the shear stress tensor.
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I. INTRODUCTION

Relativistic hydrodynamics has been quite successful in
explaining a wide range of collective phenomena observed
in astrophysics, cosmology, and the physics of high-energy
heavy-ion collisions. The theory of relativistic hydrodynamics
is formulated as a gradient expansion where ideal hydrody-
namics is the zeroth order. The first-order relativistic Navier-
Stokes (NS) theory [1,2] leads to acausal signal propagation,
which is rectified in the second-order Israel-Stewart (IS)
theory [3]. The derivation of IS equations proceeds in a
variety of ways [4]. For instance, in the derivations based on
the second law of thermodynamics (∂μSμ � 0), where Sμ is
the generalized entropy four-current, the transport coefficients
related to relaxation times for shear and bulk viscous pressures
remain undetermined and have to be obtained from kinetic
theory [3,5]. On the other hand, the derivations based on kinetic
theory require the nonequilibrium phase-space distribution
function, f (x,p), to be specified. Consistent and accurate
determination of the form of the dissipative equations and the
associated transport coefficients is currently an active research
area [6–24].

The existence of thermodynamic gradients in a nonequi-
librium system gives rise to thermodynamic forces, which,
in turn, results in various transport phenomena. In order to
calculate the associated transport coefficients, it is convenient
to first specify the nonequilibrium single particle phase-
space distribution function f (x,p). The two most commonly
used methods to determine the form of f (x,p) when the
system is close to local thermodynamic equilibrium are
(1) Grad’s 14-moment approximation [25] and (2) the
Chapman-Enskog method [26]. While Grad’s moment method
has been widely used in the formulation of causal relativistic

dissipative hydrodynamics from kinetic theory [3–12], the
Chapman-Enskog method remains less explored [13–15].
Although both methods involve expanding f (x,p) around the
equilibrium distribution function f0(x,p), in Refs. [14,15] it
was demonstrated that the Chapman-Enskog method in the
relaxation-time approximation (RTA) gives better agreement
with both microscopic Boltzmann simulations and exact
solutions of the RTA Boltzmann equation. This seems to
stem from the fact that the Chapman-Enskog method does
not require a fixed-order Grad’s-moment expansion.

Relativistic viscous hydrodynamics has been used exten-
sively to study and understand the evolution of the strongly
interacting, hot and dense matter created in high-energy heavy-
ion collisions; see Ref. [27] for a recent review. While much
of the research on this topic is devoted to the extraction of the
shear viscosity to entropy density ratio η/s from the analysis of
the flow data [28–30], a systematic and self-consistent study
of the effect of bulk viscosity in numerical simulations of
heavy-ion collisions has not been performed. The relative
lack of effort in this direction may be attributed to the fact
that the bulk viscosity of hot QCD matter is estimated to be
much smaller compared to the shear viscosity. However, it is
important to note that, for the range of temperature probed
experimentally in heavy-ion collisions, the magnitude and
temperature dependence of bulk viscosity is unknown [31,32]
and could be large enough to affect the spatio-temporal
evolution of the QCD matter. Moreover, since QCD is a
nonconformal field theory, bulk viscous corrections to the
energy momentum tensor should not be neglected in order
to correctly understand the dynamics of a QCD system.

From a theoretical perspective, the second-order transport
coefficients that appear in the evolution equation for the
bulk viscous pressure are less understood compared to those
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of the shear stress tensor. In Refs. [10,11], it was shown
that the relaxation time for bulk viscous evolution can be
obtained by employing the second law of thermodynamics in
a kinetic theory setup. While, for finite masses, the transport
coefficients corresponding to bulk viscous pressure and shear
stress tensor have been explicitly obtained by employing
the 14-moment approximation [12,33], they still remain to
be determined using the Chapman-Enskog method. In this
paper, we calculate the transport coefficients appearing in the
second-order viscous evolution equations for nonvanishing
masses using the method of Chapman-Enskog expansion. We
compare the mass dependence of these coefficients with those
obtained using the 14-moment approximation. In the case of
one-dimensional scaling expansion of the viscous medium,
we demonstrate that our results are in better agreement
with the exact solution of the massive (0 + 1)-dimensional
Boltzmann equation in the relaxation-time approximation [24]
than those obtained using the 14-moment approximation. We
also confirm that generation of bulk viscous pressure is affected
more by its coupling to the shear stress tensor than to the
first-order expansion rate of the system, in agreement with
Ref. [33].

II. RELATIVISTIC HYDRODYNAMICS

The hydrodynamic evolution of a system having no net
conserved charges (vanishing chemical potential) is governed
by the local conservation of energy and momentum, ∂μT μν =
0. The energy-momentum tensor, T μν , characterizing the
macroscopic state of a system, can be expressed in terms of
a single-particle phase-space distribution function and tensor
decomposed into hydrodynamic degrees of freedom [34],

T μν =
∫

dP pμpνf (x,p) = εuμuν − (P + �)�μν + πμν.

(1)

Here dP ≡ gd3p/[(2π )3p0] is the invariant momentum-space
integration measure, where g is the degeneracy factor, pμ is
the particle four-momentum, and f (x,p) is the phase-space
distribution function. In the tensor decomposition, ε, P ,
�, and πμν are energy density, thermodynamic pressure,
bulk viscous pressure, and shear stress tensor, respectively.
The projection operator �μν ≡ gμν − uμuν is orthogonal to
the hydrodynamic four-velocity uμ defined in the Landau
frame: T μνuν = εuμ. The metric tensor is Minkowskian,
gμν ≡ diag(+1,−1,−1,−1).

The projection of ∂μT μν = 0 along and orthogonal to uμ

leads to the evolution equations for ε and uμ,

ε̇ + (ε + P + �)θ − πμνσμν = 0, (2)

(ε + P + �)u̇α − ∇α(P + �) + �α
ν ∂μπμν = 0. (3)

Here we have used the standard notation Ȧ ≡ uμ∂μA for
the co-moving derivative, θ ≡ ∂μuμ for the expansion scalar,
σμν ≡ 1

2 (∇μuν + ∇νuμ) − 1
3θ�μν for the velocity stress ten-

sor, and ∇α ≡ �μα∂μ for spacelike derivatives. The inverse
temperature, β ≡ 1/T , is determined by the matching con-
dition ε = ε0, where ε0 is the equilibrium energy density. In
terms of the equilibrium distribution function f0, the energy

density and the thermodynamic pressure can be written as

ε0 = uμuν

∫
dP pμpνf0, (4)

P0 = −1

3
�μν

∫
dP pμpνf0, (5)

respectively. For a classical Boltzmann gas with vanishing
chemical potential, the equilibrium distribution function is
given by f0 = exp(−β u · p), where u · p ≡ uμpμ.

From Eqs. (4) and (5) one obtains ε̇ and ∇αP in terms of
derivatives of β as

ε̇ = −I
(0)
30 β̇, ∇αP = I

(0)
31 ∇αβ, (6)

where

I (r)
nq ≡ 1

(2q + 1)!!

∫
dP (u · p)n−2q−r (�μνp

μpν)qf0. (7)

Here we readily identify I
(0)
20 = ε and I

(0)
21 = −P . The integrals

I (r)
nq satisfy the following relations:

I (r)
nq = I

(r−1)
n−1,q for n > 2q, (8)

I (r)
nq = 1

(2q + 1)

[
m2I

(r)
n−2,q−1 − I

(r)
n,q−1

]
, (9)

I (0)
nq = 1

β

[−I
(0)
n−1,q−1 + (n − 2q)I (0)

n−1,q

]
. (10)

The above relations lead to the following identities:

I
(0)
31 = − 1

β
(ε + P ), (11)

I
(0)
30 = 1

β
[3ε + (3 + z2)P ], (12)

where z ≡ βm with m being the mass of the particle.
Substituting the expressions for ε̇ and ∇αP from Eq. (6) in
Eq. (2), one obtains

β̇ = β(ε + P )

3ε + (3 + z2)P
θ + β(�θ − πργ σργ )

3ε + (3 + z2)P
, (13)

∇αβ = −βu̇α − β

ε + P

(
�u̇α − ∇α� + �α

ν ∂μπμν
)
. (14)

The above identities are used later to obtain the form of viscous
corrections to the distribution function and derive evolution
equations for shear and bulk viscous pressures.

Close to local thermodynamic equilibrium, the phase-space
distribution function can be written as f = f0 + δf , where
δf � f . From Eq. (1), the bulk viscous pressure � and
the shear stress tensor πμν can be expressed in terms of the
nonequilibrium part of the distribution function δf as [34]

� = −1

3
�αβ

∫
dP pαpβ δf, (15)

πμν = �
μν
αβ

∫
dP pαpβ δf, (16)

where �
μν
αβ ≡ 1

2 (�μ
α�ν

β + �
μ
β�ν

α) − 1
3�μν�αβ is a traceless

symmetric projection operator orthogonal to uμ. In the
following, we iteratively solve the RTA Boltzmann equation
to obtain δf up to first order.

044908-2
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III. VISCOUS EVOLUTION EQUATIONS

The relativistic Boltzmann equation in the RTA is given
by [35]

pμ∂μf = −(u · p)
δf

τeq
, (17)

where τeq is the relaxation time. To ensure the straightforward
conservation of particle current and energy-momentum tensor,
τeq should be independent of momenta and uμ should be
defined in the Landau frame [35]. Rewriting Eq. (17) in the
form f = f0 − (τeq/u · p) pμ∂μf and solving iteratively, one
obtains [14,36]

f1 = f0 − τeq

u · p
pμ∂μf0, (18)

f2 = f0 − τeq

u · p
pμ∂μf1,

... , (19)

where fn = f0 + δf (1) + δf (2) + · · · + δf (n). To first order in
derivatives, we have

δf (1) = − τeq

u · p
pμ∂μf0. (20)

Using Eqs. (13) and (14) and consistently ignoring higher order
gradient correction terms, one obtains [36]

δf = βτeq

u · p

{
1

3

[
m2 − (

1 − 3c2
s

)
(u · p)2]θ + pμpνσμν

}
f0.

(21)

Here, the velocity of sound squared, c2
s ≡ dP/dε, can be

expressed as

c2
s = ε + P

3ε + (3 + z2)P
. (22)

We observe that the above expression reduces to c2
s = 1/3 in

the ultrarelativistic (z → 0) limit.
Substituting Eq. (20) in Eqs. (15) and (16), one obtains

� = −τeqβ�θ, (23)

πμν = 2τeqβπσμν, (24)

where

β� = 5
3β I

(1)
42 − (ε + P )c2

s , (25)

βπ = β I
(1)
42 . (26)

Replacing the velocity gradients appearing in Eq. (21) with
viscous pressures using Eqs. (23) and (24), one obtains

δf = − βf0

3(u · p)β�

[
m2 − (

1 − 3c2
s

)
(u · p)2]�

+ βf0

2(u · p)βπ

pμpνπμν. (27)

The above form of δf is analogous to the 14-moment
approximation and can be used in the Cooper-Frye prescription
for particle production [37].

To obtain second-order evolution equations for the bulk
viscous pressure and the shear stress tensor, we follow the
methodology discussed in Ref. [8]. We express the evolution of
bulk viscous pressure and shear stress tensor given in Eqs. (15)
and (16) as

�̇ = −1

3
�αβ

∫
dP pαpβδḟ , (28)

π̇ 〈μν〉 = �
μν
αβ

∫
dP pαpβδḟ , (29)

respectively. The co-moving derivative δḟ can be obtained by
rewriting Eq. (17) in the form

δḟ = −ḟ0 − 1

u · p
pγ ∇γ f − δf

τeq
. (30)

Using the above expression for δḟ in Eqs. (28) and (29), one
obtains

�̇ = − �

τeq
+ �αβ

3

∫
dP pαpβ

(
ḟ0 + 1

u · p
pγ ∇γ f

)
,

(31)

π̇ 〈μν〉 = −πμν

τeq
− �

μν
αβ

∫
dP pαpβ

(
ḟ0 + 1

u · p
pγ ∇γ f

)
.

(32)

It is clear from Eqs. (31) and (32) that there is only one
time scale to describe the relaxation of the viscous evolution
equations, i.e., τeq = τ� = τπ . This stems from the fact that
the RTA collision term in the Boltzmann equation (17) does
not entirely capture the microscopic interactions. However,
comparing the first-order equations, Eqs. (23) and (24), with
the relativistic Navier-Stokes equations for bulk and shear
pressures, � = −ζθ and πμν = 2ησμν , we obtain τ� = ζ/β�

and τπ = η/βπ . The first-order transport coefficients ζ and η
can be calculated independently, by taking into account the
full microscopic behavior of the system.

Substituting δf from Eq. (27) in Eqs. (31) and (32) and
performing the integrations, one obtains the second-order
evolution equations for the bulk viscous pressure and shear
stress tensor,

�̇ = − �

τ�

− β�θ − δ���θ + λ�ππμνσμν, (33)

π̇ 〈μν〉 = −πμν

τπ

+ 2βπσμν + 2π 〈μ
γ ων〉γ − τπππ 〈μ

γ σ ν〉γ

− δπππμνθ + λπ��σμν, (34)

where ωμν ≡ 1
2 (∇μuν − ∇νuμ) is the vorticity tensor. The

transport coefficients appearing above are

δ�� = −5

9
χ − c2

s , (35)

λ�π = β

3βπ

(
7I

(3)
63 + 2I

(1)
42

) − c2
s , (36)

τππ = 2 + 4β

βπ

I
(3)
63 , (37)
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δππ = 5

3
+ 7β

3βπ

I
(3)
63 , (38)

λπ� = −2

3
χ, (39)

where

χ = β

β�

[(
1 − 3c2

s

)(
I

(1)
42 + I

(0)
31

) − m2(I (3)
42 + I

(2)
31

)]
. (40)

Apart from I
(0)
31 = −(ε + P )/β [see Eq. (11)], we need to

determine the integrals I
(3)
63 , I (1)

42 , I (3)
42 , and I

(2)
31 . In the following,

we obtain expressions for these quantities in terms of modified
Bessel functions of the second kind.

IV. TRANSPORT COEFFICIENTS

The transport coefficients obtained in the previous section
can be expressed in terms of modified Bessel functions of the
second kind. We start from the integral representation of the
corresponding Bessel function,

Kn(z) =
∫ ∞

0
dθ cosh(nθ ) exp(−z cosh θ ). (41)

Using the above form of the Bessel function, one obtains the
following identities:∫ ∞

0
dθ cosh5 θ exp(−z cosh θ ) = 1

16
[K5 + 5K3 + 10K1],

(42)∫ ∞

0
dθ cosh3 θ exp(−z cosh θ ) = 1

4
[K3 + 3K1], (43)

where the z dependence of Kn is implicitly understood.
The thermodynamic integrals I (r)

nq can be cast in a similar
form,

I (r)
nq = g T n+2−rzn+2−r

2π2(2q + 1)!!
(−1)q

∫ ∞

0
dθ (cosh θ )n−2q−r

× (sinh θ )2q+2 exp(−z cosh θ ). (44)

By using the identity cosh2 θ − sinh2 θ = 1, the integral in I (r)
nq

can be expressed in terms of cosh θ only. Employing Eqs. (42)
and (43), one obtains

I
(3)
63 = −gT 5z5

210π2

[
1

16
(K5 − 11K3 + 58K1) − 4Ki,1 + Ki,3

]
,

(45)

I
(1)
42 = gT 5z5

30π2

[
1

16
(K5 − 7K3 + 22K1) − Ki,1

]
, (46)

I
(3)
42 = gT 3z3

30π2

[
1

4
(K3 − 9K1) + 3Ki,1 − Ki,3

]
, (47)

I
(2)
31 = −gT 3z3

6π2

[
1

4
(K3 − 5K1) + Ki,1

]
. (48)

Here the function Ki,n is defined by the integral

Ki,n(z) =
∫ ∞

0

dθ

(cosh θ )n
exp(−z cosh θ ), (49)

which has the following property:

d

dz
Ki,n(z) = −Ki,n−1(z). (50)

This identity can also be written in integral form as

Ki,n(z) = Ki,n(0) −
∫ z

0
Ki,n−1(z′)dz′. (51)

We observe that, by using the series expansion of Ki,0(z) =
K0(z), the above recursion relation can be employed to evaluate
Ki,n(z) up to any given order in z.

In the results section, we will use the exact expressions for
the various transport coefficients. However, before proceeding
to the numerical results it is possible to compare the analytic
small-mass expansions of the transport coefficients with the
results obtained using the 14-moment approximation. With
this in mind, we now present small-mass expansions of the
kinetic coefficients obtained in Eqs. (25), (26), and (35)–(39).
We begin by noting that the quantity χ that appears in the
transport coefficients (35)–(39) has the following small-mass
expansion:

χ = −9

5
− 9πz

50
+ O(z2 ln z). (52)

The small-mass expansions of the transport coefficients enter-
ing the bulk evolution equation are

β�

ε + P
= 5z4

432
+ O(z5),

δ�� = 2

3
+ πz

10
+ O(z2 ln z), (53)

λ�π = z2

18
− 5z4

144
+ O(z5).

Similarly, the small-mass expansions of the transport coeffi-
cients entering the shear tensor evolution equation are

βπ

ε + P
= 1

5
− z2

60
+ z4

96
+ O(z5),

δππ = 4

3
+ z2

36
− 25z4

864
+ O(z5),

(54)

τππ = 10

7
+ z2

21
− 25z4

504
+ O(z5),

λπ� = 6

5
+ 3πz

25
+ O(z2 ln z).

We observe that, while the expressions for β� and βπ in
Eqs. (53) and (54) are identical to those obtained using the
14-moment method [12,33], the other coefficients agree only
up to the constant term in their respective Taylor expansions
in powers of z.

Having established that the Chapman-Enskog transport
coefficients are different than the 14-moment transport coeffi-
cients even for small masses, we now turn to the exact numer-
ical evaluation of the transport coefficients for arbitrary mass.
In Fig. 1 we compare the exact transport coefficients obtained
herein using the Chapman-Enskog method (blue dashed line)
with those calculated using the 14-moment approximation
(brown dotted line). Figures 1(a) and 1(b) show the transport
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FIG. 1. (Color online) Comparison of the exact transport coef-
ficients obtained herein using the Chapman-Enskog method (blue
dashed line) with those calculated using the 14-moment approxima-
tion (brown dotted line). The two panels correspond to the transport
coefficients which enter (a) the bulk viscous pressure and (b) the shear
stress tensor evolution equations, as a function of the ratio of mass
and temperature. The inset in panel (a) shows the m/T dependence
of the transport coefficients δ�� and λ�π obtained by using the two
methods on a linear scale. Here P(0) is the pressure at vanishing mass;
i.e., P(0) ≡ P (m = 0,T ).

coefficients entering the evolution equations for the bulk
viscous pressure and the shear stress tensor, respectively. In
the inset of Fig. 1(a), we show the m/T dependence of the
transport coefficients δ�� and λ�π (multiplied by a factor of
10) obtained by using the two methods on a linear scale. We
observe that the two methods lead to very similar values of
the transport coefficients for small values of z = m/T . For
large values of z, the differences are significant for some
transport coefficients. For example, at z = 1, the values of
λπ�, δ��, and λ�π in the two cases differ by approximately
15%, 20%, and 25%, respectively.

Another quantity of interest is the square of the sound
velocity in the medium, c2

s , which for small masses is
approximately

1

3
− c2

s = z2

36
− 5z4

864
+ O(z6 ln z). (55)

In the RTA, by comparing the relativistic NS equations, � =
−ζθ and πμν = 2ησμν , with Eqs. (23) and (24), one obtains
ζ/η = β�/βπ . Using the series expansion in z, one obtains

ζ

η
= 75

(
1

3
− c2

s

)2

+ O(z5). (56)

The relation in Eq. (56) can also be obtained by using the
expressions for ζ and η presented in Ref. [24].1It is interesting
to note that the form of the above expression is similar
to the well-known relation ζ/η = 15(1/3 − c2

s )2 derived by

1We note that the factor 75 is different than the value obtained in
Ref. [12], which was 72.75.

Weinberg [38]. However, we find the proportionality constant
to be exactly five times larger than that obtained by Weinberg.

V. BOOST-INVARIANT (0 + 1)-DIMENSIONAL CASE

In the case of a transversely homogeneous and purely lon-
gitudinal boost-invariant expansion [39], all scalar functions
of space and time depend only on the longitudinal proper
time τ = √

t2 − z2. In terms of Milne coordinates, (τ,x,y,η),
the hydrodynamic four-velocity becomes uμ = (1,0,0,0). The
energy-momentum conservation equation together with equa-
tions (33) and (34) reduce to

ε̇ = − 1

τ
(ε + P + � − π ), (57)

�̇ + �

τ�

= −β�

τ
− δ��

�

τ
+ λ�π

π

τ
, (58)

π̇ + π

τπ

= 4

3

βπ

τ
−

(
1

3
τππ + δππ

)
π

τ
+ 2

3
λπ�

�

τ
, (59)

where π ≡ −τ 2πηη. We note that in this case the term
involving the vorticity tensor, 2π 〈μ

γ ων〉γ , vanishes and hence
has no effect on the dynamics of the fluid. We also note that
the first terms on the right-hand side of Eqs. (58) and (59)
are the first-order terms β�θ and 2βπσμν , respectively,
whereas the rest are of second order.

We solve Eqs. (57)–(59) simultaneously assuming an
initial temperature of T0 = 600 MeV at the initial proper
time τ0 = 0.5 fm/c, with relaxation times τeq = τ� = τπ =
0.5 fm/c corresponding to (η/s)τ=τ0 = 3/4π . We solve the
equations for two different initial pressure configurations,
ξ0 = 0, corresponding to an isotropic pressure configuration
π0 = �0 = 0, and ξ0 = 100, corresponding to a highly oblate
anisotropic configuration. Here ξ is the anisotropy parameter,
which is related to the average transverse and longitudinal
momentum in the local rest frame via ξ = 1

2 〈p2
T 〉/〈p2

L〉 − 1.
We consider two different masses, m = 300 MeV, roughly
corresponding to the constituent quark mass, and m = 1 GeV,
representing the approximate thermal mass of a gluon or quark.
For comparison, we also solve Eqs. (57)–(59) with transport
coefficients obtained by using the 14-moment method [12,33].

In Figs. 2–5 we show the proper-time evolution of the
pressure anisotropy PL/PT ≡ (P + � − π )/(P + � + π/2)
(top) and the bulk viscous pressure times the proper time (bot-
tom) for three different calculations: the exact solution of the
RTA Boltzmann equation [24] (red solid line), second-order
viscous hydrodynamics using the 14-moment method [12]
(brown dotted line), and the Chapman-Enskog method used
herein (blue dashed line). Figures 2 and 3 show the case for
which m = 300 MeV, while Figs. 4 and 5 show the case for
which m = 1 GeV. Figures 2 and 4 correspond to an isotropic
initial condition (ξ0 = 0), while Figs. 3 and 5 correspond to a
highly oblate anisotropic initial condition (ξ0 = 100).

From Figs. 2–5, we see that PL/PT is quite insensitive
to whether one uses the 14-moment or Chapman-Enskog
transport coefficients obtained herein. However, the result for
τ� using the Chapman-Enskog method is in better agreement
with the exact solution of the RTA Boltzmann equation than
that using the 14-moment method.
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FIG. 2. (Color online) Time evolution of the pressure anisotropy
PL/PT (top) and the bulk viscous pressure times τ (bottom) for
three different calculations: the exact solution of the RTA Boltzmann
equation [24] (red solid line), second-order viscous hydrodynamics
using the 14-moment method [12] (brown dotted line), and the
Chapman-Enskog method used herein (blue dashed line). For both
panels we use T0 = 600 MeV at τ0 = 0.5 fm/c, m = 300 MeV, and
τeq = τπ = τ� = 0.5 fm/c. The initial spheroidal anisotropy in the
distribution function, ξ0 = 0, corresponds to isotropic initial pressures
with π0 = 0 and �0 = 0.

In Fig. 6 we plot the proper-time evolution of the
second-order terms scaled by the first-order term in the
evolution equation for bulk viscous pressure, Eq. (58).
We observe that, for m = 300 MeV (top panel), the relative
magnitude of the shear-bulk coupling term is greater than unity
for the proper-time interval 0.6 � τ � 3 fm/c, indicating that

FIG. 3. (Color online) Same as Fig. 2 except here we take
ξ0 = 100 corresponding to π0 = 51.11 GeV/fm3 and �0 =
0.85 GeV/fm3.

FIG. 4. (Color online) Same as Fig. 2 except here we take m =
1 GeV.

the evolution of bulk viscous pressure is dominated by its
coupling to the shear for a long time on the time scales relevant
to hydrodynamic evolution in relativistic heavy-ion collisions.
For the case of m = 1 GeV (bottom panel), although the
effect is not as prominent, the shear-bulk coupling term is still
almost as important as the first-order expansion scalar.

VI. CONCLUSIONS AND OUTLOOK

In this paper we applied the iterative Chapman-Enskog
method to the derive second-order viscous hydrodynamical
equations and the associated transport coefficients for a mas-
sive gas in the relaxation-time approximation. The resulting
dynamical equations (33) and (34) have precisely the same

FIG. 5. (Color online) Same as Fig. 3 except here we take m =
1 GeV, which for ξ0 = 100 implies π0 = 35.12 GeV/fm3 and �0 =
3.08 GeV/fm3.
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FIG. 6. (Color online) Proper time evolution of the second-order
terms scaled by the first-order term in the evolution equation for bulk
viscous pressure, Eq. (58). For both panels we use T0 = 600 MeV at
τ0 = 0.5 fm/c and τeq = τπ = τ� = 0.5 fm/c. The initial spheroidal
anisotropy in the distribution function, ξ0 = 0, corresponds to an
isotropic pressure configuration π0 = 0 and �0 = 0. For the top
panel, we show results for m = 300 MeV whereas the bottom panel
corresponds to m = 1 GeV.

form as those obtained using the 14-moment approxima-
tion [12]; however, some of the transport coefficients are
different than those obtained in the 14-moment approximation
when m > 0. The equivalence or inequivalence of the various
transport coefficients was established analytically by using
Taylor expansions in m/T and also by direct numerical
evaluation of the necessary integrals.

Having obtained the full set of dynamical equations
necessary to self-consistently evolve both the bulk pressure and
shear tensor, we then specialized to the case of a transversally
homogeneous and longitudinally boost-invariant system. In
this specific case it is possible to solve the RTA Boltzmann
equation exactly [24]. Using this solution as a benchmark, we
computed the pressure anisotropy and bulk pressure evolution
using both the Chapman-Enskog method presented herein and
the 14-moment method used in Ref. [12]. We demonstrated
that the Chapman-Enskog method is able to reproduce the

exact solution better than the 14-moment method. For the
pressure anisotropy both methods give very similar results, but
for the bulk pressure evolution the Chapman-Enskog method
better reproduces the exact solution.

Finally, we presented a comparison of the magnitude of
the shear-bulk coupling term in the dynamical equations for
the bulk pressure to the term proportional to the first-order
expansion scalar. We showed that, on the time scales relevant
for relativistic heavy-ion collisions, the shear-bulk coupling in
the bulk pressure evolution equation is equally as important
as the term involving the expansion scalar, in agreement with
previous findings [33]. We therefore conclude that, once the
second-order terms for the bulk pressure are taken into account,
at least in the relaxation-time approximation, we obtain very
good agreement with the exact solution of the RTA Boltzmann
equation. Since the latter does not rely on order-by-order
expansion of the distribution function about equilibrium, this
can be taken as evidence that in the RTA the second-order
terms capture the most important nonequilibrium corrections.

At this point, we would like to clarify that we are using the
exact solution of the RTA Boltzmann equation as a benchmark
to compare different hydrodynamic formulations and that our
minimal requirement for a viable nonconformal hydrodynamic
theory is that it should be able to describe the dynamics in
this simple case. It is true that the dynamics becomes more
complicated when realistic scattering kernels are considered.
These could, in fact, lead to a completely different parametric
behavior fore bulk viscosity [40,41]. Looking forward, since
the shear-bulk coupling term is as important as the first-order
term, we believe it would be interesting to determine its
impact in higher dimensional simulations. Moreover, from a
phenomenological perspective, a large negative bulk viscous
correction might lead to early onset of cavitation. It would
therefore be instructive to see how the second-order transport
coefficients obtained here influence cavitation. In addition,
it would also be interesting to see whether the second-order
results derived herein could be extended to third order. We
leave these questions for a future work.
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We express the transport coefficients appearing in the second-order evolution equations for bulk viscous
pressure and shear stress tensor using Bose-Einstein, Boltzmann, and Fermi-Dirac statistics for the equilibrium
distribution function and Grad’s 14-moment approximation as well as the method of Chapman-Enskog expansion
for the nonequilibrium part. Focusing on the case of transversally homogeneous and boost-invariant longitudinal
expansion of the viscous medium, we compare the results obtained using the above methods with those obtained
from the exact solution of the massive 0+1d relativistic Boltzmann equation in the relaxation-time approximation.
We show that compared to the 14-moment approximation, the hydrodynamic transport coefficients obtained by
employing the Chapman-Enskog method lead to better agreement with the exact solution of the relativistic
Boltzmann equation.
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I. INTRODUCTION

Relativistic viscous hydrodynamics has been applied quite
successfully to study and understand various collective phe-
nomena observed in the evolution of the strongly interacting
QCD matter, with very high temperature and density, created
in relativistic heavy-ion collisions; see Ref. [1] for a recent re-
view. The derivation of hydrodynamic equations is essentially
a coarse graining procedure whereby one obtains an effective
theory describing the long-wavelength low-frequency limit
of the microscopic dynamics of a system [1,2]. Relativistic
hydrodynamics is formulated as an order-by-order expansion
in powers of space-time gradients where ideal hydrodynamics
is of zeroth order [1]. The viscous effects arising in the
first-order theory, also known as the relativistic Navier-
Stokes theory [2,3], results in acausal signal propagation
and numerical instability. While causality is restored in the
second-order Israel-Stewart (IS) theory [4], stability may not
be guaranteed [5]. Consistent formulation of a causal theory of
relativistic viscous hydrodynamics and accurate determination
of the associated transport coefficients is currently an active
research topic [6–33].

The second-order IS equations can be derived in several
ways [5]. For example, in the derivations based on the
second law of thermodynamics, the hydrodynamic transport
coefficients related to the relaxation times for bulk and shear
viscous evolution remain undetermined. While these transport
coefficients can be obtained in the derivations based on kinetic
theory [4,6], the form of nonequilibrium phase-space distribu-
tion function, f (x,p), has to be specified. The two most exten-
sively used methods to determine f (x,p) for a system which
is close to local thermodynamic equilibrium are (1) the Grad’s
14-moment approximation [34] and (2) the Chapman-Enskog
method [35]. Note that while Grad’s 14-moment approxima-
tion has been widely employed in the formulation of a causal
theory of relativistic dissipative hydrodynamics [4–14], the
Chapman-Enskog method remains less explored [15–19]. On
the other hand, the Chapman-Enskog formalism has been often

used to extract various transport coefficients of hot hadronic
matter [20–24] Although in both methods the distribution
function is expanded around its equilibrium value f0(x,p),
it has been demonstrated that the Chapman-Enskog method
in the relaxation-time approximation (RTA) leads to better
agreement with both microscopic Boltzmann simulations as
well as exact solutions of the relativistic RTA Boltzmann
equation [16–19]. This may be attributed to the fact that a fixed-
order moment expansion, as required in Grad’s approximation,
is not necessary in the Chapman-Enskog method.

Much of the research on the application of viscous
hydrodynamics in relativistic heavy-ion collisions is devoted
to the extraction of the shear viscosity to entropy density
ratio, η/s, from the analysis of the anisotropic flow data [36–
38]. Indeed, the estimated η/s has been found to be close
to the conjectured lower bound η/s|KSS = 1/4π [39,40].
On the other hand, a self-consistent and systematic study
of the effect of the bulk viscosity in numerical simulations
of high-energy heavy-ion collisions is relatively lacking. This
may be attributed to the fact that the hot QCD matter is assumed
to be nearly conformal and therefore the bulk viscosity is
estimated to be much smaller compared to the shear viscosity.
However, in reality, QCD is a non-conformal field theory and
therefore bulk viscous corrections to the energy-momentum
tensor should not be ignored in order to correctly understand
the dynamics of the QCD system. Moreover, for the range
of temperature explored in heavy-ion collision experiments at
the Relativistic Heavy-Ion Collider (RHIC) and Large Hadron
Collider (LHC), the magnitude and temperature dependence
of the bulk viscosity could be large enough to influence the
space-time evolution of the hot QCD matter [41–47].

It is important to note that the second-order transport
coefficients, appearing in the evolution equation for the bulk
viscous pressure, are less understood compared to those of
the shear stress tensor. While the relaxation time for the bulk
viscous evolution can be obtained by using the second law of
thermodynamics in a kinetic theory setup [11,12], this method
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fails to account for the important coupling of the bulk viscous
pressure with the shear stress tensor [13,14,18]. On the other
hand, for finite masses and classical Boltzmann distribution,
the second-order transport coefficients corresponding to bulk
viscous pressure and shear stress tensor have been obtained by
employing the Grad’s 14-moment approximation [13,14] as
well as the Chapman-Enskog method [18], within a purely ki-
netic theory framework. However, these transport coefficients
still remain to be determined for quantum statistics, i.e., for
Bose-Einstein and Fermi-Dirac distribution.

In this paper, we express the transport coefficients appearing
in the second-order viscous evolution equations with nonvan-
ishing masses for Bose-Einstein, Boltzmann and Fermi-Dirac
distribution. We obtain these transport coefficients using the
Grad’s 14-moment approximation as well as the method
of Chapman-Enskog expansion. In addition, in the case of
one-dimensional scaling expansion of the viscous medium,
we compare the results obtained using the above methods
with those obtained from the exact solution of massive
0+1d relativistic Boltzmann equation in the relaxation-
time approximation [33]. We demonstrate that the results
obtained using the Chapman-Enskog method are in better
agreement with the exact solution of the RTA Boltzmann
equation than those obtained using the Grad’s 14-moment
approximation.

II. RELATIVISTIC HYDRODYNAMICS

In the absence of any conserved charges, i.e., for vanishing
chemical potential, the hydrodynamic evolution of a system is
governed by the local conservation of energy and momentum:
∂μT μν = 0. The energy-momentum tensor, T μν , which char-
acterizes the macroscopic state of a system, can be expressed in
terms of the single-particle phase-space distribution function,
f (x,p), and tensor decomposed into hydrodynamic degrees of
freedom [48],

T μν =
∫

dP pμpνf (x,p) = εuμuν − (P + �)�μν + πμν.

(1)

Here dP ≡ gd3p/[(2π )3p0] is the invariant momentum-space
integration measure, g being the degeneracy factor, and pμ is
the particle four-momentum. In the tensor decomposition, ε,
P , �, and πμν are the energy density, the thermodynamic
pressure, the bulk viscous pressure, and the shear stress tensor,
respectively. The projection operator �μν ≡ gμν − uμuν is
constructed such that it is orthogonal to the hydrodynamic four-
velocity uμ. The metric tensor is assumed to be Minkowskian,
gμν ≡ diag(+1,−1,−1,−1), and uμ is defined in the Landau
frame: T μνuν = εuμ.

The energy-momentum conservation equation, ∂μT μν = 0,
when projected along and orthogonal to uμ gives the evolution
equations for ε and uμ,

ε̇ + (ε + P + �)θ − πμνσμν = 0,
(2)

(ε + P + �)u̇α − ∇α(P + �) + �α
ν ∂μπμν = 0.

Here we have used the usual notation θ ≡ ∂μuμ for the expan-
sion scalar, Ȧ ≡ uμ∂μA for the comoving derivative, ∇α ≡
�μα∂μ for the space-like derivative, and σμν ≡ (∇μuν +
∇νuμ)/2 − (θ/3)�μν for the velocity stress tensor. The energy
density and the thermodynamic pressure can be written in
terms of the equilibrium phase-space distribution function f0

as

ε0 = uμuν

∫
dP pμpνf0, (3)

P0 = −1

3
�μν

∫
dP pμpνf0, (4)

where the equilibrium distribution function for vanishing
chemical potential is given by

f0 = 1

exp(βu·p) + a
. (5)

Here u·p ≡ uμpμ a = −1,0,1 for Bose-Einstein, Boltzmann,
and Fermi-Dirac gas, respectively. The inverse temperature,
β ≡ 1/T , is determined by the matching condition ε = ε0.

For a system close to local thermodynamic equilibrium,
the nonequilibrium phase-space distribution function can be
written as f = f0 + δf , where δf � f . By using Eq. (1), the
bulk viscous pressure, �, and the shear stress tensor, πμν , can
be expressed in terms of δf as [48]

� = −1

3
�αβ

∫
dP pαpβ δf, (6)

πμν = �
μν
αβ

∫
dP pαpβ δf, (7)

where �
μν
αβ ≡ (�μ

α�ν
β + �

μ
β�ν

α)/2 − (1/3)�μν�αβ is a trace-
less symmetric projection operator orthogonal to uμ and
�μν . In the following, we employ the expressions for δf

obtained using the Grad’s 14-moment approximation and
the Chapman-Enskog-like iterative solution of the relativistic
Boltzmann equation to obtain expressions for the quantum
transport coefficients associated with viscous evolution.

III. VISCOUS CORRECTIONS TO THE DISTRIBUTION
FUNCTION

Precise determination of the form of the nonequilibrium
single-particle phase-space distribution function is one of the
central problems in statistical physics. For a system close
to local thermodynamic equilibrium, the problem reduces to
determining the form of the correction to the equilibrium
distribution function. Within the framework of relativistic
hydrodynamics, the viscous corrections to the equilibrium
distribution function can be obtained from two different
methods: (1) the moment method and (2) the Chapman-Enskog
method. The moment method, more popularly known as the
Grad’s 14-moment ansatz, is based on a Taylor-like expansion
of the nonequilibrium distribution in powers of momenta. On
the other hand, the Chapman-Enskog method relies on the
solution of the Boltzmann equation.

Ignoring dissipation due to particle diffusion, the Grad’s
14-moment approximation leads to

δfG = [{E0 + B0m
2 + D0(u·p) − 4B0(u·p)2}�
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+B2p
αpβπαβ]f0f̃0, (8)

where f̃0 = 1 − af0. The coefficients E0, B0, D0, and B2 are
known in terms of m, T , and u·p and can be expressed as

B2 = 1

2J
(0)
42

, (9)

D0

3B0
= 4

J
(0)
31 J

(0)
20 − J

(0)
41 J

(0)
10

J
(0)
30 J

(0)
10 − J

(0)
20 J

(0)
20

≡ C2, (10)

E0

3B0
= m2 − 4

J
(0)
31 J

(0)
30 − J

(0)
41 J

(0)
20

J
(0)
30 J

(0)
10 − J

(0)
20 J

(0)
20

≡ C1, (11)

B0 = − 1

3C1J
(0)
21 + 3C2J

(0)
31 − 3J

(0)
41 + 5J

(0)
42

, (12)

where the thermodynamic functions J (r)
nq are defined as

J (r)
nq ≡ 1

(2q + 1)!!

∫
dP (u·p)n−2q−r (�μνp

μpν)qf0f̃0. (13)

In the above equation, the indices n − r and q represents
the number of times pμ and �μν appear in the integration,
respectively.

An analogous expression for δf can also be obtained using
an iterative Chapman-Enskog-like solution of the relativis-
tic Boltzmann equation in the relaxation-time approxima-
tion [18,49]. In absence of dissipation due to particle diffusion,
the Chapman-Enskog method leads to [18]

δfCE = β

u·p
[
− 1

3β�

{
m2 − (

1 − 3c2
s

)
(u·p)2

}
�

+ 1

2βπ

pμpνπμν

]
f0f̃0, (14)

where

β� = 5
3βπ − (ε + P )c2

s , (15)

βπ = β J
(1)
42 , (16)

and c2
s ≡ dP/dε is the speed of sound squared, which can be

expressed as

c2
s = ε + P

βJ
(0)
30

. (17)

IV. VISCOUS EVOLUTION EQUATIONS

The second-order evolution equations for � and πμν can
be derived by considering the comoving derivative of Eqs. (6)
and (7),

�̇ = −1

3
�αβ

∫
dP pαpβ δḟ , (18)

π̇ 〈μν〉 = �
μν
αβ

∫
dP pαpβ δḟ . (19)

Further, δḟ appearing in the above equations can be simplified
by rewriting the relativistic Boltzmann equation,

pμ∂μf = C[f ], (20)

in the form [9]

δḟ = −ḟ0 − 1

u·p pμ∇μf + 1

u·p C[f ]. (21)

In the following, we consider the relaxation-time approxima-
tion for the collision term in the Boltzmann equation,

C[f ] = − (u·p)
δf

τeq
, (22)

where τeq is the relaxation time. In general, in order for the
collision term in the above equation to respect the conservation
of particle four-current and energy-momentum tensor, τeq must
be independent of momenta and uμ has to be defined in the
Landau frame [50].

Substituting δḟ from Eq. (21) into Eqs. (18) and (19) along
with the form of δf given in Eqs. (8) and (14), and after
performing the integrations, we obtain

�̇ = − �

τeq
− β�θ − δ���θ + λ�ππμνσμν, (23)

π̇ 〈μν〉 = −πμν

τeq
+ 2βπσμν + 2π 〈μ

γ ων〉γ − δπππμνθ

− τπππ 〈μ
γ σ ν〉γ + λπ��σμν, (24)

where ωμν ≡ 1
2 (∇μuν − ∇νuμ) is the vorticity tensor. Note

that the above form of the evolution equations for the
bulk viscous pressure and the shear stress tensor is exactly
the same for both Grad’s 14-moment approximation (δfG)
and the Chapman-Enskog expansion (δfCE). Moreover, the
expressions for the first-order transport coefficients, β� and
βπ , are also identical for these two cases and are given
in Eqs. (15) and (16). However, the second-order transport
coefficients appearing in the above equations are different
for the Grad’s 14-moment method and the Chapman-Enskog
method.

The transport coefficients in the case of Grad’s 14-moment
approximation are calculated to be

δ
(G)
�� = 1 − c2

s − m4

9
γ

(0)
2 , (25)

λ
(G)
�π = 1

3
− c2

s + m2

3
γ

(2)
2 , (26)

δ(G)
ππ = 4

3
+ m2

3
γ

(2)
2 , (27)

τ (G)
ππ = 10

7
+ 4m2

7
γ

(2)
2 , (28)

λ
(G)
π� = 6

5
− 2m4

15
γ

(0)
2 , (29)

054907-3



WOJCIECH FLORKOWSKI et al. PHYSICAL REVIEW C 91, 054907 (2015)

where

γ
(0)
2 = (E0 + B0m

2)J (0)
−20 + D0J

(0)
−10 − 4B0J

(0)
00 , (30)

γ
(2)
2 = J

(0)
22

J
(0)
42

. (31)

On the other hand, these transport coefficients in the case of
Chapman-Enskog method are obtained as

δ
(CE)
�� = −5

9
χ − c2

s , (32)

λ
(CE)
�π = β

3βπ

(
7J

(3)
63 + 2J

(1)
42

) − c2
s , (33)

δ(CE)
ππ = 5

3
+ 7β

3βπ

J
(3)
63 , (34)

τ (CE)
ππ = 2 + 4β

βπ

J
(3)
63 , (35)

λ
(CE)
π� = −2

3
χ, (36)

where

χ = β

β�

[(
1 − 3c2

s

)(
J

(1)
42 + J

(0)
31

) − m2
(
J

(3)
42 + J

(2)
31

)]
. (37)

The integral functions J (r)
nq appearing in the expressions for

the transport coefficients satisfy the relations

J (r)
nq = 1

(2q + 1)

[
m2J

(r)
n−2,q−1 − J

(r)
n,q−1

]
, (38)

J (0)
nq = 1

β

[ − I
(0)
n−1,q−1 + (n − 2q)I (0)

n−1,q

]
, (39)

where

I (r)
nq ≡ 1

(2q + 1)!!

∫
dP (u·p)n−2q−r (�μνp

μpν)qf0. (40)

Here we readily identify I
(0)
20 = ε and I

(0)
21 = −P . Using

Eqs. (38) and (39), we obtain the identities

J
(0)
42 = m2

5
J

(0)
21 − 1

5
J

(0)
41 , (41)

J
(0)
31 = − 1

β
(ε + P ). (42)

To compute all the transport coefficients, we also need to
determine the integrals J

(0)
20 , J

(0)
10 , J

(0)
41 , J

(0)
21 , J

(0)
30 , J

(0)
−20, J

(0)
−10,

J
(0)
00 , J

(0)
22 , J

(3)
63 , J

(1)
42 , J

(3)
42 , and J

(2)
31 . In the following, we obtain

expressions for these quantities in terms of modified Bessel
functions of the second kind.

V. TRANSPORT COEFFICIENTS

Let us first simplify our equilibrium distribution func-
tion. Using the result of summation of a infinite geometric

progression,

1

1 + x
= 1 − x + x2 − x3· · · =

∞∑
l=0

(−1)lxl, for |x| < 1,

(43)

we obtain

f0 = e−β(u·p)

1 + ae−β(u·p)
=

∞∑
l=1

(−a)l−1e−lβ(u·p). (44)

Similarly, using the result obtained after differentiating
Eq. (43), we obtain

f0f̃0 = e−β(u·p)

(1 + ae−β(u·p))2
=

∞∑
l=1

l(−a)l−1e−lβ(u·p). (45)

Using the above results for f0 and f0f̃0, the thermodynamic
integrals I (r)

nq and J (r)
nq can be written as

I (r)
nq = gT n+2−rzn+2−r

2π2(2q + 1)!!
(−1)q

∞∑
l=1

(−a)l−1
∫ ∞

0
dθ

× (cosh θ )n−2q−r (sinh θ )2q+2 exp(−lz cosh θ ), (46)

J (r)
nq = gT n+2−rzn+2−r

2π2(2q + 1)!!
(−1)q

∞∑
l=1

l(−a)l−1
∫ ∞

0
dθ

× (cosh θ )n−2q−r (sinh θ )2q+2 exp(−lz cosh θ ), (47)

where z ≡ βm = m/T .
The integral coefficients I (r)

nq and J (r)
nq can be expressed in

terms of modified Bessel functions of the second kind. The
integral representation of the relevant Bessel function is given
by

Kn(z) =
∫ ∞

0
dθ cosh(nθ ) exp(−z cosh θ ). (48)

The pressure, energy density, and J
(0)
30 , required to calculate

the velocity of sound, can be expressed in terms of Bessel
functions using the above equation:

P = gT 4z2

2π2

∞∑
l=1

1

l2
(−a)l−1K2(lz), (49)

ε = gT 4z3

2π2

∞∑
l=1

1

l
(−a)l−1K3(lz) − P, (50)

J
(0)
30 = gT 5z5

32π2

∞∑
l=1

l(−a)l−1[K5(lz) + K3(lz) − 2K1(lz)].

(51)

The integral functions J (r)
nq appearing in the transport coeffi-

cients obtained using the Grad’s 14-moment method can be
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expressed as

J
(0)
21 = − gT 4z2

2π2

∞∑
l=1

1

l
(−a)l−1K2,

J
(0)
20 = gT 4z3

2π2

∞∑
l=1

(−a)l−1K3 + J
(0)
21 ,

J
(0)
10 = gT 3z3

8π2

∞∑
l=1

l(−a)l−1[K3 − K1],

J
(0)
41 = − gT 6z6

192π2

∞∑
l=1

l(−a)l−1[K6 − 2K4 − K2 + 2K0],

(52)

J
(0)
−20 = g

2π2

∞∑
l=1

l(−a)l−1[K0 − Ki,2],

J
(0)
−10 = gT z

2π2

∞∑
l=1

l(−a)l−1[K1 − Ki,1],

J
(0)
22 = gT 4z4

240π2

∞∑
l=1

l(−a)l−1[K4 − 8K2 + 15K0 − 8Ki,2],

J
(0)
00 = gT 2z2

4π2

∞∑
l=1

l(−a)l−1[K2 − K0],

where the (lz) dependence of Kn and Ki,n is implicitly
understood. The integral functions appearing in the transport
coefficients obtained using the Chapman-Enskog method are

J
(3)
63 = − gT 5z5

3360π2

∞∑
l=1

l(−a)l−1[K5 − 11K3 + 58K1

− 64Ki,1 + 16Ki,3],

J
(1)
42 = gT 5z5

480π2

∞∑
l=1

l(−a)l−1[K5− 7K3+ 22K1− 16Ki,1],

J
(3)
42 = gT 3z3

120π2

∞∑
l=1

l(−a)l−1[K3− 9K1+ 12Ki,1− 4Ki,3],

J
(2)
31 = − gT 3z3

24π2

∞∑
l=1

l(−a)l−1[K3 − 5K1 + 4Ki,1]. (53)

Here the function Ki,n(lz) is defined by the integral

Ki,n(lz) =
∫ ∞

0

dθ

(cosh θ )n
exp(−lz cosh θ ). (54)

Note that the subscript i in the above function is not an index
and just serves to distinguish it from the Bessel functions. Ki,n

satisfy the following recurrence relation:

d

dz
Ki,n(lz) = −lKi,n−1(lz), (55)

which can be expressed in the integral form:

Ki,n(lz) = Ki,n(0) − l

∫ z

0
Ki,n−1(lz′)dz′. (56)

We observe that by matching Ki,0(lz) = K0(lz), the above
recursion relation can be used to evaluate Ki,n(lz) up to any n.

Armed with the above expressions for J (r)
nq in terms of series

summation of the Bessel function, it is instructive to calculate
the ratio between the coefficient of bulk viscosity and shear
viscosity. In the relaxation-time approximation, this ratio is
given by ζ/η = β�/βπ [13,18]. In the small-z approximation,
using the series expansion of the Bessel functions in powers
of z, we obtain

ζ

η
= �

(
1

3
− c2

s

)2

+ O(z5), (57)

where � = 75 for Boltzmann distribution and � = 48 for
Fermi-Dirac distribution. However, in the case of Bose-
Einstein distribution (remember a = −1), we get � = −15 +
36/(1 + a), and therefore it diverges as ∼ 1/(1 + a) up to the
leading order. It is interesting to note that the above expression
is similar to the well-known relation ζ/η = 15(1/3 − c2

s )2,
derived by Weinberg [51]. The difference in the proportionality
constant may be attributed to the fact that here we have
considered a single-component system whereas, motivated
by applications to cosmology, Weinberg considered a system
composed of mixture of radiation and matter.

In order to calculate ζ/η for the quark-gluon plasma (QGP),
we need to provide appropriate degeneracy factors for the
integral coefficients I (r)

nq and J (r)
nq . For QGP, these integral

coefficients will transform as

I (r)
nq → I (r)

nq

∣∣
g=gq ,a=1 + I (r)

nq

∣∣
g=gg,a=−1,

(58)
J (r)

nq → J (r)
nq

∣∣
g=gq ,a=1 + J (r)

nq

∣∣
g=gg,a=−1,

where gq and gg are the degeneracy factors corresponding to
quarks and gluons respectively. These factors are given as

gq = Ns × Nqq̄ × NC × Nf = 12Nf ,
(59)

gg = Ns × (
N2

C − 1
) = 16,

where Nf is the number of flavours, NC = 3 is the number
of colors, Ns = 2 corresponds to spin degrees, and Nqq̄ = 2
denotes quark and antiquark.

In Fig. 1, we show m/T dependence of the ratio ζ/η scaled
by (1/3 − c2

s )2 for various cases. We observe that in accordance
with the predictions from small-z expansion, Eq. (57), the
curve for Boltzmann statistics (solid line) and Fermi-Dirac
statistics (dotted line) saturates at 75 and 48 (thin horizontal
black dashed lines), respectively, at small values of z. We
also see that at very small z, Bose-Einstein statistics (dashed
line) results in very large values of the scaled viscosity ratio
(ζ/η)/(1/3 − c2

s )2, indicating divergence. We see that this
ratio for the QGP is dominated by the Bose-Einstein statistics
for two-flavor (dashed-dotted line) as well as three-flavor QGP
(dashed-dotted-dotted line). This, however, does not imply that
the bulk viscosity of QGP is very large because a realistic
calculation with lattice QCD equation of state suggests that
z > 0.6 even for temperatures as high as central RHIC and
LHC energies [49,52,53]. Moreover, for large z, we see that
all three statistics lead to similar results for the scaled viscosity
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QGP Nf 2

QGP Nf 3
Boltzmann statistics

Bose Einstein statistics

Fermi Dirac statistics

FIG. 1. (Color online) m/T dependence of the ratio ζ/η scaled
by (1/3 − c2

s )2 for Boltzmann (solid line, red), Bose-Einstein (dashed
line, blue), and Fermi-Dirac (dotted line, green) statistics. We also
show results for two-flavor (dashed-dotted line, brown) and three-
flavor QGP (dashed-dotted-dotted line, purple). Thin horizontal black
dashed lines corresponds to constant values 75 and 48.
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FIG. 2. (Color online) Time evolution of the the bulk viscous
pressure times τ (top) and the pressure anisotropy PL/PT scaled
by that obtained using exact solution of the RTA Boltzmann equation
(bottom) for Boltzmann statistics. The three curves in both panels
correspond to three different calculations: the exact solution of
the RTA Boltzmann equation [33] (solid line, red), second-order
viscous hydrodynamics obtained using the Chapman-Enskog method
(dashed line, blue), and using the Grad’s 14-moment approximation
(dotted line, green). For both panels we use T0 = 300 MeV at
τ0 = 0.5 fm/c, m = 300 MeV, and τeq = τπ = τ� = 0.25 fm/c. The
initial spheroidal anisotropy in the distribution function, ξ0 = 0,
corresponds to isotropic initial pressures with �0 = π0 = 0.
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FIG. 3. (Color online) Same as Fig. 2 except here we consider
Bose-Einstein statistics.

ratio, which suggests that there is a relatively small effect
coming from composition of the fluid.

VI. BOOST-INVARIANT 0+1D CASE

In this section, we consider evolution in the case of
transversely homogeneous and purely longitudinal boost-
invariant expansion [54]. For such an expansion all scalar
functions of space and time depend only on the longitudinal
proper time τ = √

t2 − z2. Working in the Milne coordi-
nate system, (τ,x,y,η), the hydrodynamic four-velocity is
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FIG. 4. (Color online) Same as Fig. 2 except here we consider
Fermi-Dirac statistics.

054907-6



RELATIVISTIC QUANTUM TRANSPORT COEFFICIENTS . . . PHYSICAL REVIEW C 91, 054907 (2015)

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35

fm
3

Boltzmann statistics
ξ0 100, τ0 0.5fm, τeq 0.25fm

T0 300MeV, m 300MeV

0.5 1 2 3 4 5 7 10
0.85

0.90

0.95

1.00

τ fm c

L
T

L
T

E
X

A
C

T

Exact
Chapman Enskog
Grad's 14 moment

FIG. 5. (Color online) Same as Fig. 2 except here we
take ξ0 = 100 corresponding to π0 = 2.86 GeV/fm3 and �0 =
0.138 GeV/fm3.

given by uμ = (1,0,0,0). The energy-momentum conservation
equation together with Eqs. (23) and (24) reduce to

ε̇ = − 1

τ
(ε + P + � − π ) , (60)

�̇ + �

τ�

= −β�

τ
− δ��

�

τ
+ λ�π

π

τ
, (61)

π̇ + π

τπ

= 4

3

βπ

τ
−

(
1

3
τππ + δππ

)
π

τ
+ 2

3
λπ�

�

τ
, (62)
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FIG. 6. (Color online) Same as Fig. 5 except here we consider
Bose-Einstein statistics.
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FIG. 7. (Color online) Same as Fig. 5 except here we consider
Fermi-Dirac statistics.

where π ≡ −τ 2πηη. Note that in this case the term involving
the vorticity tensor in Eq. (24) vanishes and hence has no effect
on the dynamics of the fluid. Also note that the first terms on
the right-hand side of Eqs. (61) and (62) corresponds to the
first-order terms β�θ and 2βπσμν , respectively, whereas the
rest are of second order.

We simultaneously solve Eqs. (60)–(62), assuming an
initial temperature of T0 = 300 MeV at the initial proper
time τ0 = 0.5 fm/c, with relaxation times τeq = τ� = τπ =
0.25 fm/c corresponding to initial η/s = 1/4π . We solve these
equations for two different initial pressure configurations:
ξ0 = 0 corresponding to an isotropic pressure configuration
π0 = �0 = 0 and ξ0 = 100 corresponding to a highly oblate
anisotropic pressure configuration. The anisotropy parameter ξ

is related to the average longitudinal and transverse momentum
in the local rest frame as: ξ = 1

2 〈p2
T 〉/〈p2

L〉 − 1, where 〈· · · 〉 ≡∫
d3pf0(

√
p2

T + (1 + ξ )p2
L,�) and � is a temperature-like

scale which can be identified with the temperature of the
system in the isotropic equilibrium limit. For particle mass,
we consider m = 300 MeV, which roughly corresponds to the
constituent quark mass. We solve Eqs. (60)–(62) with transport
coefficients obtained using the Grad’s 14-moment method,
Eqs. (25)–(29), as well as the Chapman-Enskog method,
Eqs. (32)–(36).

In Figs. 2–7 we show the time evolution of the bulk viscous
pressure times proper-time (top) and the pressure anisotropy
PL/PT ≡ (P + � − π )/(P + � + π/2) scaled by that ob-
tained using exact solution of the RTA Boltzmann equation
(bottom) for three different calculations: the exact solution of
the RTA Boltzmann equation [33] (solid line, red), second-
order viscous hydrodynamics obtained using the Chapman-
Enskog method, Eqs. (32)–(36) (dashed line, blue), and the
Grad’s 14-moment approximation, Eqs. (25)–(29) (dotted line,
green). Figures 2 and 5 are for Boltzmann statistics, Figs. 3
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and 6 are for Bose-Einstein statistics, and Figs. 4 and 7 are for
Fermi-Dirac statistics. Figures 2–4 correspond to an isotropic
initial condition (ξ0 = 0), while Figs. 5–7 correspond to a
highly oblate anisotropic initial condition (ξ0 = 100).

From Figs. 2–7, we observe that, compared to Grad’s
14-moment approximation, the transport coefficients obtained
using the Chapman-Enskog method do a marginally better
job in reproducing the PL/PT obtained using the exact
solution of the RTA Boltzmann equation. On the other
hand, the result for τ� obtained using the Chapman-Enskog
method shows better agreement with the exact solution of
the RTA Boltzmann equation than the Grad’s 14-moment
method.

VII. CONCLUSIONS AND OUTLOOK

In this paper we expressed the transport coefficients appear-
ing in the second-order viscous hydrodynamical evolution of
a massive gas using Bose-Einstein, Boltzmann, and Fermi-
Dirac statistics for the equilibrium distribution function and
Grad’s 14-moment approximation as well as the method of
Chapman-Enskog expansion for the nonequilibrium part. The
second-order viscous evolution equations are obtained by
coarse graining the relativistic Boltzmann equation in the
relaxation-time approximation. We also obtained the ratio of
the coefficient of bulk viscosity to that of shear viscosity, in
terms of the speed of sound, for classical and quantum statistics
as well as for the QGP. We then considered the specific case
of a transversally homogeneous and longitudinally boost-
invariant system for which it is possible to exactly solve
the RTA Boltzmann equation [33]. Using this solution as a
benchmark, we compared the pressure anisotropy and bulk
viscous pressure evolution obtained by employing both the
Chapman-Enskog method as well as the Grad’s 14-moment

method. We demonstrated that the Chapman-Enskog method
is in better agreement with the exact solution of the RTA
Boltzmann equation compared to the Grad’s 14-moment
method. We found that while both methods give similar results
for the pressure anisotropy, the Chapman-Enskog method
better reproduces the exact solution for the bulk viscous
pressure evolution.

At this juncture, we would like to clarify that we have used
the exact solution of the Boltzmann equation, in the relaxation-
time approximation, as a benchmark in order to compare
different hydrodynamic formulations. The relaxation-time
approximation is based on the assumption that the collisions
tend to restore the phase-space distribution function to its
equilibrium value exponentially. Although the microscopic
interactions of the constituent particles are not captured in this
approximation, it is reasonably accurate to describe a system
which is close to local thermodynamic equilibrium [55].
Looking forward, it will be interesting to determine the impact
of the quantum transport coefficients, obtained herein, in
higher dimensional simulations. Moreover, it would also be
instructive to see if the second-order results derived herein
could be extended to obtain third-order transport coefficients
for quantum statistics [17]. We leave these questions for a
future work.
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We compute dilepton production from the deconfined phase of the quark-gluon plasma using
leading-order (3þ 1)-dimensional anisotropic hydrodynamics. The anisotropic hydrodynamics equations
employed describe the full spatiotemporal evolution of the transverse temperature, spheroidal momentum-
space anisotropy parameter, and the associated three-dimensional collective flow of the matter. The
momentum-space anisotropy is also taken into account in the computation of the dilepton production rate,
allowing for a self-consistent description of dilepton production from the quark-gluon plasma. For our final
results, we present predictions for high-energy dilepton yields as a function of invariant mass, transverse
momentum, and pair rapidity. We demonstrate that high-energy dilepton production is extremely sensitive
to the assumed level of initial momentum-space anisotropy of the quark-gluon plasma. As a result, it may
be possible to experimentally constrain the early-time momentum-space anisotropy of the quark-gluon
plasma generated in relativistic heavy-ion collisions using high-energy dilepton yields.
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I. INTRODUCTION

The degree to which the quark and gluon distributions of
the partons comprising the quark-gluon plasma (QGP)
generated in relativistic heavy-ion collisions aremomentum-
space isotropic in the local rest frame (LRF) is currently an
open question. There have been a number of theoretical
studies that have attempted to address this question using
both perturbative QCD and the AdS=CFT framework
(see Ref. [1] for a recent review). Ideally, however, one
would like to have an experimental observable that could
provide constraints on the degree of isotropy during the early
stages of the QGP’s lifetime and perhaps, in addition, the
subsequent approach towards isotropy.
In principle, electromagnetic emissions are the ideal

observable for studying the early-time dynamics of the
QGP since they are weakly coupled to the plasma (α ≪ αs).
In addition, due to the fact that the QGP is initially hot
and then cools, high-energy (E≳ 2 GeV) production is
dominated by early times when the system is in the QGP
phase, while low-energy (E≲ 2 GeV) production receives
significant contributions from late-time emissions when
the system returns to the hadronic phase. This simple
picture is complicated by the fact that there is a temperature
distribution in the QGP, with the edges of the system
being best described using hadronic degrees of freedom;
however, since these regions are rather dilute and small in
relative volume, the total radiation from this region is small
compared to that produced from the central region. The two
primary electromagnetic observables studied in heavy-ion

collisions are real photons and dileptons produced via
decay of virtual photons.
In this paper we focus on dilepton production from the

deconfined phase of the QGP’s lifetime. The study of
dilepton production from the QGP has a long history; see
e.g. Refs. [2–17]. For recent reviews, see also Refs. [18,19].
Herein we focus on the effect of LRF momentum-space
anisotropies on dilepton production. This work is an
extension of previous studies performed in Refs. [20,21]
to include a realistic bulk evolution using the framework of
anisotropic hydrodynamics [22–41]. For a recent review of
the motivation for and methods used to obtain the aniso-
tropic hydrodynamics equations and solve them numeri-
cally, we refer the reader to Ref. [42].
Herein, we make use of the anisotropic hydrodynamics

equations obtained from the zeroth and first moments of the
Boltzmann equation with the collisional kernel treated in
the relaxation-time approximation and describe the (3þ 1)-
dimensional evolution of the QGP using these equations.
The resulting dynamical equations describe the full spa-
tiotemporal evolution of the transverse temperature Λ
and spheroidal momentum-space anisotropy parameter ξ
[43,44]. The (3þ 1)-dimensional framework allows both
Λ, ξ, and the associated flow velocities to depend arbitrarily
on the transverse coordinates, spatial rapidity, and longi-
tudinal proper time; however, herein we restrict ourselves
to smooth Glauber-like initial conditions.
The study presented herein is similar in spirit to prior

studies of dilepton production using viscous hydrodynam-
ics [15,16]. In these works, however, the authors employed
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the standard viscous hydrodynamic linearization around an
isotropic thermal background. Our work goes beyond these
studies by linearizing around anisotropic background and,
as a result, we are able to better describe early-time dilepton
production and dilepton production near the transverse
and longitudinal edges of the QGP. In addition, high-
momentum dilepton production is treated in a more reliable
manner since the anisotropic one-particle distribution
function used to compute the dilepton rates is positive
definite at all points in momentum space. We demonstrate
that high-energy dilepton production is extremely sensitive
to the assumed level of initial momentum-space anisotropy
of the quark-gluon plasma. As a result, it may be possible to
experimentally constrain the early-time momentum-space
anisotropy of the quark-gluon plasma generated in relativ-
istic heavy-ion collisions using high-energy dilepton yields.
The structure of our paper is as follows. In Sec. II, we

review the calculation of the leading-order dilepton pro-
duction rate in an anisotropic QGP. In Sec. III we describe
how one calculates the dilepton spectra including the effect
of transverse and longitudinal expansion. In Sec. IV we
present the setup for the anisotropic hydrodynamics evo-
lution, the resulting (3þ 1)-dimensional dynamical equa-
tions, the equation of state employed, and the initial
conditions used. In Sec. V we present our final numerical
results for the dilepton yields as a function of invariant
mass, transverse momentum, and pair rapidity using fixed
initial conditions and fixed final multiplicity. We present
our conclusions and an outlook for the future in Sec. VI. We
collect information about particle production from (3þ 1)-
dimensional anisotropic hydrodynamics and compare this
with Israel-Stewart viscous hydrodynamics in Appendix A.

II. DILEPTON RATE IN ANISOTROPIC PLASMA

We begin by reviewing the derivation of the dilepton
emission rate for an anisotropic plasma starting from
relativistic kinetic theory. We follow the methodology
presented originally in Ref. [21]. The resulting formulas
will be subsequently used in Sec. III to calculate the
differential dilepton spectra using an anisotropic hydro-
dynamics framework.
The dilepton emission rate is defined as the number of

dilepton pairs produced per eight-dimensional phase-space
volume

dRlþl−

d4P
≡ dNlþl−

d4Xd4P
; ð1Þ

where Xμ ¼ ðt;xÞ and Pμ ¼ ðE;pÞ are the four-position
and four-momentum, respectively. Based on relativistic
kinetic theory,1 at leading order in the electromagnetic
coupling, Oðα2Þ, the dilepton emission rate follows from

dRlþl−

d4P
¼

Z
d3p1

ð2πÞ3
d3p2

ð2πÞ3 fqðp1Þfq̄ðp2Þ

× vqq̄σl
þl−
qq̄ δð4ÞðPμ − pμ

1 − pμ
2Þ; ð2Þ

where fqðq̄Þ is the phase-space distribution function of
quarks (antiquarks),2 vqq̄ is the relative velocity between the
quark and the antiquark

vqq̄ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p1 · p2 −m2

q

q
2Ep1

2Ep2

; ð3Þ

and σl
þl−
qq̄ is the total cross section for the leading-order

quark-antiquark annihilation process, qþ q̄→ γ� → lþþ l−,

σl
þl−
qq̄ ¼ 4π

3

α2

M2

�
1þ 2m2

l

M2

��
1 −

4m2
l

M2

�
1=2

: ð4Þ

Henceforth, we will consider only high-energy dilepton
pairs with invariant energies much greater than the lepton
masses, M ≫ ml. Therefore, we will ignore lepton mass
corrections appearing in Eq. (4) and simply take ml ¼ 0.
Ultrarelativistic heavy-ion collisions are special in the

sense that the matter created in such events is undergoing
rapid expansion along the longitudinal (beam) direction. At
the same time, the transverse expansion is initially rela-
tively quite slow. One can show that this phenomenon
inevitably leads to the presence of large momentum-space
anisotropies in the phase-space distribution of the matter.
The simplest form for the distribution function that can be
used to describe this situation is a generalization of an
isotropic phase-space distribution which is squeezed or
stretched along one direction in momentum space, defined
by n̂, with a parameter −1 < ξ < ∞, which describes the
type and strength of the momentum-space anisotropy. In
this case, the one-particle distribution function for the
quarks and antiquarks may be described at leading order
by the following spheroidal “Romatschke-Strickland”
form [43,44]

fqðq̄Þðp; ξ;ΛÞ≡ fisoqðq̄Þð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ξðp · n̂Þ2

q
;ΛÞ; ð5Þ

where Λ is a transverse-momentum scale and ξ is the
anisotropy parameter introduced above. In the limiting case
where ξ ¼ 0, Eq. (5) reduces to the standard isotropic
distribution function. When ξ ¼ 0, Λ can be identified with
the equilibrium temperature T of the system. Herein, we
will take fisoqðq̄Þ to be a Fermi-Dirac distribution func-

tion fisoqðq̄ÞðE; TÞ ¼ ½expðE=TÞ þ 1�−1.
Using the Dirac delta function in Eq. (2), one can

immediately perform the p2 integration to obtain
1The same result can be obtained using standard finite temper-

ature field theory techniques. 2From now on we assume that fq̄ ¼ fq.
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dRlþl−

d4P
¼ 5α2

72π5

Z
d3p1

Ep1
Ep2

fqðp1;Λ; ξÞfq̄ðp2;Λ; ξÞ

× δðE − Ep1
− Ep2

Þjp2¼P−p1
: ð6Þ

To proceed, we parametrize the remaining three-momenta
using spherical coordinates with the z axis defined by the
direction of anisotropy n̂,

p1 ¼ p1ðsin θp1
cosϕp1

; sin θp1
sinϕp1

; cos θp1
Þ;

P ¼ Pðsin θP cosϕP; sin θP sinϕP; cos θPÞ: ð7Þ

In this way we may rewrite the remaining delta function in
(6) in the form

δðE − Ep1
− Ep2

Þ ¼ 2ðE − p1Þ
ΘðχÞffiffiffi

χ
p

X2
i

δðϕi − ϕp1
Þ;

ð8Þ

where

χ ≡ ð2p1P sin θP sin θp1
Þ2

− ½2p1ðE − P cos θP cos θp1
Þ −M2�2: ð9Þ

The angles ϕi are calculated as the two possible solutions to
the equation

cosðϕi − ϕp1
Þ ¼ 2p1ðE − P cos θP cos θp1

Þ −M2

2p1P sin θP sin θp1

: ð10Þ

After these substitutions, we arrive at our final result for the
dilepton emission rate

dRlþl−

d4P
¼ 5α2

18π5

Z
1

−1
dðcos θp1

Þ
Z

a−

aþ

p1dp1ffiffiffi
χ

p fq
�
p1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξcos2θp1

q
;Λ

�

× fq̄
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðE − p1Þ2 þ ξðp1 cos θp1
− P cos θPÞ2

q
;Λ

�
; ð11Þ

with

a� ≡ M2

2ðE − P cosðθP � θp1
ÞÞ : ð12Þ

In order to evaluate the dilepton emission rate (11) it is
necessary to perform the remaining two integrations
numerically. In Fig. 1 we show the resulting dilepton
emission rate as a function of transverse momentum (left)
and invariant mass (center), both scaled by Λ, and rapidity
(right) for various values of anisotropy parameter ξ ∈
f−0.9; 0; 10; 100g denoted by brown solid, red dashed,

blue dotted, and green dot-dashed lines, respectively. One
can see that the production rate decreases (increases) due to
increasing (decreasing) ξ. We note, however, that this is
primarily due to the fact that increasing ξ for fixed Λ results
in a lower plasma density. In order to properly assess the
impact of anisotropies on the production, one has to fold
these rates together with a realistic model of the full
spatiotemporal evolution of both ξ and Λ.

III. DILEPTON SPECTRA

Our final goal is to study the impact of space-time-
dependent anisotropies in the system on the dilepton
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FIG. 1 (color online). The dilepton emission rate as a function of transverse momentum (left), invariant mass (center), and rapidity
(right). For the transverse momentum dependence (left) we fixed M=Λ ¼ 3 and y ¼ 0; for the invariant mass dependence (center) we
fixed p⊥=Λ ¼ 3 and y ¼ 0; for rapidity dependence (right) we fixed p⊥=Λ ¼ M=Λ ¼ 3.
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differential spectra. In this way we hope to probe the early
stages of the quark-gluon plasma, where the anisotropies
are expected to be the largest. In order to do this one must
include in Eq. (11) the space-time dependence of Λ and ξ
using some hydrodynamic model and then integrate over
the entire space-time volume (which contains the quark-
gluon plasma phase) and the appropriate momenta/invari-
ant mass cuts for the dilepton pairs. For this purpose, we
parametrize the pair four-momentum in the standard way,

pμ ¼ ðm⊥ cosh y; p⊥ cosϕp; p⊥ sinϕp;m⊥ sinh yÞ; ð13Þ

where m⊥ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ p2⊥

p
defines the transverse mass and

y≡ 1=2 ln ½ðEþ p∥Þ=ðE − p∥Þ� is the momentum-space
rapidity. Above, we used p⊥, p∥, and ϕp to denote
transverse momentum, longitudinal momentum, and
momentum azimuthal angle, respectively.
One can also use the usual Milne hyperbolic para-

metrization of space-time which is convenient for
describing heavy-ion collisions within the relativistic
hydrodynamics framework

xμ ¼ ðτ cosh ς;x⊥; τ sinh ςÞ: ð14Þ
In Eq. (14), we used τ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffi

t2 − z2
p

and ς≡ tanh−1ðz=tÞ to
denote the longitudinal proper time and the space-time
rapidity, respectively. With these parametrizations, the
differential measures for four-momentum and space-time
are d4P ¼ MdMdyp⊥dp⊥dϕp and d4X ¼ τdτdςd2x⊥,
respectively. This allows us to calculate the invariant mass
and transverse momentum differential spectra using

dNlþl−

MdMdy
¼

Z
pmax⊥

pmin⊥
p⊥dp⊥

Z
2π

0

dϕp

Z
d4X

dRlþl−

d4P
; ð15aÞ

dNlþl−

p⊥dp⊥dy
¼

Z
Mmax

Mmin
MdM

Z
2π

0

dϕp

Z
d4X

dRlþl−

d4P
; ð15bÞ

respectively, where the integration ranges pmin⊥ , pmax⊥ and
Mmin, Mmax will be specified later according to the appro-
priate physical/experimental cuts. The integration over the
space-time volume is performed only in the deconfined
quark-gluon plasma stage. In practice, we only include
contributions from regions that have an effective temperature
that is higher than a critical temperature, i.e. T ≡
R1=4ðξÞΛ > Tc with RðξÞ defined in Eq. (45). In all results
shown herein, we assume Tc ¼ 175 MeV. We will assume
that when the system reaches Tc, all medium emission stops.
We do not take into account the emission from the mixed/
hadronic phase at late times since the kinematic regime we
study (high M and p⊥) is dominated by early-time high-
energy dilepton emission. Due to the large uncertainty
connected with the correct value of critical temperature
existing in the literature we also checked that the results
obtained here are almost completely independent of the
choice of Tc in the range 150–200 MeV.
Equations (15a) and (15b) are evaluated in the center of

mass of the colliding nuclei (LAB) frame while the dilepton
emission rate is calculated in the LRF of the emitting
region. Therefore, before evaluating Eqs. (15a) and (15b)
we have to boost the LAB frame momentum pμ to the LRF
of the fluid cell using p0μ

LRF ¼ Λμ
νpν, where the Lorentz

boost tensor

Λμ
νðuλÞ≡

0
BBBBB@

γ −γvx −γvy −γvz

−γvx 1þ ðγ − 1Þ v2xv2 ðγ − 1Þ vxvyv2 ðγ − 1Þ vxvzv2

−γvy ðγ − 1Þ vxvyv2 1þ ðγ − 1Þ v2yv2 ðγ − 1Þ vyvzv2

−γvz ðγ − 1Þ vxvzv2 ðγ − 1Þ vyvzv2 1þ ðγ − 1Þ v2zv2

1
CCCCCA

ð16Þ

depends on the four-velocity of the fluid element
uμðxλÞ≡ γð1; vx; vy; vzÞ, where γ ≡ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
and v ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2z þ v2y þ v2z
q

. One can easily check that, as expected,

uμLRF ¼ Λμ
νuν ¼ ð1; 0; 0; 0Þ. Making use of Eq. (11) in

Eqs. (15a) and (15b), we obtain the dilepton spectra
including the effect of a space-time-dependent momentum
anisotropy.

IV. HYDRODYNAMIC EVOLUTION

As mentioned above, in order to make predictions for the
differential dilepton spectra expected to be produced from
the QGP phase, one must integrate over the full space-time

history of the QGP. For this purpose, we use anisotropic
hydrodynamics. Anisotropic hydrodynamics reduces to
second-order viscous hydrodynamics in the limit of small
anisotropy [41], but reproduces the dynamics of the QGP
more reliably when there are large momentum-space
anisotropies.

A. (3þ 1)-dimensional anisotropic hydrodynamics

In this paper, we assume that the system created during
the collision of the heavy ions evolves through a non-
equilibrium state and that the quark and antiquark one-
particle distribution functions are well approximated by
Eq. (5) both at early times and late times. At the same time,
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we assume that, although the system is highly anisotropic it
may still be, to good approximation, described using
hydrodynamiclike degrees of freedom, such as energy
density and pressures.3 In this way, the detailed micro-
scopic description of the system can be replaced by an
effective description which realizes simple physical laws,
such as conservation of energy and momentum. In the
following, we will present the framework of leading-order
anisotropic hydrodynamics [22–26,28,29] which is
designed to describe a potentially highly anisotropic
plasma by assuming that its distribution function is, to
good approximation, expressible in the form given
by Eq. (5).
At leading order, one can derive the equations of motion

of the anisotropic system starting from kinetic theory
assuming that the distribution function of the system is
known. This can be done by taking moments of the
Boltzmann kinetic equation with the collision term treated
in the relaxation-time approximation (RTA)

pμ∂μf ¼ pμuμ
τeq

ðfiso − fÞ; ð17Þ

where τeq is the microscopic relaxation time which can
depend on position and time. Taking the first moment of the
Boltzmann equation results in the energy-momentum con-
servation equation

∂μTμν ¼ 0: ð18Þ

Taking the zeroth moment of the Boltzmann equation
results in the particle production equation

∂μNμ ¼ uμ
Nμ

eq − Nμ

τeq
: ð19Þ

At leading order, the energy-momentum tensor has the
form typical for a spheroidally anisotropic system

Tμν ¼ ðεþ P⊥Þuμuν − P⊥gμν − ðP⊥ − P∥Þzμzν; ð20Þ

and the particle flux is defined in the standard manner

Nμ ¼ n uμ: ð21Þ

In Eqs. (20) and (21) ε, n, P∥, and P⊥ stand for energy
density, particle density, longitudinal pressure, and trans-
verse pressure, respectively. The four-vector zμ is orthogo-
nal to uμ and in the LRF points in the longitudinal direction

(identified with the direction of the anisotropy in the
system, n̂) [28].
Equations (18) and (19) provide a set of five independent

partial differential equations

Duε ¼ −ðεþ P⊥Þθu þ ðP⊥ − P∥ÞuνDzzν; ð22Þ

DzP∥ ¼ ðP⊥ − P∥Þθz þ ðεþ P⊥ÞzνDuuν; ð23Þ

Duu⊥ ¼ −
u⊥

εþ P⊥

�
u⊥ · ∇⊥P⊥

u2⊥

þDuP⊥ þ ðP⊥ − P∥ÞuνDzzν
�
; ð24Þ

Du

�
ux
uy

�
¼ 1

u2yðεþ P⊥Þ
ðux∂y − uy∂xÞP⊥; ð25Þ

and

Duξ

2ð1þ ξÞ −
3DuΛ
Λ

¼ θu þ
1

τeq
½1 −R3=4ðξÞ

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
�; ð26Þ

respectively, for five parameters: the four-velocity uμ, the
transverse temperature Λ, and the anisotropy parameter ξ.4

In the above equations, we use a ⊥ subscript to indicate
two-dimensional vectors in the transverse plane, e.g. u⊥ ≡
ðux; uyÞ and ∇⊥ ≡ ð∂x; ∂yÞ. We have also introduced a
compact notation for the convective derivative Du ≡ uμ∂μ,
the longitudinal derivative Dz ≡ zμ∂μ, and the expansion
scalars θu ≡ ∂μuμ and θz ≡ ∂μzμ.
In the most general case, where the matter expands in the

longitudinal and transverse directions without any sym-
metry constraints, one can use the following parametriza-
tion of the LAB frame four-velocity of the fluid uμ and the
spacelike four-vector zμ,

uμ ¼ ðu0 coshϑ;u⊥; u0 sinhϑÞ; ð27Þ

zμ ¼ ðsinhϑ; 0; coshϑÞ; ð28Þ

where we introduced the longitudinal rapidity of the fluid
cell ϑ. Using the four-velocity normalization condition,
uμuμ ¼ 1, one has

u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2⊥

q
;

u⊥ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2x þ u2y

q
: ð29Þ

With the parametrizations (27) and (28), one may calculate
the following quantities appearing in Eqs. (22)–(26),

3This assumption has been tested elsewhere by comparing
the predictions of anisotropic hydrodynamics to exact solutions
of the Boltzmann equation in a variety of special cases
[33,34,40,45–49]. These studies found that anisotropic hydro-
dynamics provides the most accurate description of both the
early- and late-time behavior of QGP dynamics.

4Note that the four-velocity satisfies uμuμ ¼ 1 and hence it
contains only 3 independent degrees of freedom.
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Du ¼ u⊥ · ∇⊥ þ u0L̂1; ð30Þ

θu ¼ ∇⊥ · u⊥ þ L̂1u0 þ u0L̂2ϑ; ð31Þ

Dz ¼ L̂2; ð32Þ

θz ¼ L̂1ϑ; ð33Þ

uνDzzν ¼ u0L̂2ϑ; ð34Þ

zνDuuν ¼ −u0ðu⊥ · ∇⊥ þ u0L̂1Þϑ; ð35Þ

where the two linear differential operators L̂1 and L̂2 are
given by

L̂1 ¼ coshðς − ϑÞ∂τ − sinhðς − ϑÞ ∂ς

τ
; ð36Þ

−L̂2 ¼ sinhðς − ϑÞ∂τ − coshðς − ϑÞ ∂ς

τ
: ð37Þ

We also use the relation between the relaxation time τeq and
the shear viscosity to entropy density ratio η̄≡ η=s [22],5

τeq ¼
5η̄

2T
: ð38Þ

B. Anisotropic equation of state

Herein, we consider a system that consists of massless
particles described by the anisotropic distribution function
(5). Using standard kinetic theory definitions

Nμ ≡
Z

d3Ppμf; ð39Þ

Tμν ≡
Z

d3Ppμpνf; ð40Þ

where d3P≡ d3p=½ð2πÞ3p0�, and the tensor decomposi-
tions specified in Eqs. (20) and (21), one can calculate the
thermodynamic properties of the system

nðΛ; ξÞ ¼ nisoðΛÞffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p ; ð41Þ

εðΛ; ξÞ ¼ RðξÞεisoðΛÞ; ð42Þ

P⊥ðΛ; ξÞ ¼ R⊥ðξÞPisoðΛÞ; ð43Þ

P∥ðΛ; ξÞ ¼ R∥ðξÞPisoðΛÞ; ð44Þ

where niso, εiso, and Piso are the isotropic particle density,
energy density, and pressure, respectively, and

RðξÞ≡ 1

2

�
1

1þ ξ
þ tan−1

ffiffiffi
ξ

p
ffiffiffi
ξ

p
�
; ð45Þ

R⊥ðξÞ≡ 3

2ξ

�
1þ ðξ2 − 1ÞRðξÞ

ξþ 1

�
; ð46Þ

R∥ðξÞ≡ 3

ξ

�ðξþ 1ÞRðξÞ − 1

ξþ 1

�
: ð47Þ

Herein, we assume the simple case of a conformal fluid,
i.e. εiso ¼ 3Piso. As a result, Eqs. (41)–(44) describe the
equation of state of an anisotropic system of classical
massless particles with vanishing chemical potential.

C. Initial conditions

In order to solve the set of partial differential equa-
tions (22)–(26) in general [non-boost-invariant (3þ 1)-
dimensional evolution], one has to make a reasonable
assumption about the initial conditions at the initial longi-
tudinal proper time for the hydrodynamic evolution, τ ¼ τ0;
i.e. one has to define five three-dimensional profiles:
Λðτ0;x⊥; ςÞ, ξðτ0;x⊥; ςÞ, uxðτ0;x⊥; ςÞ, uyðτ0;x⊥; ςÞ,
and ϑðτ0;x⊥; ςÞ.
During a heavy-ion collision, due to inelastic interactions

the participating nucleons deposit some energy in the
space-time volume of the fireball. In this work, we assume
that the distribution of deposited energy is well described
by the optical Glauber model.6 Herein, we assume that the
initial energy density is proportional to the scaled initial
density of the sources. Therefore, the transverse momentum
scale is given by

Λðτ0;x⊥; ςÞ ¼ ε−1iso

�
ε0
ρðb;x⊥; ςÞ
ρð0; 0; 0Þ

�
; ð48Þ

where the proportionality constant ε0 is chosen in such a
way as to reproduce the total number of charged particles
measured in the experiment, and ε−1iso denotes the inverse
εisoðΛÞ function.7
The density of sources is constructed using the following

mixed model

5We note that the factor of 2 in the denominator of Eq. (38) is
needed if one uses the spheroidal form (5) together with the
zeroth and first moments of the Boltzmann equation.

6Although it is quite interesting, for this first study we do not
take into account initial fluctuations in the position of the
nucleons or nucleonic substructure. We postpone theMonte Carlo
event-by-event analysis to a future work.

7In principle, one could use the full expression for the energy
density given by Eq. (42) in Eq. (48); however, since we use an
initial anisotropy profile that is homogeneous in space, this would
merely result in the overall multiplicative factor which can be
absorbed by rescaling ε0.
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ρðb;x⊥; ςÞ≡ ½ð1 − κÞðρþWNðb;x⊥Þ þ ρ−WNðb;x⊥ÞÞ
þ 2κρBCðb;x⊥Þ�fðς − ςSðb;x⊥ÞÞ; ð49Þ

where ρ�WN is the density of wounded nucleons from the
left-/right-moving nuclei and ρBC is the density of binary
collisions, both of which are obtained using the optical
limit of the Glauber model

ρ�WNðb;x⊥Þ≡ T

�
x⊥∓b⊥

2

�h
1 − e−σinTðx⊥�b⊥

2 Þ
i
; ð50Þ

ρBCðb;x⊥Þ≡ σinT

�
x⊥ þ b⊥

2

�
T

�
x⊥ −

b⊥
2

�
: ð51Þ

The longitudinal profile is taken to be

fðςÞ≡ exp

�
−
ðς − ΔςÞ2

2σ2ς
Θðjςj − ΔςÞ

�
: ð52Þ

For the LHC case studied here, we use κ ¼ 0.145 for the
mixing factor and an inelastic cross section of σin ¼ 62 mb.
We also restrict ourselves to the minimum-bias studies in
which case b≡ jbj ¼ 9.5 fm. The parameters of the
longitudinal profile (52) were fitted to reproduce the
pseudorapidity distribution of charged particles with
the results being Δς ¼ 2.5 and σς ¼ 1.4. The shift in
rapidity is calculated according to the formula [50]

ςS ≡ 1

2
ln
ρþWN þ ρ−WN þ vPðρþWN − ρ−WNÞ
ρþWN þ ρ−WN − vPðρþWN − ρ−WNÞ

; ð53Þ

where all functions are understood to be evaluated at a
particular value of b and x⊥. The participant velocity is
defined as vP ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð ffiffiffi
s

p
=2Þ2 − ðmN=2Þ2

p
=ð ffiffiffi

s
p

=2Þ and mN is
the nucleon mass. In Eqs. (50) and (51) we have made use
of the thickness function

Tðx⊥Þ≡
Z

dzρWSðx⊥; zÞ; ð54Þ

where the nuclear density is given by the Woods-Saxon
profile

ρWSðx⊥; zÞ≡ ρ0

�
1þ exp

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x⊥2 þ z2

p
− R

a

��−1
: ð55Þ

For Pb-Pb collisions, we use ρ0 ¼ 0.17 fm−3 for the
nuclear saturation density, R ¼ 6.48 fm for the nuclear
radius, and a ¼ 0.535 fm for the surface diffuseness of the
nucleus.
In the calculations presented herein, we assumed that

the produced matter has initially no transverse flow, i.e.
uxðτ0;x⊥; ςÞ ¼ uxðτ0;x⊥; ςÞ ¼ 0, while the initial longi-
tudinal flow is of Bjorken form ϑðτ0;x⊥; ςÞ ¼ ς.

For simplicity, the initial anisotropy parameter is assumed
to be homogeneous, ξðτ0;x⊥; ςÞ ¼ ξ0.

8

V. RESULTS

In this section, we present our model predictions for the
minimum-bias eþe− yields resulting from Pb-Pb collisions
at the LHC with

ffiffiffi
s

p ¼ 2.76 TeV beam energy. Before
presenting our results, we first explain the setup and
parameters chosen for our calculations.
Since the differential dilepton rate dRlþl−=d4P given in

Eq. (11) is independent of the assumed space-time model,
we first evaluate it numerically using double-exponential
integration on a uniformly spaced four-dimensional
grid in M=Λ, p⊥=Λ, y, and log10ðξþ 1Þ such that
M=Λ; p⊥=Λ ∈ f0.1; 40g, y ∈ f−6; 6g, and log10ðξþ 1Þ ∈
f−1; 3g.9 The spacing was chosen in such a way that, after
building a four-dimensional interpolating function from the
table, we could assume that it is valid at continuous values
of these four variables. We then evaluated the remaining
integrations over space-time, transverse momentum angle,
and transverse momentum or invariant mass appearing
in Eqs. (15a) and (15b) using Monte Carlo integration. For
the integration over the transverse momentum we have
specified the default cuts as follows: pmin⊥ ¼ 1 GeV and
pmax⊥ ¼ 20 GeV, while for the invariant mass integration
we used Mmin ¼ 1 GeV and Mmax ¼ 20 GeV.

A. Dilepton production with fixed initial conditions

We begin by presenting the minimum-bias dilepton
spectra at midrapidity y ¼ 0 calculated assuming fixed
initial conditions. The initial central temperature was taken
to be T0 ¼ 567 MeV, at a starting time of τ0 ¼ 0.3 fm=c.
For this case, we fixed the initial anisotropy parameter to
ξ0 ¼ 0, which means that the system is initially isotropic in
momentum space. In Fig. 2 we plot the resulting invariant
mass spectra (left) and transverse momentum spectra (right)
of dilepton pairs for various values of η̄. We can see that the
spectra flatten with increasing η̄ and the normalization
increases with increasing η̄. The latter implies that the total
final multiplicity changes with changing η̄. This effect is
more visible in the p⊥ spectra. We note here that the fixed-
initial-condition behavior described above is monotonic in
η̄. The increase in multiplicity with increasing η̄ is related to
dissipative particle production in the QGP, which would
also be reflected in increased final particle multiplicity
across all particle types.

8On general grounds, one can expect that the level of
momentum-space anisotropy is larger in regions that have a
lower effective temperature. As a result, our assumption of a
constant ξ0 is a conservative one.

9Note that the dilepton rate is an even function of y; therefore,
in practice, we may restrict ourselves to positive values of y only.
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B. Dilepton production with fixed final multiplicity

The case presented in Sec. VA is unphysical since the
average final particle multiplicity in a given centrality range
is held fixed when presenting experimental results for the
dilepton spectra. We presented the prior case only to
establish that, for fixed initial temperature, the behavior
seen in the final dilepton spectra is monotonic when η̄ is
increased. In this section, we present the same analysis;
however, now, for each presented case, the initial central
temperature is rescaled in such a way as to keep the final
multiplicity of particles at freeze-out fixed. In practice, we
fix the number using the integral of jμuμ over the freeze-out
hypersurface as described in Appendix A.
Figure 3 presents the invariant mass spectra (left) and

transverse momentum spectra (right) of dilepton pairs at
midrapidity, y ¼ 0. In the left panel, we can clearly see the
effect of the rescaling of the initial temperature for cases
with various η̄; i.e. the spectra do not change significantly
as long as the final multiplicity of particles at freeze-out is

fixed. However, importantly, we observe that the spectra do
not necessarily have a monotonic dependence as η̄ is
increased (see e.g. the left panel of Fig. 2).
The nonmonotonic behavior primarily due to the fact

that particle production within anisotropic hydrodynamics
is not a monotonic function of η̄, as it is for standard viscous
hydrodynamics [28,33,34]. Instead, one observes a maxi-
mum in particle production at a certain value of η̄ which
depends on the assumed initial temperature. The fact that
there must be a maximum can be anticipated by the fact that
particle production should vanish in both the ideal and
free streaming limits.10 As a result, when fixing the initial
temperature to guarantee fixed final multiplicity, the
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FIG. 3 (color online). Same as Fig. 2, except here, instead of fixing the initial temperature, we keep the final particle multiplicity fixed.

10The dependence of particle production on the assumed value
of η̄ is discussed in more detail in Appendix A. In that appendix,
we compare particle production as a function of η̄ using both
anisotropic and viscous hydrodynamics.
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required temperature may not be monotonically decreasing
as η̄ is increased.
Note that, although the final multiplicity of particles

created at freeze-out is fixed, the number of dileptons
which are produced in the QGP volume varies with η̄. As a
result, we observe a small but noticeable nonmonotonic
change in the dilepton invariant mass spectra. Similar
arguments also apply to the transverse momentum spectra
shown in the right panel of Fig. 3. For the p⊥ spectra the
effect is smaller. Based on our final results shown in Fig. 3
one can see that for 4πη̄ ∈ ð1; 3Þ, which spans the range of
η̄ extracted from the flow experimental data, the impact of
shear viscosity in the system on the dilepton spectra is
quite small.

C. Effect of initial anisotropy

We now turn to the analysis of the impact of the initial
anisotropy in the system, ξ0, on the dilepton spectra. In
Figs. 4 and 5 we present invariant mass spectra (left panels)
and transverse momentum spectra (right panels) for

dilepton pairs at midrapidity, y ¼ 0, for various initial
anisotropy conditions. The results with ξ0 ¼ −0.9, 0, 10,
and 100 are denoted by brown solid, red dashed, blue
dotted, and green dot-dashed lines, respectively. The values
of ξ0 < 0 (ξ0 > 0) correspond to prolate (oblate) initial
momentum distribution functions. In Fig. 4 we keep the
viscosity fixed to η̄ ¼ 1=ð4πÞ while in Fig. 5 we set
η̄ ¼ 3=ð4πÞ. In each case the initial energy density at the
center ε0 is rescaled to keep the final multiplicity of
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FIG. 4 (color online). The invariant mass spectra (left) and transverse momentum spectra (right) of dilepton pairs at midrapidity, y ¼ 0,
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TABLE I. Values of the initial central energy density
ε0½GeV=fm3� used in all the figures of this section except for
Figs. 2 and 3.

ξ0

4πη=s −0.9 0 10 100

0.1 � � � 72.11 � � � � � �
1 77.33 64.53 57.88 56.08
3 81.59 60.44 52.91 51.87
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particles at freeze-out fixed. The values of ε0 used in each
case are listed in Table I. From Figs. 4 and 5, one can
clearly see that the transverse momentum spectra are quite
sensitive to the initial momentum anisotropy in the system.
For an initially oblate configuration, they are becoming
flatter. The opposite behavior is observed for an initially
prolate configuration. This effect is particularly significant
for large values of p⊥. This opens the possibility to measure
initial anisotropy of the plasma by looking at large p⊥
dilepton pairs at the LHC. The behavior of the invariant
mass spectra, on the other hand, is more difficult to
understand since, in this case, both oblate and prolate
initial conditions lead to a flattening of the spectra. Note
that a similar effect will occur if one includes the viscous
correction to the distribution function and instead uses
second-order viscous hydrodynamics. For more informa-
tion on the behavior of the distribution functions see
Appendix B.

D. Production at forward rapidities

We close this section by presenting an analysis of
dilepton production at the forward rapidities following
the preliminary study made in Ref. [51]. In Fig. 6 we
present the dilepton modification factor

Φðη̄Þ≡
�
dNeþe−ðη̄Þ

dy

�.�
dNeþe−ðη̄ ¼ 0.1=4πÞ

dy

�
; ð56Þ

for 4πη̄ ∈ f0.1; 1; 3g and fixed value of ξ0 ¼ 0. In this
figure, one sees that increasing the value of η̄ results in a
suppression of particle production. The emission is more
suppressed when we go to more forward rapidities, up to
40% in the most extreme case. In Fig. 7, we present a

complementary study of the dilepton modification factor
[analogous to (56)]

~Φðξ0Þ≡
�
dNeþe−ðξ0Þ

dy

�.�
dNeþe−ðξ0 ¼ 0Þ

dy

�
ð57Þ

for ξ0 ¼ −0.9; 0; 10, and 100 (the notation is the same as in
Sec. V C) and for 4πη̄ ¼ 1 (top panel) and 4πη̄ ¼ 3 (bottom
panel). Similar to Fig. 6, we observe a suppression of the
dilepton production at forward rapidities, which increases
with increasing initial anisotropy parameter ξ0 and the
viscosity in the system. Moreover, we observe the opposite
effect when the distribution is initially prolate. In this case,
we find dilepton enhancement at forward rapidities together
with moderate suppression in midrapidity. These effects
provide the possibility to probe the initial degree of
thermalization of the system by looking at forward rapidity
emission of dilepton pairs. Finally, in Fig. 8, we present
the dilepton enhancement factor ~Φ with different cuts

0 1 2 3 4 5 6

0.6

0.8

1.0

1.2

1.4

y

s
minbias LHC

0 0

s 0.1 4

s 1 4

s 3 4

FIG. 6 (color online). The rapidity dependence of the dilepton
modification factor Φðη̄Þ for 4πη̄ ∈ f0.1; 1; 3g denoted by red
dashed, blue dotted, and green dashed-dotted lines, respectively.
The initial anisotropy is ξ0 ¼ 0 in this case. In this case
we also use default cuts: pmin⊥ ¼ 1 GeV, pmax⊥ ¼ 20 GeV,
Mmin ¼ 1 GeV, and Mmax ¼ 20 GeV.

0 1 2 3 4 5 6
0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

y

0

s 1 4
minbias LHC 0 0.9

0 0
0 10
0 100

0 1 2 3 4 5 6
0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

y

0

s 3 4
minbias LHC 0 0.9

0 0
0 10
0 100

FIG. 7 (color online). The rapidity dependence of the dilepton
modification factor ~Φðξ0Þ for ξ0 ¼ −0.9; 0; 10, and 100 (notation
is the same as in Sec. V C) and for 4πη̄ ¼ 1 (top panel) and
4πη̄ ¼ 3 (bottom panel). The p⊥ and M cuts are the same as
in Fig. 6.

RADOSLAW RYBLEWSKI AND MICHAEL STRICKLAND PHYSICAL REVIEW D 92, 025026 (2015)

025026-10



corresponding to 3 GeV < p⊥ < 20 GeV and 3 GeV <
M < 20 GeV. As can be seen from this figure, high-energy
dilepton emissions are more sensitive to the level of
momentum-space anisotropy in the quark-gluon plasma.
Of course, since statistics are more limited, high-energy
dilepton spectra are usually more difficult to measure
accurately.

VI. CONCLUSIONS

In this paper we computed the dilepton invariant mass
and transverse momentum spectra produced from the
quark-gluon plasma. To accomplish this, we used the
leading-order (3þ 1)-dimensional anisotropic hydrody-
namics equations obtained from the zeroth and first
moments of the Boltzmann equation and assumed a
conformal (ideal) equation of state. The anisotropic hydro-
dynamics equations solved allow for both azimuthal spatial
anisotropy and a realistic rapidity profile. In this paper we
considered a fixed (min-bias) impact parameter. We found
that, when adjusting the initial temperature in order to
enforce fixed final particle multiplicity, both the dilepton
invariant mass and transverse momentum spectra show
only a weak dependence on the assumed value of η=s.
A similar conclusion was found in an earlier work that

used a much more primitive model of the dynamics [21,51].
With the inclusion of the full (3þ 1)-dimensional dynam-
ics using anisotropic hydrodynamics, we are now more
confident that the dilepton spectra only have a weak
dependence on the assumed value of η=s. That being said,
in these previous works the possibility of a finite initial
momentum-space anisotropy ξ0 was not considered. In this
work we found that the high-mass and high-transverse-
momentum dilepton spectra are quite sensitive to the initial
level of momentum-space anisotropy. Additionally, we
demonstrated that the rapidity dependence of dilepton
production is also sensitive to the initial level of

momentum-space anisotropy. These observations offer
some hope that one might be able to experimentally
determine information about early-time momentum-space
anisotropies generated in heavy-ion collisions using dilep-
ton production.
In this work we made a few simplifying assumptions that

will be improved in future works. The first of these is that we
only study min-bias collisions. The magnitude of the effects
seen here could depend on centrality in a nontrivial way
since in central collisions the plasma lifetime is significantly
longer but the level of momentum-space anisotropy devel-
oped dynamically in the center of the fireball will be
reduced. We plan to make a systematic study of the centrality
dependence of our results in a forthcoming paper. Another
crucial assumption was that we used only the leading-order
(Born) rate for dilepton production. It is possible that
inclusion of the next-to-leading-order (NLO) rate could
significantly modify our conclusions. Unfortunately, to the
best of our knowledge such a calculation only exists for an
isotropic quark-gluon plasma [13]. It would be very inter-
esting to see if these calculations could be extended to the
case of an anisotropic quark-gluon plasma.
Finally, we mention a major shortcoming of the work

contained herein, namely that throughout we have assumed
that the system is in chemical equilibrium at all times. This
assumption is implicit in our treatment since we do not
make any attempt to decompose the fluid into its separate
quark and gluon components and we additionally assume
that the number equilibration of our single-component fluid
is governed by the same relaxation-time collision kernel as
we use to describe kinetic equilibration. In order to go
beyond these assumptions, one would need to implement a
multicomponent anisotropic fluid similar to Refs. [30,31]
but going beyond this work to also implement quark/gluon
number changing reactions, e.g. qq̄ ↔ gg and gg ↔ ggg,
using methods similar to Ref. [52]. In this case, one would
need to take into account the nonequilibrium “fugacities” of
the quarks and gluons and their influence on dilepton
production as was done first in Ref. [7]. For dilepton
production, the underpopulation of quarks at early times
after the nuclear impact could cause a measurable sup-
pression of QGP dilepton production since this is domi-
nated by the qq̄ annihilation at leading order.
Looking forward, one should also consider polarized

dilepton emission as suggested in Ref. [53]. The polariza-
tion asymmetry could be quite sensitive to early-time
momentum-space anisotropies and possibly also to the
assumed value of η=s. Finally, we mention that another
ideal observable that should be studied further is the
emission of real photons. This has been studied using
viscous hydrodynamics in Refs. [54–56] and using simple
models of anisotropy evolution in the plasma [57–64]. It is
necessary to extend these studies to include the (3þ 1)-
dimensional evolution of the QGP using anisotropic hydro-
dynamics in order to draw more firm conclusions about the
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FIG. 8 (color online). Same as the bottom panel of Fig. 7,
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effect of momentum-space anisotropies on photon produc-
tion. We also mention that, like dileptons, a difficult, but
necessary, step will be to extend the NLO calculation of
photon production first obtained in Refs. [11,12,14] to an
anisotropic quark-gluon plasma. The difficulty in this
calculation stems from the presence of color plasma
instabilities that render the NLO rate formally infinite. In
practice, these infinities will be regulated due to the
eventual saturation of unstable mode growth, but how to
implement this in practice is an open question.
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APPENDIX A: PARTICLE PRODUCTION IN
VISCOUS AND ANISOTROPIC

HYDRODYNAMICS

One can show that particle production within anisotropic
hydrodynamics is not a monotonically increasing function
of shear viscosity to entropy density, η=s. This behavior is
in agreement with exact solutions of the RTA Boltzmann
equation [28,33,34]. The fact that there must be a maxi-
mum in particle production as a function of η=s can be
anticipated by the fact that particle production should
vanish in both the ideal and free streaming limits. The
behavior found using anisotropic hydrodynamics is quali-
tatively different than all known standard second-order
viscous hydrodynamics approaches, which predict that
particle production increases monotonically as η=s
increases. The nonmonotonicity of particle production
becomes particularly important when enforcing fixed final
multiplicity of particles, since this is typically accom-
plished by rescaling the initial central temperature while
holding other parameters fixed. Such a temperature rescal-
ing can affect dilepton yields, since there is strong
sensitivity of the dilepton spectra to the temperature of
the emitting source.
In order to extract the freeze-out hypersurface, we

parametrize space-time in the following way

t ¼ ðτ0 þ dðζ;ϕ; θÞ sin θ sin ζÞ coshðdðζ;ϕ; θÞ cos θÞ;
x ¼ dðζ;ϕ; θÞ sin θ cos ζ cosϕ;
y ¼ dðζ;ϕ; θÞ sin θ cos ζ sinϕ;
z ¼ ðτ0 þ dðζ;ϕ; θÞ sin θ sin ζÞ sinhðdðζ;ϕ; θÞ cos θÞ:

ðA1Þ

This parametrization leads to simple formulas for the
space-time rapidity ς, longitudinal proper time τ, and the
transverse distance r,

ς ¼ dðζ;ϕ; θÞ cos θ;
τ ¼ τ0 þ dðζ;ϕ; θÞ sin θ sin ζ;
r ¼ dðζ;ϕ; θÞ cos ζ: ðA2Þ

The three angles ζ, ϕ, and θ are restricted to the ranges

0 ≤ ζ ≤ π=2;

0 ≤ ϕ < 2π;

0 ≤ θ ≤ π: ðA3Þ

The quantity dðζ;ϕ; θÞ describes the distance between a
point on the freeze-out hypersurface and the coordinate
system’s origin ðτ ¼ τ0; x ¼ 0; y ¼ 0; ς ¼ 0Þ. The para-
metrization (A1) works quite well for all smooth initial
conditions where the distance d is a function of ζ, ϕ, and θ.
Using the parametrization (A1), one can integrate the
particle number on the freeze-out hypersurface specified
by constant effective temperature TFO in the following way

N ¼
Z

dΣμuμnðTFOR−1=4ðξðζ;ϕ; θÞÞ; ξðζ;ϕ; θÞÞ; ðA4Þ

where the form of dΣμ may be obtained with the help of the
formula known from differential geometry

dΣμ ¼ εμαβγ
∂xα
∂ζ

∂xβ
∂ϕ

∂xγ
∂θ dζdϕdθ: ðA5Þ

The tensor εμαβγ is the four-index antisymmetric Levi-
Cività tensor with ε0123 ¼ 1. The quantity dΣμ defines a
four-vector that is perpendicular to the hypersurface at
point xμ ¼ ðt; x; y; zÞ. Its norm is equal to the volume of the
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hypersurface element. The variables ζ, ϕ, and θ introduce a
coordinate system in Minkowski space parametrizing the
positions of points on the freeze-out hypersurface. Their
ordering is chosen in such a way that dΣμ points in the
direction of decreasing temperature.
In Fig. 9, we plot the particle production measure,

Naniso=Nideal − 1 as a function of η̄, where Naniso ðidealÞ
denotes the density of gluons (41) integrated on the
isothermal hypersurface, i.e. surface satisfying Teff ¼
TFO ¼ 150 MeV. In Fig. 9, blue diamonds and black
squares present the calculation for boost-invariant versions
of viscous and anisotropic hydrodynamics models, respec-
tively. The (2þ 1)-dimensional viscous hydrodynamics
results were generated using the code of Luzum and
Romatschke [65]. We also show results for the full
(3þ 1)-dimensional anisotropic code (red dots). We note
that there is some quantitative uncertainty in the presented
results due to the effective-temperature freeze-out prescrip-
tion used. Another possibility for the freeze-out condition
would be to use a constant value of the Knudsen number
[66]. We have not considered this possibility in this work.

APPENDIX B: COMPARISON OF THE
ANISOTROPIC HYDRODYNAMICS

DISTRIBUTION FUNCTION WITH SECOND-
ORDER VISCOUS HYDRODYNAMICS

As mentioned in the body of the paper, as the amount of
initial anisotropy increases, one has to increase the trans-
verse momentum scale in order to keep the final multi-
plicity fixed, which causes the dilepton spectra to become
flatter. However, this behavior is not unique to anisotropic
hydrodynamics. The same thing happens in viscous hydro-
dynamics but the quantitative details are somewhat differ-
ent as we will now explain.
At first one might think that the opposite behavior occurs

in viscous hydrodynamics since, in this case, as one
increases the magnitude of the initial shear in order to
decrease the longitudinal pressure relative to the transverse
pressure, one must lower initial temperature in order to fix
the final multiplicity. However, this lowering of the initial
temperature is not the whole picture. If one includes the
viscous correction to the distribution function, one finds
that the one-particle distribution function becomes flatter in
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FIG. 10 (color online). Distribution function resulting from
ð0þ 1Þ-dimensional viscous hydrodynamics. Here τ ¼ τ0 ¼
0.3 fm=c and 4πη=s ¼ 3. For ξ0 ¼ 0, T0 ¼ 534 MeV and for
ξ0 ¼ 10, T0 ¼ 502 MeV.
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the transverse momentum direction due to the shear
correction. To see this in practice, consider the case
of ð0þ 1Þ-dimensional expansion of a massless (ideal)
fluid/gas. In this case, one has πμν ¼ diagð0;Π=2;
Π=2;−ΠÞ and

f ¼ feq

�
p
T

��
1þ pμπ

μνpν

2ðεþ PÞT2

�

¼ feq

�
p
T

��
1þ 3Π

16εT2
ðp2⊥ − 2p2

∥Þ
�
: ðB1Þ

In order to visualize this, in Fig. 10 we have plotted the
initial one-particle distribution function resulting from
Eq. (B1) for a typical initial condition similar to the ones
used in the manuscript. The left panel of Fig. 10 shows the
case p∥ ¼ 0 as a function of p⊥ and the right panel shows
the case that p⊥ ¼ 0 as a function of p∥. In both panels, the
black line corresponds to ξ0 ¼ 0 (isotropic) and the red
dashed line to ξ0 ¼ 10 (oblate). In order to compare the two
different initial anisotropies, we have adjusted the initial
temperature such that the final particle number given by
τFOnðτFOÞ ∝ τFOT3

FO is held fixed, where TFO ¼ 150 MeV
is the freeze-out temperature and τFO is the corresponding
freeze-out proper time. As can be seen from the left panel of
Fig. 10, the increase in the initial shear necessary to

generate a pressure anisotropy corresponding to ξ0 ¼ 10

results in a flatter p⊥ dependence of the distribution
function. In the right panel of Fig. 10 we see a steeper
p∥ dependence of the distribution function which even-
tually becomes unphysical (negative) at sufficiently
large p∥.
The results obtained from viscous hydrodynamics can be

contrasted with similar results obtained using the spheroi-
dal ansatz (5) for the distribution function (see Fig. 11). As
we can see from Fig. 11, the results are qualitatively
similar; however, there is a more pronounced flattening
of the pT dependence of the distribution function using
anisotropic hydrodynamics. This increased flattening could
result in more sensitivity to the assumed value of ξ0.
However, one should also note in this context that the one-
particle distribution function is always positive definite
using anisotropic hydrodynamics as demonstrated by the
right panel of Fig. 11. Since anisotropic hydrodynamics
goes beyond the leading anisotropy correction included in
Eq. (B1) it is not surprising that the end effect might be
larger flattening of the p⊥ spectra; however, we cannot say
a priori whether or not the anisotropic hydrodynamics
ansatz for the distribution function overestimates the
flattening.
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We calculate leading-order medium photon yields from a quark-gluon plasma using (3þ 1)-dimensional
anisotropic hydrodynamics. Nonequilibrium corrections to the photon rate are taken into account using a
self-consistent modification of the particle distribution functions and the corresponding anisotropic hard-
loop fermionic self-energies. We present predictions for the high-energy photon spectrum and photon
elliptic flow as a function of transverse momentum, shear viscosity, and initial momentum-space
anisotropy. Our findings indicate that high-energy photon production is sensitive to the assumed level
of initial momentum-space anisotropy of the quark-gluon plasma. As a result, it may be possible to
experimentally constrain the early-time momentum-space anisotropy of the quark-gluon plasma generated
in relativistic heavy-ion collisions using high-energy photon yields.
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I. INTRODUCTION

The goal of the ongoing relativistic heavy-ion collision
experiments at Brookhaven National Laboratory’s
Relativistic Heavy Ion Collider and at CERN’s LHC is
to produce and study the properties of the quark-gluon
plasma (QGP). It is now well accepted that a few micro-
seconds after the big bang the entire Universe consisted of
an extremely hot and dense QGP. In order to reproduce
these conditions terrestrially, relativistic heavy-ion colli-
sions are used. As a result, extremely high temperatures and
energy densities are created within a very small volume
(∼4000 fm3). At these high temperatures, quarks and
gluons no longer remain confined within nucleons, and
one instead generates deconfined nuclear matter called a
QGP. Immediately after the initial nuclear impact, the QGP
generated in relativistic heavy-ion collisions cools by
expansion, and below a certain (pseudo)critical temperature
(Tc ∼ 165 MeV), the quarks and gluons recombine to form
hadrons. After the transition to hadrons, the system may
undergo further expansion and cooling before full chemical
and kinetic freeze-out takes place. The resulting particle
production and associated radiation from the event are then
analyzed in order to infer information about the properties
of the QGP.
One of the key outstanding questions in the study of the

QGP is the question of the time scale for the thermalization
and isotropization of the matter created in relativistic
heavy-ion collisions. Theoretical calculations in both the
weak-coupling and strong-coupling limits find that the
QGP created immediately after the initial nuclear impact

(τ ∼ 0.2 fm=c) is highly anisotropic in local rest frame
(LRF) momentum; however, there are currently no clear
experimental observables that can be used to confirm
this expectation and constrain the degree of early-time
momentum-space anisotropy. For this purpose, radiation of
photons and dileptons is a promising signal since it can be
used to probe the initial state of heavy-ion collisions.
Unlike hadrons, which are emitted from the freeze-out
surface after undergoing intense rescatterings, photons
emerge from all phases of the expanding fireball: initial
hard scatterings, the preequilibrium phase, the near-equi-
librium phase, and the hadronic phase. Since photons are
electromagnetic probes, they interact only weakly with the
QGP (α ≪ αs), and their mean free path is much larger than
the typical system size (∼10 fm). As a result, once
produced, they do not undergo significant interactions with
the medium and carry largely undistorted information about
the circumstances of their production to the detector.
For the most part, in the past calculations of the QGP

photon production rate have been performed assuming a
perfectly thermalized, weakly coupled QGP when using
hydrodynamics for the background evolution. Within this
framework a complete calculation of the thermal photon
rate at Oðe2gs2Þ has been available for a decade [1], and the
next-to-leading-order correction Oðe2gs3Þ to thermal rate
has been computed recently [2]. At low temperatures,
below the pseudocritical temperature for the QCD phase
transition, where dense QCD matter can be modeled as a
hadron resonance gas, effective Lagrangian approaches
have been used; see e.g. Ref. [3]. The success of viscous
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hydrodynamics applied to heavy-ion collisions [4,5] sug-
gests that it might be reasonable to assume that the medium
is close to being in local thermal equilibrium. However,
nonzero values of the QCD transport coefficients, resulting
from nonzero mean free paths of the constituents, lead to
deviations from local thermal equilibrium which increase
with the local expansion rate.
For example, in a dissipative QGP, a finite shear

viscosity causes the momentum distribution in the LRF
to become highly anisotropic at early times, with the
distribution falling off more rapidly in the directions in
which the system expands (longitudinal cooling). In the
past, various attempts have been made to determine the
effect of viscous corrections on the photon emission rates in
a QGP [6–8]. However, these previous works have a key
shortcoming: They include only the viscous corrections to
the local momentum distribution functions for the incom-
ing and outgoing particles but ignore viscous medium
modification of the collision matrix element itself. For
scattering processes in which the inclusion of medium
effects is essential, one must self-consistently include
viscous corrections. For example, when dynamical mass
generation for the medium constituents serves as a regu-
lator for IR divergences, viscous corrections to the dis-
tribution functions can lead to significant modifications of
the screening mechanism and, therefore, to the collision
matrix element itself. This problem was first addressed
using a spheroidal form for the LRF momentum-space
anisotropy in Ref. [9] with details and followup studies
presented in Refs. [10–13].
Recently it has been shown how to extend the methods

used in Ref. [9] to include the full shear-stress tensor
modification of the one-particle distribution function
[14–17]. The calculation was based on photon production
including Compton scattering and quark-antiquark annihi-
lation at leading order in αs. Extending the proof presented
originally in Refs. [9,10], Shen, Paquet, Heinz, and Gale
were able to show that the Kubo-Martin-Schwinger relation
holds in the hard-loop (HL) regime for any particle
momentum distribution function that is reflection symmet-
ric.1 Using this, they were able to compute the hard and soft
contributions to the rate separately, taking into account the
modifications to the (anti)quark self-energy necessary to
make it consistent with a standard Grad-14 δf modification
to the one-particle distribution function.
One potential problem with using the standard Grad-14

form for the viscous correction to the particle distribution
function is that, in the integrals that determine the photon
production rate, one is integrating over all momenta. At
high momentum, the standard viscous approximation to the
particle distribution function is not reliable, and as a result,
one finds regions in the integration domain where the

viscosity-corrected distribution function is negative. In this
paper, we use instead a spheroidally deformed form of the
nonequilibrium distribution function that is positive by
construction. We concentrate on photon production from
the deconfined phase of the QGP’s lifetime and extend
prior results performed in Refs. [10,11,18] to include a
more realistic QGP background evolution. In order to
improve upon previous works [10,11,18], in which a simple
analytic model with an adjustable isotropization time was
used for the QGP evolution, in this paper we use leading-
order (3þ 1)-dimensional [ð3þ 1ÞD] anisotropic hydro-
dynamics (aHydro) [19–22] to describe the nonequilibrium
QGP evolution.2 Herein, we use the aHydro equations
obtained from the zeroth and first moments of the
Boltzmann equation with the collisional kernel treated in
the relaxation-time approximation. The resulting dynami-
cal equations describe the full ð3þ 1ÞD spatiotemporal
evolution of the transverse momentum scale Λ and sphe-
roidal momentum-space anisotropy parameter ξ [24,25].
The ð3þ 1ÞD framework allows Λ, ξ, and the associated
flow velocities to depend arbitrarily on the transverse
coordinates, spatial rapidity, and longitudinal proper time;
however, herein we restrict ourselves to smooth Glauber-
like initial conditions.
We also mention that there have been recent studies that

have used various types of partonic and hadronic kinetic
transport codes to address the problem of photon produc-
tion in heavy-ion collisions [26–29]. Such codes automati-
cally take into account the nonequilibrium quark and gluon
phase space distributions, but they ignore the effect of
nonequilibrium (anisotropic) screening in the problem.
Typically in the kinetic approaches, it is assumed that
there is a cutoff on u- and t-channel exchanges which is
either fixed or dynamically set by the local Debye mass
determined from the parton density. As shown in
Refs. [9,10], in order to properly regulate the infrared
divergences in the photon production calculation, it is
necessary to revisit the calculation of the of screening
and use a quark self-energy which is self-consistent with
the nonequilibrium (anisotropic) nature of the QGP. That
being said, it may be that, within the accuracy required for
QGP phenomenology, it is sufficient to simply have an
isotropic infrared cutoff that does not take into account the
nonequilibrium nature of the quark distribution function. In
such a case, the transport codes would provide a quite
reasonable calculation of photon production.
The study presented in this paper is similar in spirit to

other studies of photon production using second-order
viscous hydrodynamics. Our goal is not to produce the
most complete calculation of photon production from all
possible sources and including fluctuating initial condi-
tions, etc., but to instead study the effect of self-consistently

1One must also require that fq ¼ fq̄, which was implicit in
their proof.

2For a recent review of anisotropic hydrodynamics, see
Ref. [23].
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including the nonequilibrium modifications of the quark
distribution function and to systematically investigate the
dependence of the resulting spectra and elliptic flow on the
assumed shear viscosity and initial momentum-space
anisotropy. Our work goes beyond prior viscous hydro-
dynamics studies by linearizing around the anisotropic
background, and as a result, we are able to better describe
early-time photon production and photon production near
the transverse and longitudinal edges of the QGP. In
addition, high-momentum photon production is treated
in a more reliable manner since the anisotropic one-particle
distribution function used to compute the photon rates is
positive definite at all points in momentum space. Our
results indicate that high-energy photon production is quite
sensitive to the assumed level of initial momentum-space
anisotropy of the QGP. As a result, it may be possible to
experimentally constrain the early-time momentum-space
anisotropy of the QGP generated in relativistic heavy-ion
collisions using the high-energy photon spectrum.
The structure of the paper is as follows. In Sec. II, we

discuss the calculation of the photon rate from an aniso-
tropic QGP. In Sec. III, we discuss how the rate is integrated
over space-time to obtain the final differential photon
yields. In Sec. IV, we specify the details of the hydrody-
namical evolution utilized. In Sec. V, we present our
numerical results for different initial conditions and differ-
ent values of the shear viscosity to entropy density ratio. In
Sec. VI, we present a discussion of our results, conclusions,
and an outlook for the future.

II. PHOTON RATE IN ANISOTROPIC PLASMA

In this section, we review the calculation of the photon
production rate in an anisotropic QGP. This method was
introduced originally in Ref. [10], but we review it here for
completeness. To proceed, one separates the contributions
to the rate into those corresponding to hard-momentum and
soft-momentum exchanges which we detail separately
below. In both cases, we take the quarks to be massless
since, in the high-temperature and high-energy limits, the
masses result in very small corrections to the relevant cross
sections. In this paper, we assume that, when written in
terms of LRF momentum, the one-particle distribution
function is of spheroidal (Romatschke-Strickland) form
[24,25],

fiðk; ξ;ΛÞ ¼ feqi ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ξðk · n̂Þ2

q
=ΛÞ; ð1Þ

where i ¼ fq; q; gg, Λ is the transverse momentum scale, n̂
is the direction of the anisotropy, and ξ ≥ −1 is a parameter
reflecting the strength and type of the anisotropy. Above, ξ
andΛ should be understood to be fields that depend on both
space and time. The function feq is an equilibrium
distribution function. In the following, we will suppress

the explicit dependence of the anisotropic distribution
function on ξ and Λ.

A. Hard contribution

For the hard contributions, one can simply compute the
Feynman diagrams corresponding to the Compton and
annihilation processes. The rate of photon production due
to in-medium quark annihilation can be expressed as

E
dRann

d3q
¼ 64π3eq2αsα

Z
k1

fqðk1Þ
k1

Z
k2

fqðk2Þ
k2

×
Z
k3

1þ fgðk3Þ
k3

δ4ðK1 þ K2 −Q − K3Þ

×

�
u
t
þ t
u

�
; ð2Þ

where theMandelstamvariables are defined by t≡ðK1−QÞ2
and u≡ ðK2 −QÞ2, eq2 ¼ 2=3,3

R
k ≡

R
d3k=ð2πÞ3, and

fq;g are the in-medium quark and gluon distribution func-
tions. Note that herein capital letters, e.g. K1, indicate four
vectors. Henceforth, we also assume that the system is
charge-conjugation symmetric such that the distribution
functions for quarks and antiquarks are the same, i.e.
fq ¼ fq.
In order to regulate the IR divergence associated with

this graph, we first change variables in the first integration
to P≡ K1 −Q and introduce an IR cutoff p� on the
integration over the exchanged three-momentum p [30].
Here, we choose spherical coordinates with the anisotropy
vector n̂ defining the z-axis, and we exploit the azimuthal
symmetry around the z-axis to choose q to lie in the x − z
plane. Using the energy-momentum conserving delta
function and expanding out the phase-space integrals gives

E
dRann

d3q
¼ e2qαsα

2π6
X2
i¼1

Z
∞

p�
dpp2

Z
1

−1
dðcosθpÞ

×
Z
0

2π
dϕp

fqðpþqÞ
jpþqj

Z
0

∞
dkk

Z
1

−1
dðcosθkÞ

×fqðkÞ½1þfgðpþkÞ�χ−1=2ΘðχÞ
�
u
t

�
ϕk¼ϕi

; ð3Þ

with t¼ω2−p2, u¼ðk−qÞ2−ðk−qÞ2, and ω¼jpþqj−q.
The azimuthal angles ϕi are defined through

cosðϕi − ϕpÞ ¼
ω2 − p2 þ 2kðω − p cos θp cos θkÞ

2pk sin θp sin θk
; ð4Þ

and χ ≥ 0 is given by

3Herein, we include contributions from up, down, and strange
quarks since these dominate the bulk of the QGP.
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χ ≡ 4p2k2 sin2 θk sin2 θp

− ½ω2 − p2 þ 2kðω − p cos θp cos θkÞ�2: ð5Þ

The rate of photon production from the Compton scattering
diagrams can be obtained from

E
dRcom

d3q
¼ −128π3e2qαsα

Z
k1

fqðk1Þ
k1

×
Z
k2

fgðk2Þ
k2

Z
k3

1 − fqðk3Þ
k3

× δ4ðK1 þ K2 −Q − K3Þ
�
s
t
þ t
s

�
; ð6Þ

where the Mandelstam variables are defined by
s≡ðK1þK2Þ2 and t≡ ðK1 −QÞ2. After changing variables
to P≡ K1 −Q and continuing as with the annihilation
process, one obtains

E
dRcom

d3q
¼ − eq2αsα

2π6
X2
i¼1

Z
∞

p�
dpp2

Z
1

−1
d cos θp

×
Z

2π

0

dϕp
fqðpþ qÞ
jpþ qj

Z
0

∞
dkk

Z
1

−1
d cos θk

× fgðkÞ½1 − fqðpþ kÞ�χ−1=2ΘðχÞ
�
s
t
þ t
s

�
ϕk¼ϕi

;

ð7Þ

with t ¼ ω2 − p2 and s ¼ ðωþ qþ kÞ2 − ðpþ kþ qÞ2.
The total photon production rate from hard processes is given
by the sum of Eqs. (3) and (7),

E
dRhard

d3q
¼ E

�
dRann

d3q
þ dRcom

d3q

�
: ð8Þ

We use Vegas Monte-Carlo integration [31] to evaluate the
remaining five-dimensional integrals in Eqs. (3) and (7). The
total hard contribution (8) has a logarithmic IR divergence as
p� → 0. This logarithmic IR divergence is cancelled by a
corresponding UV divergence in the soft contribution which
we will describe next.

B. Soft contribution

Next, we calculate the contribution involving soft-
momentum exchange. We refer the reader to Ref. [9] for
further details of the calculation. We use the Keldysh
formulation, which is appropriate for nonequilibrium sys-
tems [32]. The components (12) and (21) of the polariza-
tion tensor are related to the emission and absorption
probability of the particle species under consideration,
respectively [33–35]. Due to the very low rate for photon
absorbing backreactions, the rate of photon emission can be
expressed as [36]

E
dRsoft

d3q
¼ i

2ð2πÞ3 ðΠ12ÞμμðQÞ; ð9Þ

from the trace of the (12) element of the photon polarization
tensor. We evaluate ðΠ12Þμμ using the HL resummed
fermion propagator derived in Ref. [9] wherein the authors
demonstrated that the needed off-diagonal components of
the fermion self-energy can be expressed in terms of the
retarded self-energy

ΣðPÞ ¼ CF

4
g2

Z
k

fðkÞ
jkj

K · γ
K · P

; ð10Þ

where

fðkÞ≡ 2ðfqðkÞ þ fqðkÞÞ þ 4fgðkÞ: ð11Þ

Taking the HL limit where appropriate, one finds that

iðΠ12ÞμμðQÞ ¼ −e2eq2Nc
8fðqÞ
q

Z
p
Qν

~ΛνðpÞ; ð12Þ

where

~ΛνðpÞ ¼ ½Λνα
αðPÞ − Λα

ναðPÞ þ Λα
ανðPÞ�p0¼pðp̂·q̂Þ: ð13Þ

The tensor Λ is defined through

ΛαβγðPÞ ¼
Pα − ΣαðPÞ
ðP − ΣðPÞÞ2 Im½ΣβðPÞ�

Pγ − Σ�
γðPÞ

ðP − Σ�ðPÞÞ2 ; ð14Þ

where a star indicates complex conjugation. To compute
the soft photon rate (9), we numerically evaluate Eqs. (10)
and (12) with a UV cutoff p� placed on the length of the
three-momentum in Eq. (12).
In Fig. 1, we show the soft and hard contributions to the

isotropic (ξ ¼ 0) photon rate and the total rate obtained by

0.1 0.5 1.0 5.0 10.0 50.0

0

1

2

3

p

10
6

2
E

dR
d3 q

L
R

F Isotropic Rate
q 5

s 0.32 Total Numerical

Soft Numerical

Hard Numerical

Total Analytic

Soft Analytic

Hard Analytic

FIG. 1. Dependence of the isotropic photon rate on the
separation scale p�. The various curves show the total rate
determined numerically, the soft and hard rates determined
numerically, the leading-order rate analytic result of Braaten
and Yuan [30], and the separate Braaten and Yuan results for the
soft and hard rates.
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summing these contributions. We compare our numerical
results with the analytic estimates of Braaten and Yuan [30]
for both the individual contributions and the total rate. For
this figure, we consider the case of a realistic coupling with
αs ¼ 0.32 and a photon momentum which is five times the
corresponding transverse momentum scale Λ.4 As can be
seen from Fig. 1, there is a logarithmic IR divergence at
small p�=Λ and logarithmic UV divergence at large p�=Λ.
However, even for large αs, there is a window over which
the result does not depend strongly on the choice of p�. In
practice, we use the principle of minimal sensitivity (PMS)
to set p� by requiring the derivative of the rate with respect
to p� to vanish (minimum of the black solid curve in
Fig. 1). The other things we see from this figure are that the
analytic calculations do well in capturing the asymptotic
regimes of each contribution but that the total result
obtained from analytic method is lower by approximately
a factor of 2 due to the fact that the analytic approximations
made to obtain the Braaten-Yuan rate fail to accurately
reproduce the numerically integrated rate.5

In Fig. 2, we plot the photon rate as a function of the
scaled photon energy E=Λ for (a) ξ ∈ f0; 10g for y ¼ 0 and
(b) ξ ¼ 10 for y ∈ f0; 0.88; 20g. In both panels of
Fig. 2, the lines are the result of evaluating the rate at
the PMS value of p�, and the shaded regions indicate the
variation of the result obtained when varying p� → 2p�. In
the high-energy and weak-coupling limit, the dependence
on p� formally vanishes; however, for realistic couplings,
direct numerical evaluation of the integrals defining the
rate allows us to gauge this uncertainty. From the results,
we find that there is a ≲ 30% variation of the photon rate
at E=Λ ¼ 1 and a ≲ 20% variation at E=Λ ¼ 10.

From Fig. 2(b), we conclude that there is a significant
rapidity dependence of the photon rate when the system is
momentum-space anisotropic, with production peaked at
midrapidities. This is simply due to the dominance of forward
scattering coupled to production from a momentum-space
anisotropic sourcewith hp2

Ti > hp2
Li. Note, however, that, if

the system were exactly boost invariant, then, when inte-
grated over all spatial rapidity, the final photon spectrum
would not depend on the photon rapidity. If, on the other
hand, the system is not boost invariant, then we expect to see
a suppression of photon production at forward/backward
rapidities if the LRF distribution is oblate.

III. PHOTON SPECTRUM

As mentioned previously, in this paper, we want to study
the impact of space-time-dependent anisotropies on the
photon differential spectrum at high transverse momentum.
In this way, we can probe the early stages of the QGP, when
the anisotropies are expected to be the largest. In order to
accomplish this, we need to convolute Eqs. (8) and (9) with
the space-time dependence of Λ and ξ to integrate the rate
over the QGP space-time volume and obtain the final
spectrum of photons emitted from the deconfined QGP
over its lifetime. We now discuss how this is implemented.
The photon four-momentum is parametrized in the

standard manner

qμ ¼ q⊥ðcosh y; cosϕq; sinϕq; sinh yÞ; ð15Þ
where y≡ ln½ðEþ q∥Þ=ðE − q∥Þ�=2 is the momentum-
space rapidity. Above, q⊥, q∥, and ϕq are the transverse
momentum, longitudinal momentum, and momentum azi-
muthal angle, respectively. For space-time, we use the usual
Milne hyperbolic parametrization for describing heavy-ion
collisions within the relativistic hydrodynamics framework

xμ ¼ ðτ cosh ς;x⊥; τ sinh ςÞ: ð16Þ

In Eq. (16), τ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
is the longitudinal proper time,

x⊥ is a two-vector containing the transverse coordinates,
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FIG. 2. Rate as a function of the scaled photon energy for (a) ξ ∈ f0; 10g for y ¼ 0 and (b) ξ ¼ 10 for y ∈ f0; 0.88; 20g. The shaded
bands show the change in the result obtained by varying the separation scale p� → 2p�.

4Since ξ ¼ 0, Λ can be identified with the temperature T in this
figure, but we have kept the labels general for comparison with
other figures.

5If one takes very small αs, e.g. αs ¼ 0.01, then the numerical
and analytic results agree nearly perfectly for large q=Λ, giving us
confidence in our numerical methods.
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and ς≡ tanh−1ðz=tÞ is the space-time rapidity. With these
parametrizations, the differential measures for four-
momentum and space-time are d4q¼Edyq⊥dq⊥dϕq and
d4x ¼ τdτdςd2x⊥, respectively. This allows us to calculate
the differential spectrum using

dN
q⊥dq⊥dy

¼
Z

2π

0

dϕq

Z
d4x

�
E
dR
d3q

�
LRF

: ð17Þ

The integration over the space-time volume is performed
solely in the deconfined QGP stage. We only include
contributions from regions that have an effective
temperature higher than a critical temperature, i.e.

Teff ≡R1=4ðξÞΛ > Tc with RðξÞ defined in Eq. (47). In
all results shown herein, we assume Tc ¼ 175 MeV. We
will gauge the sensitivity of our results to this assumption in
Sec. V. We will assume that, when the system reaches Tc,
all QGP medium emission stops. We do not consider the
emission from the mixed/hadronic phase herein.
Finally, we mention that we evaluate the left-hand side of

Eq. (17) in the center of mass of the colliding nuclei
[laboratory (LAB) frame], while the photon rate is calcu-
lated in the LRF of the emitting region. Therefore, before
evaluating Eq. (17), we have to boost the LAB frame
momentum qμ to the LRF of the fluid cell using a Lorentz
boost qμLRF ¼ Λμ

νqν, where the Lorentz boost tensor

Λμ
νðuλÞ≡

0
BBBBB@

γ −γvx −γvy −γvz
−γvx 1þ ðγ − 1Þ v2xv2 ðγ − 1Þ vxvyv2 ðγ − 1Þ vxvzv2

−γvy ðγ − 1Þ vxvyv2 1þ ðγ − 1Þ v2yv2 ðγ − 1Þ vyvzv2

−γvz ðγ − 1Þ vxvzv2 ðγ − 1Þ vyvzv2 1þ ðγ − 1Þ v2zv2

1
CCCCCA

ð18Þ

depends on the four-velocity of the fluid element
uμðxλÞ≡ γð1; vx; vy; vzÞ, with γ ≡ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
and

v≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2z þ v2y þ v2z

q
. Making use of Eqs. (8) and (9) in

Eq. (17), we obtain the photon spectrum including the
effect of a space-time-dependent momentum anisotropy
and taking into account the effect of the dynamically
generated collective flow of the QGP.

IV. ð3þ 1ÞD ANISOTROPIC HYDRODYNAMICS

Asmentioned above, in order to obtain the predictions for
the differential photon spectrum expected to be produced
from the QGP phase, we must integrate over the full space-
time history of theQGP. For this purpose, we use a ð3þ 1ÞD
leading-order spheroidal aHydro code [19,20,37–41].
The aHydro framework reduces to second-order viscous
hydrodynamics in the limit of small anisotropy [21] but
reproduces the dynamics of the QGP more reliably when
there are large momentum-space anisotropies.
We assume that the QGP created during the collision of

the heavy ions evolves through a nonequilibrium state and
that the quark and antiquark one-particle distribution
functions are well approximated by a time-evolving dis-
tribution of the form specified in Eq. (1) both at early times
and late times. At the same time, we also assume that,
although the system is highly anisotropic, it may still be, to
good approximation, described using hydrodynamiclike
degrees of freedom, such as energy density and pressures.6

As a result, the detailed microscopic description of the
system can be replaced by an effective description written
in terms of simple physical laws, such as the conservation
of energy and momentum.
The equations of motion for the anisotropic system are

obtained by starting from kinetic theory, assuming that the
form of the distribution function of the system is known at
the leading order and given by the form (1). This can be
performed by taking moments of the Boltzmann kinetic
equation. As usual, the collisional kernel must be specified
in the Boltzmann kinetic equation. Here, we will assume
that the collisional kernel can be treated in the relaxation-
time approximation such that

pμ∂μf ¼ −pμuμ
τeq

ðf − feqÞ; ð19Þ

where τeq is the microscopic relaxation time which can
depend on position and time. Taking the first moment of the
Boltzmann equation results in the energy-momentum con-
servation equation

∂μTμν ¼ 0: ð20Þ
Taking the zeroth moment of the Boltzmann equation
results in the particle production equation

∂μjμ ¼ −uμ j
μ − jμeq
τeq

: ð21Þ

At leading order, the aHydro energy-momentum tensor
has the form typical for a spheroidally anisotropic
system,

Tμν ¼ ðεþ P⊥Þuμuν − P⊥gμν − ðP⊥ − P∥Þzμzν; ð22Þ
6This assumption has been tested elsewhere by comparing the

predictions of anisotropic hydrodynamics to exact solutions of
the Boltzmann equation in a variety of special cases [42–49].
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and the particle flux is defined in the standard manner,7

jμ ¼ nuμ: ð23Þ

In Eqs. (22) and (23), ε, n, P∥, and P⊥ stand for energy
density, particle density, longitudinal pressure, and trans-
verse pressure, respectively. The four-vector zμ is orthogo-
nal to uμ and in the LRF points in the longitudinal direction
(identified with the direction of the dynamically evolving
anisotropy in the system, n̂) [40].
Equations (20) and (21) provide a set of five independent

partial differential equations,

Duε ¼ −ðεþ P⊥Þθu þ ðP⊥ − P∥ÞuνDzzν; ð24Þ

DzP∥ ¼ ðP⊥ − P∥Þθz þ ðεþ P⊥ÞzνDuuν; ð25Þ

Duu⊥ ¼ −
u⊥

εþ P⊥

�
u⊥ · ∇⊥P⊥

u2⊥
þDuP⊥

þ ðP⊥ − P∥ÞuνDzzν
�
; ð26Þ

Du

�
ux
uy

�
¼ 1

u2yðεþ P⊥Þ
ðux∂y − uy∂xÞP⊥; ð27Þ

and

Duξ

2ð1þ ξÞ −
3DuΛ
Λ

¼ θu þ
1

τeq
½1 −R3=4ðξÞ

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
�; ð28Þ

respectively, for five parameters: the three independent
components of the four-velocity uμ, the transverse momen-
tum scale Λ, and the anisotropy parameter ξ. In the above
equations, we use boldfaced letters with a ⊥ subscript to
indicate two-dimensional vectors in the transverse plane,
e.g. u⊥ ≡ ðux; uyÞ and ∇⊥ ≡ ð∂x; ∂yÞ. We have also intro-
duced a compact notation for the convective derivative
Du ≡ uμ∂μ, the longitudinal derivative Dz ≡ zμ∂μ, and the
expansion scalars θu ≡ ∂μuμ and θz ≡ ∂μzμ.
We use the following parametrizations of the LAB

frame four-velocity of the fluid uμ and the spacelike
four-vector zμ,

uμ ¼ ðu0 coshϑ;u⊥; u0 sinhϑÞ; ð29Þ

zμ ¼ ðsinhϑ; 0; coshϑÞ; ð30Þ

where we introduced the longitudinal rapidity of the fluid
cell ϑ. Using the four-velocity normalization condition,
uμuμ ¼ 1, one has

u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2⊥

q
;

u⊥ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2x þ u2y

q
: ð31Þ

With the parametrizations (29) and (30), one may calculate
the following quantities appearing in Eqs. (24)–(28),

Du ¼ u⊥ · ∇⊥ þ u0L̂1; ð32Þ

θu ¼ ∇⊥ · u⊥ þ L̂1u0 þ u0L̂2ϑ; ð33Þ

Dz ¼ L̂2; ð34Þ

θz ¼ L̂1ϑ; ð35Þ

uνDzzν ¼ u0L̂2ϑ; ð36Þ

zνDuuν ¼ −u0ðu⊥ · ∇⊥ þ u0L̂1Þϑ; ð37Þ

where the two linear differential operators, L̂1 and L̂2, are
given by

L̂1 ¼ coshðς − ϑÞ∂τ − sinhðς − ϑÞ ∂ς

τ
; ð38Þ

−L̂2 ¼ sinhðς − ϑÞ∂τ − coshðς − ϑÞ ∂ς

τ
: ð39Þ

We also use the relation between the relaxation time τeq and
the shear viscosity to entropy density ratio η≡ η=s [19],

τeq ¼
5η

2T
: ð40Þ

A. Anisotropic equation of state

In this paper, we consider a system that consists of
massless particles described by the anisotropic distribution
function (1). Using standard kinetic theory definitions

Nμ ≡
Z

dKkμf; ð41Þ

Tμν ≡
Z

dKkμkνf; ð42Þ

where dK ≡ d3k=½ð2πÞ3k0�, and the tensor decompositions
specified in Eqs. (22) and (23), one can calculate the
thermodynamic properties of the system [50],

nðΛ; ξÞ ¼ nisoðΛÞffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p ; ð43Þ

εðΛ; ξÞ ¼ RðξÞεisoðΛÞ; ð44Þ

P⊥ðΛ; ξÞ ¼ R⊥ðξÞPisoðΛÞ; ð45Þ

P∥ðΛ; ξÞ ¼ R∥ðξÞPisoðΛÞ; ð46Þ7We assume vanishing chemical potential gradients.
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where niso, εiso, and Piso are the isotropic particle density,
energy density, and pressure, respectively, and

RðξÞ≡ 1

2

�
1

1þ ξ
þ tan−1

ffiffiffi
ξ

p
ffiffiffi
ξ

p
�
; ð47Þ

R⊥ðξÞ≡ 3

2ξ

�
1þ ðξ2 − 1ÞRðξÞ

ξþ 1

�
; ð48Þ

R∥ðξÞ≡ 3

ξ

�ðξþ 1ÞRðξÞ − 1

ξþ 1

�
: ð49Þ

Herein, we assume the simple case of a conformal ideal
fluid, i.e. εiso ¼ 3Piso. As a result, Eqs. (43)–(46) describe
the equation of state of an anisotropic system of classical
massless particles with vanishing chemical potential.

B. Initial conditions

In order to solve the set of partial differential equa-
tions (24)–(28), one has to specify the initial conditions at
the initial longitudinal proper time for the hydrodynamic
evolution, τ ¼ τ0; i.e. one has to define five three-dimen-
sional profiles: Λðτ0;x⊥; ςÞ, ξðτ0;x⊥; ςÞ, uxðτ0;x⊥; ςÞ,
uyðτ0;x⊥; ςÞ, and ϑðτ0;x⊥; ςÞ. During the initial moments
of a heavy-ion collision, due to inelastic interactions, the
participating nucleons deposit energy into the space-time
volume of the fireball. In this work, we assume that the
distribution of deposited energy is well described by the
optical Glauber model. As a result, the transverse momen-
tum scale is given by

Λðτ0;x⊥; ςÞ ¼ ε−1iso
�
ε0
ρðb;x⊥; ςÞ
ρð0; 0; 0Þ

�
; ð50Þ

where the proportionality constant ε0 is chosen in such a
way as to reproduce the total number of charged particles
measured in the experiment and ε−1iso denotes the inverse
function of εisoðΛÞ. For a central collision, in what follows,
we identify Λ0 as the initial transverse momentum scale at
the center of the simulated region.
The density of sources is constructed using a standard

mixed model,

ρðb;x⊥; ςÞ≡ ½ð1 − κÞðρþWNðb;x⊥Þ þ ρ−WNðb;x⊥ÞÞ
þ 2κρBCðb;x⊥Þ�hðς − ςSðb;x⊥ÞÞ; ð51Þ

where ρ�WN is the density of wounded nucleons from the
left-/right-moving nuclei and ρBC is the density of binary
collisions, both of which are obtained using the optical
limit of the Glauber model,

ρ�WNðb;x⊥Þ≡ T

�
x⊥∓b⊥

2

�
½1 − e−σNNTðx⊥�b⊥

2
Þ�; ð52Þ

ρBCðb;x⊥Þ≡ σNNT

�
x⊥ þ b⊥

2

�
T

�
x⊥ − b⊥

2

�
: ð53Þ

The longitudinal profile is taken to be [51]

hðςÞ≡ exp

�
− ðς − ΔςÞ2

2σ2ς
Θðjςj − ΔςÞ

�
: ð54Þ

For the LHC case studied here, we use κ ¼ 0.145 for the
mixing factor and an inelastic cross section σNN ¼ 62 mb.
The parameters of the longitudinal profile (54) were fitted
to reproduce the pseudorapidity distribution of charged
particles with the results being Δς ¼ 2.5 and σς ¼ 1.4. The
shift in rapidity is calculated according to the formula [52]

ςS ≡ 1

2
ln
ρþWN þ ρ−WN þ vPðρþWN − ρ−WNÞ
ρþWN þ ρ−WN − vPðρþWN − ρ−WNÞ

; ð55Þ

where all functions are understood to be evaluated at a
particular value of b and x⊥. The participant velocity is
defined as vP ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð ffiffiffi
s

p
=2Þ2 − ðmN=2Þ2

p
=ð ffiffiffi

s
p

=2Þ, and mN
is the nucleon mass. In Eqs. (52)–(53), we have made use of
the thickness function

Tðx⊥Þ≡
Z

dzρWSðx⊥; zÞ; ð56Þ
where the nuclear density is given by the Woods-Saxon
profile

ρWSðx⊥; zÞ≡ ρ0

�
1þ exp

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x⊥2 þ z2

p − R
a

��−1
: ð57Þ

For Pb-Pb collisions, we use ρ0 ¼ 0.17 fm−3 for the nuclear
saturation density, R ¼ 6.48 fm for the nuclear radius, and
a ¼ 0.535 fm for the surface diffuseness of the nucleus.

V. RESULTS

We now present our results for the photon spectrum and
elliptic flow of QGP-generated photons. We focus here on
Pb-Pb collisions with nucleon-nucleon center-of-mass
energies of

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV. Since the hard and soft
contributions of the differential photon rate described by
Eqs. (8) and (9) are independent of the model assumed for
the space-time evolution of the system, we first numerically
compute the dimensionless differential photon rate
E=Λ2dR=d3q on a uniformly spaced three-dimensional
grid in 0.1 ≤ q⊥=Λ ≤ 30, 0 ≤ jyj ≤ 10, and −1 ≤
log10ðξþ 1Þ ≤ 2.5. The grid spacings used for these three
variables were chosen in such a way that the full three-
dimensional function is well approximated at continuous
values using a spline-based interpolating function. For the
final integration, we use the Vegas Monte Carlo method to

TABLE I. Values of the initial transverse momentum scale Λ0

in GeV used in all figures in the results section.

4πη=s ξ0 0 10 100

1 0.552 0.765 1.009
2 0.546 0.752 0.992
3 0.544 0.748 0.990
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numerically integrate Eq. (17) over space-time and the
transverse momentum angle.8

In all plots, we assume aminimum bias collision with b ¼
9.5 fm, and we begin the aHydro evolution at τ0 ¼
0.3 fm=c. At τ0, we assume that the produced matter has
no transverse flow, i.e. uxðτ0;x⊥; ςÞ ¼ uxðτ0;x⊥; ςÞ ¼ 0,
while the initial longitudinal flow is of Bjorken form
ϑðτ0;x⊥; ςÞ ¼ ς. We also assume that the initial anisotropy
field is homogeneous, ξðτ0;x⊥; ςÞ ¼ ξ0. Finally, the initial
central transverse momentum scale Λ0 used for all results is
specified in Table I. These valueswere tuned by requiring the
final particle multiplicity to be a constant as η=s and ξ0 were
varied. In all plots included herein, we show results for
central rapidity (y ¼ 0) and have used a fixed αs ¼ 0.32.
We begin with Fig. 3, which shows the spectrum of

medium photons obtained by integrating over the full
ð3þ 1ÞD evolution of the QGP. The three different panels
(a), (b), and (c) show the results obtained assuming initial
anisotropies of ξ0 ¼ 0, 10, and 100, respectively. In each
panel of Fig. 3, the lines correspond to three different
values of the shear viscosity to entropy density ratio

4πη=s ¼ 1, 2, and 3. As can be seen from panel (a), for
ξ0 ¼ 0 the resulting spectrum is nearly the same for all
three values of η=s, with only a very slight enhancement
seen at large q⊥. The effect of varying η=s is larger in
panels (b) and (c) in which the QGP was assumed to have
an initially oblate momentum-space anisotropy. For
ξ0 ¼ 100, there is approximately a factor 2.5 variation in
the medium photon spectrum at q⊥ ¼ 6 GeV when varying
η=s between one and three times the lower bound. For
q⊥ ≲ 2 GeV, we see very little effect from varying η=s for
all values of ξ0 considered.
In Fig. 4, we present the same results in a slightly

different manner. In this case, in panels (a), (b), and (c), we
fix the shear viscosity to entropy density ratio to be
4πη=s ¼ 1, 4πη=s ¼ 2, and 4πη=s ¼ 3, respectively. In
each of the panels of Fig. 4, the lines correspond to three
different values for the initial anisotropy in the system
ξ0 ¼ 0, 10, and 100. As can be seen from Fig. 4,
there is significant variation in the high-energy photon
spectrum as one changes the initial anisotropy of the QGP.
For all values of η=s considered, at q⊥ ¼ 6 GeV, one finds
that the QGP photon spectrum varies by approximately an
order of magnitude when varying the initial anisotropy in
the range shown. We note additionally that, for
q⊥ ≲ 2 GeV, we see very little effect from varying the
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FIG. 3. Medium photon spectrum for three different values of the initial anisotropy: (a) ξ0 ¼ 0, (b) ξ0 ¼ 10, and (c) ξ0 ¼ 100. In each
panel, the lines correspond to three different values for the shear viscosity to entropy density ratio 4πη=s ¼ 1, 2, and 3.

8During integration, we set the rate to zero outside of the
interpolated region. The excluded regions give a negligible
contribution to the integrated rate.
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initial anisotropy. Taken together, we see that the low-
energy photon spectrum is not sensitive to either ξ0 nor η=s,
if one keeps the final particle multiplicities fixed.
In Fig. 5, we present the medium photon spectrum for six

different values of the photon rapidity. As this figure
demonstrates for central rapidities, there is little depend-
ence of photon production on the photon rapidity; however,

for y≳ 3, there is a significant dependence on the rapidity.
The fact that the central region is independent of the
rapidity is consistent with the approximate boost invariance
of the quark-gluon plasma generated in heavy-ion colli-
sions. The dependence on rapidity at forward/backward
rapidity is due to both the breaking of boost invariance in
the realistic ð3þ 1ÞD anisotropic hydrodynamics code and
also the rapidity dependence of the rate itself when the
system is anisotropic (see Fig. 2). Note that, if the system
was completely boost invariant, then even with the rapidity
dependence of the rate shown in Fig. 2, one would find that
photon production does not depend on rapidity. We have
verified this explicitly.
We now turn to the photon elliptic flow which results

from the breaking of rotational symmetry around the beam
axis due to the development of hydrodynamic flow. To
quantify the dependence of photon production on the
momentum azimuthal angle, one makes a Fourier decom-
position of the differential spectrum with respect to the
momentum azimuthal angle

dN
q⊥dq⊥dydϕq

¼ dN
2πq⊥dq⊥dy

½1þ 2v1 cosϕq þ 2v2 cosð2ϕqÞ þ � � ��;

ð58Þ
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panel, the lines correspond to three different values for the initial anisotropy in the system ξ0 ¼ 0, 10, and 100.
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where it is understood that the coefficients vn are functions
of q⊥ and y.9

From the above relation, we can compute v2 in the usual
manner by extracting the second Fourier coefficient from
the series via

v2ðq⊥; yÞ ¼
R
2π
0 dϕq

dN
q⊥dq⊥dydϕq

cosð2ϕqÞ
dN

q⊥dq⊥dy
: ð59Þ

This coefficient is referred to as the “elliptic flow
coefficient”; however, we emphasize that, for photons, a
nonvanishing v2 coefficient is not evidence of the flow of
the photons themselves but instead the “imprint” of the
transverse flow profile of the QGP itself.
In Fig. 6, we show our results for the photon v2 coefficient

in three panels, (a), (b), and (c), which show the results
obtained assuming initial anisotropies of ξ0 ¼ 0, 10, and
100, respectively. In each panel, we once again show the
result obtained for three different values of the shear
viscosity to entropy density ratio of 4πη=s ¼ 1,
4πη=s ¼ 2, and 4πη=s ¼ 3. As Fig. 6 demonstrates, we
find that, regardless of the assumed initial momentum-space

anisotropy, increasing the shear viscosity of the QGP results
in an increase in photon v2. For the values of η=s considered,
we see at most a 300% increase in the photon v2 with the
maximum effect occurring at high transverse momenta. By
comparing the three panels of Fig. 6, we also see that, for
fixed η=s, increasing the initialmomentum-space anisotropy
also results in an increase in the peak photon v2; however, as
ξ0 increases, there is a reduction in the photon v2 at large
transversemomentum. In Fig. 7, we show the dependence of
the photon v2 on the assumed value for the transition
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FIG. 6. Elliptic flow coefficient v2ðq⊥; y ¼ 0Þ for three different values of initial anisotropy parameter: (a) ξ0 ¼ 0, (b) ξ0 ¼ 10, and
(c) ξ0 ¼ 100. In each panel, the lines correspond to three different values for the shear viscosity to entropy density ratio 4πη=s ¼ 1, 2, and 3.
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9The coefficients are also implicit functions of the impact
parameter, collision energy, colliding species, etc.
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temperature Tc. In the figure, we show the results obtained
assuming 4πη=s ¼ 1, ξ0 ¼ 0, and Tc ∈ f175; 155g MeV.
As we see from this figure, decreasing the critical temper-
ature used when we integrate QGP emissions over the QGP
four-volume results in an approximately 30% increase in the
peak value of the photon v2. In addition, we see that the peak
in v2 moves to lower transverse momentum as Tc is
decreased.
Finally, as a cross check of the results shown thus far, in

Fig. 8, we show (a) the photon spectrum and (b) the photon
elliptic flow as a function of the transverse momentum
comparing the result obtained if we use the standard PMS
criteria to set the soft/hard separation scale p� (red dashed
line) or instead take the separation scale to be two times the
PMS value (black line). As Fig. 8(a) demonstrates, using
2p� results in a higher photon yield by approximately
30%–50%. However, as Fig. 8(b) demonstrates, the addi-
tional production obtained when using 2p� cancels in the
ratio that determines v2, and as a result, the photon v2 is
independent of the choice of the separation scale within
numerical uncertainties.10 Finally, we mention that,
although we only show the case ξ0 ¼ 0 and 4πη=s ¼ 3
in Fig. 8, for all ξ0 and η=s considered here, we find that v2
does not depend on the separation scale.

VI. DISCUSSION, CONCLUSIONS, ANDOUTLOOK

In this paper, we computed the photon spectrum and
elliptic flow coefficient associated with photons emerging
from the QGP as a function of transverse momentum. For
the rate, we included the two leading-order processes
necessary: Compton scattering and quark-antiquark anni-
hilation. In order to properly deal with the IR divergences
encountered in the rate calculation, we computed the soft
and hard contributions separately. In the soft sector, the UV

divergence was regulated by introducing a UV cutoff p�,
and in the hard sector, the IR divergence was regulated by
introducing an IR cutoff p�. As shown analytically by
Braaten and Yuan [30], in the weak-coupling limit, the sum
of the hard and soft contributions is finite due to a
cancellation between the UV and IR divergences, and
the result does not depend on the separation scale p�.
However, for realistic couplings, one must evaluate the
necessary integrals numerically. In this case, there is a
residual dependence on the choice of the separation scale.
To fix it, we used a PMS criteria to set p� to be the scale at
which the derivative of the rate vanishes, thereby minimiz-
ing the dependence of the rate on the separation scale.
After determining the rates, we then integrated them over

the space-time volume of the QGP using ð3þ 1ÞD aniso-
tropic hydrodynamics to provide the space and time
dependence of the anisotropy ξðxÞ, the transverse momen-
tum scale ΛðxÞ, and the flow velocity uμðxÞ. In the aHydro
framework, the one-particle distribution function is guar-
anteed to be greater than or equal to zero, unlike in the
standard viscous hydrodynamic framework where there can
be regions in phase space where the one-particle distribu-
tion function is negative. Our final results indicate that, if
one holds the final particle multiplicity fixed, there is only a
weak dependence of the photon spectrum on the assumed
value of η=s. However, we found that, for fixed η=s,
varying the initial momentum-space anisotropy ξ0 resulted
in significant variations of the high-transverse-momentum
photon yields. We found that, at q⊥ ¼ 6 GeV, there was
approximately an order of magnitude variation in the
photon yield when varying 0 ≤ ξ0 ≤ 100. This offers some
hope to constrain the degree of QGP momentum-space
anisotropy by fitting thermal plus prompt photon produc-
tion at high energies to experimental data. We note that this
is similar to the conclusion reached recently for dilepton
production, where an enhancement of the high-energy
dilepton production was observed when the initial con-
dition was initially oblate in momentum space [53].
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10The small differences between the two curves in Fig. 8 can be
attributed to statistical errors inherent in the Monte Carlo
integration method used to evaluate the final spectrum.

BHATTACHARYA, RYBLEWSKI, and STRICKLAND PHYSICAL REVIEW D 93, 065005 (2016)

065005-12



In addition to presenting results for the spectrum, in this
paper, we also calculated the elliptic flow coefficient v2
associated with the azimuthal variation of the photon
yields. Our results indicate that, for 4πη=s ¼ 1, the maxi-
mal photon v2 coming from the QGP phase at LHC
energies is approximately 2%–3%. We find that increasing
η=s or ξ0 results in an increase in peak photon v2. Our
finding that v2 increases as η=s is increased seems to be in
conflict with some earlier papers, e.g. Refs. [8,14–16],
which found that incorporating viscous corrections resulted
in a decrease in photon v2. One possible explanation for the
different trends in the photon v2 seen using aHydro vs
second-order viscous hydrodynamics is that herein we
employed the leading-order spheroidal form for the LRF
distribution function, allowing for only one dissipative
correction, quantified by ξ, which maps to the longitudinal-
transverse pressure anisotropy. In second-order viscous
hydrodynamics, the description of the shear tensor is more
complete, i.e. transverse pressure anisotropies and off-
diagonal terms are present, resulting in a total of five
independent degrees of freedom. For quantitative assess-
ment of photon v2, the additional viscous corrections could
be important. Finally, we also note that our study is quite
limited since we did not include fluctuating initial con-
ditions or hadronic sources of photons. These are both
major shortcomings of this work. Our intention herein was
to study the systematics in a simply context in which the
anisotropic screening and one-particle distribution func-
tions were both taken into account self-consistently. We
plan to include multiple anisotropy parameters, fluctuating

initial conditions, and hadronic emissions in forthcoming
papers. Importantly, however, we point out that the
dependence of the photon spectrum on the initial
anisotropy ξ0 found here is primarily sensitive to early-
time longitudinal-transverse pressure anisotropies with the
other viscous corrections being subleading. Therefore, we
are confident that this effect is generic and reasonably well
described using leading-order aHydro.
We mention in closing that, during the analysis, we

showed that there is an approximately 30% increase in the
QGP photon spectrum when varying the hard/soft separa-
tion scale by a factor of 2; however, we found that the
photon v2 did not depend on the choice of the separation
scale. In the future, in addition to improving upon the
aHydro assumptions, we will combine the results obtained
here with estimates for prompt photon production in order
to extract constraints on early-time momentum-space
anisotropies in the QGP.
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We compute the quark-gluon-plasma suppression of ϒ(1s), ϒ(2s), ϒ(3s), χb1, and χb2 states in
√

sNN =
2.76 TeV Pb-Pb collisions. Using the suppression of each of these states, we estimate the inclusive RAA for the
ϒ(1s) and ϒ(2s) states as a function of Npart, y, and pT including the effect of excited-state feed down. We find
that our model provides a reasonable description of preliminary CMS results for the Npart, y, and pT dependence
of RAA for both the ϒ(1s) and ϒ(2s). Comparing with our previous model predictions, we find a flatter rapidity
dependence, thereby reducing some of the tension between our model and ALICE forward-rapidity results for
ϒ(1s) suppression.
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Introduction. The relativistic heavy-ion-collision experi-
ments being carried out at Brookhaven National Laboratory’s
Relativistic Heavy-Ion Collider (RHIC) and CERN’s Large
Hadron Collider (LHC) study the behavior of matter at extreme
temperatures and densities. The goal of these experiments
is to generate a deconfined state of nuclear matter called
a quark-gluon plasma (QGP) and to study its properties in
detail. Based on hydrodynamic fits to particle production,
LHC

√
sNN = 2.76 TeV collisions generate QGP initial

temperatures on the order of T0 ∼ 500 to 600 MeV [1,2]. At
such high temperatures light hadronic states are disassociated
and the equation of state of nuclear matter is well described by
a gas of quark and gluon quasiparticles [3,4]. In the transition
region between hadronic matter and a proper QGP, the system
is composed of liberated quarks and gluons plus a small
admixture of heavy bound states. Although light hadronic
states disassociate around the pseudocritical temperature for
the quark-hadron transition, Tc ∼ 165 MeV, bottomonia, for
example, may survive up to temperatures on the order of T ∼
600 MeV ∼ 4Tc [5]. Due to mass and binding energy ordering
of the quarkonium spectrum, one expects that there will be
an approximate sequential disassociation, with lighter states
“melting” before heavier states and excited states melting
before their respective ground states [6].

In this paper, we focus on the suppression of bottomonia in√
sNN = 2.76 TeV Pb-Pb collisions. The benefits of working

with heavy quarks are that heavy-quark bound states are
dominated by short-distance physics, their binding energies
are much smaller than the quark mass mQ � �QCD (Q = c,b),
and their sizes are much larger than 1/mQ. As a result, they can
be treated using effective field theory methods. In the heavy-
quark limit, one finds that a potential-based nonrelativistic
effective field theory, pNRQCD, can be used to calculate
the mass spectrum, decay rates, etc. of heavy-quark bound
states [7–11]. In addition, pNRQCD allows for the systematic
inclusion of relativistic corrections. Using pNRQCD potential
models, the vacuum spectrum of all bottomonium states can
be reproduced to within less than one percent by using a
Cornell potential plus spin-spin and spin-orbit interactions
[12,13].

The use of potential models to describe quarkonium
suppression has a long history, starting with the seminal works

of Karsch, Matsui, Mehr, and Satz [14,15] who predicted that
quarkonium production would be suppressed in heavy-ion
collisions due to Debye screening in a deconfined QGP.
Using such nonrelativistic potential models, there have been
studies of quarkonium spectral functions and mesonic current
correlators; see, e.g., Refs. [16–23]. There have also been
lattice QCD calculations of the quarkonium spectral function
[24–33]. Compared to the standard Debye-screened potential
models used in early calculations, systematic analysis of the
heavy-quark potential in the QGP showed that the potential is
complex valued, with the imaginary part of a state’s energy
being related to the thermal width of the state [34].

In the bottom sector, potential-model calculations indicate
that the ϒ(1s), ϒ(2s), and ϒ(3s) can survive up to temper-
atures T ∼ 593, 228, 172 MeV, respectively [5]. At these
temperatures, the in-medium width of the state becomes on
the order of the real part of its binding energy, and the bound
state quickly disappears from the spectrum. However, even
below this disassociation point, quarkonia also decay due to
in-medium interactions. For the ϒ(1s), the in-medium width
approaches 100 MeV at 3Tc [35]. At this temperature, the
ϒ(1s) in-medium half-life is on the order 2 fm/c. Since this
is also the timescale over which the QGP evolves hydrody-
namically, one needs accurate and reliable modeling of the
background evolution in order to make reliable predictions for
quarkonium suppression in heavy-ion collisions.

In this paper, we provide an update to the model used in
Refs. [36,37] to (1) extend the background evolution to full
(3 + 1)-dimensional [(3 + 1)D] anisotropic hydrodynamics
(AHYDRO) with a rapidity profile consistent with experimen-
tally observed particle multiplicity distributions; (2) update the
mixing fractions to recent updated values determined via fits to
ATLAS, CMS, and LHCb results for ϒ and χb production in
p-p collisions [38]; and (3) correct the probability weight
function used for centrality averaging in order to match
the experimental procedure. We compare the updated-model
predictions with recently reported results on ϒ suppression in
Pb-Pb collisions from both the CMS [39] and ALICE [40]
collaborations. We find that, with the improvements listed
above, the original model of Refs. [36,37] gives a reasonable
description of the Npart, y, and pT dependence of ϒ(1s) and
ϒ(2s) suppression.
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Methodology. For both the potential and dynamical
equations used below, we assume that the effective local
rest frame (LRF) one-particle distribution function for the
particles comprising the QGP is of the form f (p,x) =
feq({p2

T + [1 + ξ (x)]p2
z }1/2/�(x)), where −1 � ξ (x) < ∞ is

the local spheroidal momentum-space anisotropy parameter
and �(x) is the local transverse temperature. This form
takes into account the difference between the transverse and
longitudinal pressures, which is the most important viscous
correction generated in heavy-ion collisions.

As mentioned above, it is now understood that the heavy-
quark potential in the QGP has both real and imaginary
parts: V = Re[V ] + iIm[V ]. We use the internal-energy-
based potential specified originally in Ref. [37]. In the model,
the real part of the potential is obtained from the internal energy
of the heavy-quark and -antiquark system.1 The resulting real
part of the potential is given by [37]

Re[V ] = −a

r
(1 + μr)e−μr + 2σ

μ
[1 − e−μr ]

− σre−μr − 0.8σ

m2
br

, (1)

where mb = 4.7 GeV, a = 0.385, σ = 0.223 GeV2 [42], and
the last term is a temperature- and spin-independent finite-
quark-mass correction taken from Ref. [43]. In this expression,
μ = G(ξ,θ )mD [37,44,45] is the anisotropic Debye mass,
where G is a function which depends on the degree of
plasma momentum-space anisotropy ξ , the angle of the
line connecting the quark-antiquark pair with respect to the
beamline direction θ , and mD = 1.4

√
1 + Nf /6gsT is the

isotropic leading-order Debye mass adjusted by a factor of
1.4 in order to take into account higher-order corrections
determined via lattice calculations [46]. Note that, in the
limit ξ → 0, one has G = 1 and the real part of the potential
above reduces to the internal energy derived from the original
Karsch–Mehr–Satz potential [15].

The imaginary part of the potential Im[V ] is obtained from a
leading-order perturbative calculation performed in the small-
ξ limit [34,47,48]:

Im[V ] = −αsCF T {φ(r/mD)

− ξ [ψ1(r/mD,θ ) + ψ2(r/mD,θ )]}, (2)

where φ, ψ1, and ψ2 are special functions which can be
expressed in terms of the Meijer G-function. We solve
the three-dimensional (3D) Schrödinger equation with the
potential above to obtain the real and imaginary parts of
the binding energy as a function of ξ and � [35]. The
imaginary part of the binding energy is then used to obtain
the width of each state by using �(τ,x⊥,ς ) for Re[Ebind] > 0
and �(τ,x⊥,ς ) = γdis for Re[Ebind] � 0, with γdis being the
effective decay rate for unbound states, which we take to be
10 GeV.2 It is implicitly understood that Ebind, and hence

1Models based on the free energy seem to be incapable of
reproducing either the LHC or RHIC data for RAA[ϒ] [37,41].

2We find that our results do not depend in any significant way on
γdis, as long as γdis � 2 GeV.

�, are local quantities that depend on τ = √
t2 − z2, x⊥,

and ς = tanh−1(z/t) through the (3 + 1)D evolution of the
transverse temperature �, local momentum-space anisotropy
ξ , and associated flow velocities. For this purpose, we use
(3 + 1)D anisotropic hydrodynamics (AHYDRO) [49–51].

The (3 + 1)D AHYDRO code used provides the spatiotem-
poral evolution of ξ and �. The widths obtained from the
solution of the 3D Schrödinger equation are then integrated
and exponentiated to compute the relative number of states
remaining at a given proper time. Integrating the instantaneous
local decay rate � over proper time, one obtains

RAA(pT ,y,x⊥,b) = e−ζ (pT ,y,x⊥,b),

ζ ≡ �(τf − τform)

×
∫ τf

max(τform,τ0)
dτ�(τ,x⊥,ς = y), (3)

where b is the impact parameter, τform = γ τ 0
form = ET τ 0

form/M
where M is the mass of the state, and τ 0

form is the formation
time of the state at rest. For the rest-frame formation times,
we assume that they are roughly proportional to the inverse
vacuum binding energy [52]. For the ϒ(1s), ϒ(2s), ϒ(3s),
χb1, and χb2 states, we use τ 0

form = 0.2, 0.4, 0.6, 0.4, and 0.6
fm/c, respectively.3

We take the initial proper time τ0 for hydrodynamic evolu-
tion to be τ0 = 0.3 fm/c and the initial central temperature for
central collisions to be T0 ∈ {552,546,544} MeV for shear
viscosity to entropy density ratios 4πη/s ∈ {1,2,3}, with
the values tuned in order to keep the final charged-particle
multiplicity fixed. The final time τf appearing in Eq. (3) is
self-consistently determined from the AHYDRO simulation as
the proper time when local effective temperature becomes less
than the transition temperature. At this effective temperature,
plasma screening effects are assumed to decrease rapidly due to
the transition to the hadronic phase with the widths of the states
becoming approximately equal to their vacuum widths.4 For
the AHYDRO initial conditions, we use a smooth linear com-
bination (κbinary = 0.145) of Glauber wounded-nucleon and
binary collision scaling to set the initial energy-density profile
in the transverse plane. The inelastic cross section is taken to
be σNN = 62 mb. In the spatial rapidity direction, we use a
boost-invariant plateau at central rapidities with Gaussian tails
consistent with limited fragmentation at large rapidity [53],

f (ς ) ≡ exp

[
− (ς − �ς )2

2σ 2
ς

�(|ς | − �ς )

]
,

with �ς = 2.5 and σς = 1.4 fit to reproduce the experimental
pseudorapidity distribution of charged particles.

In order to compare to the experimental results, we
then (a) perform a weighted average over the trans-

3We have checked that varying each of these times by ±50% results
in a �15% variation in our final result for the inclusive R

ϒ(1s)
AA .

4We find that our results are quite insensitive to the final temperature
used for the bottomonia integrated decay rate. This insensitivity is due
to the fact that most of the suppression occurs at early times when the
temperature is large.
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verse plane and (b) implement any necessary cuts on
centrality, pT , and rapidity. For the spatial average, the
probability distribution function for bottomonium produc-
tion is taken to be proportional to the local number
density of plasma partons n(x⊥,ς ), i.e., RAA(pT ,y,b) =
[
∫

x⊥
n(x⊥,ς )RAA(pT ,y,x⊥)]/

∫
x⊥

n(x⊥,ς ). For implementing
pT cuts, we assume that the pT probability distribution
function is proportional to E−4

T . For implementing cuts in
rapidity, we use a flat distribution function. After implementing
the appropriate cuts on pT and y, we obtain RAA(b). We then
convert b to centrality C by using the Glauber formalism
and integrate over the appropriate centrality cuts by using a
probability distribution function proportional to e−C/20, where
0 < C < 100. This probability distribution function takes into
account the increased particle production that occurs in central
collisions and its form is taken from fits to experimentally
observed centrality distributions [54].

The procedure outlined above gives the “raw” suppression
factors for each state. In order to account for post-QGP feed
down of excited states for the ϒ(1s), we use pT -averaged feed
down fractions obtained recently from a compilation of p-p
data available from ATLAS, CMS, and LHCb which gives
f 1s

i = {0.618,0.105,0.02,0.207,0.05} for the ϒ(1s), ϒ(2s),
ϒ(3s), χb1, and χb2 to ϒ(1s) feed-down fractions, respectively
[38]. For the ϒ(2s), we assume that f 2s

i = {0.5,0.5} for the
ϒ(2s), ϒ(3s) to ϒ(2s) feed-down fractions, respectively [55].
Note that, there is also the possibility of “feed up” due to
in-medium excitation, e.g., ϒ(1s) to ϒ(2s). In perturbation
theory, transitions between color singlets ϒ(1s) and ϒ(2s)
must occur via two-gluon exchanges due to selection rules
and therefore are suppressed. Such effects are not included in
this calculation.

Results. In Fig. 1, we show the raw RAA for the five states
considered as a function of Npart for the case that 4πη/s =
1. As can be seen from this figure, there is a sequential
suppression of the states; however, there are no thresholds
visible as originally predicted by sequential suppression [6].

FIG. 1. (Color online) Raw RAA as a function of Npart. For this
figure we assumed 4πη/s = 1. These curves do not include the effect
of excited-state feed down.

FIG. 2. (Color online) Inclusive RAA for the ϒ(1s) and ϒ(2s) as
a function of Npart.

The lack of thresholds is due to (1) averaging over the full
temperature distribution in the transverse plane where the QGP
is hotter in the center and colder as one moves towards the
edges and (2) the continuous decays of the various states prior
to their disassociation point. Although we only show results as
a function of Npart, the model provides the full Npart, pT , and
y dependence of RAA for each of the states.

By constructing a linear combination of the raw RAA for
each state, we obtain the inclusive RAA for the states. The
result of performing this procedure for the ϒ(1s) and ϒ(2s)
is plotted in Figs. 2–4. In these three figures, each set of three
lines corresponds to 4πη/s ∈ {1,2,3}. In Fig. 2, we compare
our results to recently reported preliminary data from the CMS
collaboration [39]. As can be seen from this figure, our model
does a good job for both the ϒ(1s) and ϒ(2s) states. There is,
however, some tension with the lowest Npart point for R

ϒ(2s)
AA .

Based on the comparison of the model predictions with CMS

FIG. 3. (Color online) Inclusive RAA for the ϒ(1s) and ϒ(2s) as
a function of y.
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FIG. 4. (Color online) Inclusive RAA for the ϒ(1s) and ϒ(2s) as
a function of pT .

preliminary data for R
ϒ(1s)
AA , the data seem to prefer small shear

viscosities in the range 1 � 4πη/s � 2. The R
ϒ(2s)
AA data do not

seem to provide a tight constraint on η/s at this point in time.
In Fig. 3, we show our results as a function of rapidity

and, once again, we compare with the new CMS preliminary
data. We also include the R

ϒ(1s)
AA result obtained by the

ALICE collaboration at forward rapidities as open circles [40].
Although our model does a reasonable job in reproducing
the trends seen in the CMS preliminary data, there is still
some lingering tension with the ALICE forward results. We
note, however, that, compared with earlier predictions made
in Ref. [55], our model results are now much closer to the
ALICE data. This is due solely to the change in the way
we perform the centrality averaging. In the past, we used a
flat probability distribution as a function of centrality, which
does not conform to the procedure used to compute the
centrality-averaged results by the experiments, where they
simply average over the particles detected in each centrality
bin. With the updated probability distribution function, the
centrality-averaged results are much closer to those obtained
in central collisions.

Finally, in Fig. 4 we show our results as a function of pT

compared to CMS preliminary data. The flatness of RAA as
a function of pT was a prediction contained in the original
model [36,37] and is due to the fact that, in the model, the

bottomonia spectra are assumed to be unaffected due to the
lack of thermalization of these states because of their large
masses. The slow increase in RAA as a function of pT stems
solely from the effect of time dilation of the formation times
of the states. Comparing to the CMS preliminary results for
R

ϒ(1s)
AA , we see that the data seem to, once again, prefer small

values of η/s. For the R
ϒ(2s)
AA , the model seems to underpredict

the amount of suppression seen in the CMS preliminary data;
however, the overall magnitude and weak dependence on pT

predicted by the model seems to be in reasonable agreement
with the data.

Conclusions. In this paper we presented an update to
our model predictions for the QGP-induced suppression of
bottomonia states at LHC energies [36,37]. The potential
model itself is exactly the same as used in previously published
results; however, we have (1) upgraded the AHYDRO code
to (3 + 1)D in order to have a more realistic model of
the background evolution, (2) updated the mixing fractions
determined from recent ATLAS, CMS, and LHCb measure-
ments, and (3) corrected our method for performing centrality
averaging.

As can be seen from the results presented herein, the
original internal-energy-based model of Refs. [36,37] seems to
do a reasonable job describing the Npart, y, and pT dependence
of CMS preliminary results for R

ϒ(1s)
AA and R

ϒ(2s)
AA . At forward

rapidities, there is still some tension with the ALICE R
ϒ(1s)
AA

data; however, with the fix to the centrality-averaging proce-
dure, the discrepancy is no longer as dramatic. Because of
this, there is now some hope that the additional suppression at
forward rapidities could be explained by cold-nuclear-matter
effects.

On the positive side, it seems that, for central rapidities
(y � 2), the data are consistent with bottomonia suppression
due to the creation of a deconfined QGP with a shear
viscosity to entropy density ratio roughly between 1/(4π )
and 2/(4π ). These values are consistent with those ob-
tained via analysis of the collective-flow coefficients, thereby
providing further evidence that the QGP created in rela-
tivistic heavy-ion collisions behaves like a nearly perfect
fluid.
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We study the oscillations of a uniform longitudinal chromoelectric field in a dynamically evolving

momentum-space anisotropic background in the weak field limit. Evolution equations for the background

are derived by taking moments of the Boltzmann equation in two cases: (i) a fixed relaxation time and

(ii) a relaxation time which is proportional to the local inverse-transverse momentum scale of the plasma.

The second case allows us to reproduce 2nd-order viscous hydrodynamical dynamics in the limit of small

shear viscosity-to-entropy ratio. We then linearize the Boltzmann-Vlasov equation in a dynamically

evolving background and obtain an integrodifferential evolution equation for the chromoelectric field. We

present numerical solutions to this integrodifferential equation for a variety of different initial conditions

and shear viscosity-to-entropy density ratios. The dynamical equations obtained are novel in that they

include a nontrivial time-dependent momentum-space anisotropic background and the effect of collisional

damping for the first time.
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I. INTRODUCTION

The purpose of ongoing and upcoming heavy ion colli-
sion experiments at the Relativistic Heavy Ion Collider
(RHIC) and the Large Hadron Collider (LHC) is to study
the behavior of nuclear matter at high energy density,
� � 1 GeV=fm3. At such high energy densities, one ex-
pects to create a deconfined quark gluon plasma (QGP).
With such experiments, one hopes to not only cross the
threshold necessary to create a QGP, but to also study its
properties such as transport coefficients, color opacity, etc.
One complicating factor is that the QGP generated in such
collisions lasts for only a few fm/c, and during this time,
the bulk properties of the system, e.g., energy density and
pressure, can change rapidly. Therefore, dynamical models
which can describe the evolution of the system on the fm/c
timescale are necessary in order to make reliable phenome-
nological predictions.

To first approximation, it seems that the dynamics of the
soft background is well-described by relativistic viscous
hydrodynamics [1–13]. However, viscous corrections to
the ideal energy momentum tensor cause it to become
anisotropic in the local rest frame of the system. For small
deviations from isotropy, 2nd-order viscous hydrodynam-
ics describes the evolution quite well; however, for large
deviations from isotropy, this is no longer the case. Large
deviations from isotropy occur at very early times after the
initial nuclear impact and near the transverse or longitudi-
nal edges of the plasma where the matter is nearly free-
streaming. The presence of momentum-space anisotropies
seems unavoidable in dynamical models. In fact, even in
the limit of infinite strong coupling, momentum-space
anisotropies persist during the entire lifetime of the plasma
[14–16]. Large momentum-space anisotropies pose a

problem for 2nd-order viscous hydrodynamics since it
relies on a linearization around an isotropic background.
If the linear corrections grow too large, this can generate
unphysical results such as negative particle pressures,
negative one-particle distribution functions, etc. [17].
In order to ameliorate these problems, it is possible to

reorganize the derivation of the necessary dynamical
equations by linearizing around an anisotropic instead of
isotropic background. Doing so results in a dynamical
framework called anisotropic hydrodynamics [18–24].
In the limit of small deviations from isotropy, anisotropic
hydrodynamics reduces to 2nd-order viscous hydrodyna-
mics, but can also faithfully describe large deviations from
isotropy such as those created during the initial longitu-
dinal free-streaming phase of the plasma lifetime. This
framework has now been used to model the full (3þ 1)-
dimensional dynamics of the QGP [24]. Comparison of the
anisotropic hydrodynamics predictions for observables
such as the bulk flow as a function of transverse momen-
tum and rapidity with experimental data indicate that it
is possible that large momentum-space anisotropies can
persist for up to 2–3 fm/c after the initial nuclear impact.
Given this, it is imperative to revisit the study of basic
properties of the QGP in a time-evolving anisotropic
background.
In this paper, we study the oscillations of a uniform

longitudinal chromoelectric field in a dynamically evolv-
ing momentum-space anisotropic background in the weak
field limit. For simplicity, in this work, we restrict
ourselves to a (0þ 1)-dimensional boost-invariant back-
ground. The necessary anisotropic hydrodynamics equa-
tions are obtained from the first two moments of the
Boltzmann-Vlasov equation using a spheroidal form for
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the one-particle distribution function in the local rest frame
[25]. The dynamical equations in this case were first ob-
tained in Refs. [18,19]. In both Refs. [18,19], a time scale
for the approach to isotropic thermal equilibrium, �eq, was

introduced. In Ref. [18], �eq was assumed to be a constant,

while in Ref. [19], this time scale was proportional to the
average local inverse-transverse momentum of the plasma
constituents and was determined self-consistently in terms
of the local plasma environment.

In the case that �eq is constant, the late time behavior

of the system is that of ideal hydrodynamics [18]. In the
case that �eq is proportional to the local inverse-transverse

momentum scale, the proportionality constant can be fixed
by requiring that the late time dynamics of the system is
that of 2nd-order viscous hydrodynamics which has a late-
time momentum-space anisotropy given by the Navier-
Stokes solution [17,19]. We will consider both cases in
order to assess the impact of this choice. In either case, the
anisotropic hydrodynamics equations provide the proper-
time dependence of the local transverse momentum scale,
�ð�Þ, and momentum-space anisotropy �ð�Þ ¼ 1

2 hp2
?i=

hp2
ki � 1 where hp2

?i and hp2
ki are the average transverse

and longitudinal (beamline-direction) momenta squared
in the local rest frame of the plasma constituents,
respectively.

Given this time-evolving background, we linearize
the Boltzmann-Vlasov equation in order to study the
evolution of a uniform longitudinal chromoelectric field
fluctuation, Ez. We consider the weak-field limit in
which case we can use the Abelian dominance approxima-
tion for the color fields [26–29] (see also Ref. [30]). In a
static constant-temperature plasma, uniform longitudinal
field fluctuations oscillate in time with a frequency given

by the plasma frequency !pl ¼ mD=
ffiffiffi
3

p
where m2

D ¼
ðNc=3þ Nf=6Þg2T2 is the leading-order gluonic Debye

mass. In a time-evolving system, the plasma frequency is
time-dependent, and one must self-consistently solve
the linearized Boltzmann-Vlasov equation together with
the Maxwell equations. In general, the result can be cast in
the form of an integrodifferential equation for the evolution
of Ez. For the case of ideal hydrodynamical evolution,
Bialas and Czyz [31] derived such an equation and solved
it numerically.

Here, we extend the treatment of Bialas and Czyz to
(i) include a dynamically evolving anisotropic background
and (ii) include the effect of collisional damping. We will
present numerical solutions to the resulting integrodiffer-
ential equations for small and large magnitude momen-
tum-space anisotropies in order to assess the impact of
momentum-space anisotropy on plasma oscillations. The
equations we obtain are applicable to an arbitrary time-
dependent anisotropic background. Although we consider
the evolution of a stable longitudinal chromoelectric field,
the techniques used herein could have application to the
study of the evolution of non-Abelian plasma instabilities

in a dynamically evolving anisotropic background [32–34].
As a cross-check of our results, we present a comparison
with the results of Ref. [34] which presented an analysis of
all stable and unstable collective modes of the QGP in the
limit of a longitudinally free-streaming background. We
show that in this limit, we obtain the same evolution and
asymptotic behavior as in Ref. [34], giving us confidence in
our theoretical and numerical methods.
The structure of the paper is as follows. In Sec. II, we

specify the conventions wewill use throughout the paper. In
Sec. III, we review the semiclassical transport equations for
the quark gluon plasma in the Abelian dominance approxi-
mation. In Sec. IV, we linearize the Boltzmann-Vlasov
equation to zeroth and first order in fluctuations. In Sec. V,
we couple the fluctuations via currents to the Maxwell
equations and solve the coupled Boltzmann-Vlasov-
Maxwell system of equations to obtain an integrodifferen-
tial equation which governs the time evolution of uniform
longitudinal chromoelectric fluctuations. In Sec. VI, we
present the results of numerical solution to the evolution
equations for different types of anisotropic backgrounds
and compare with numerical and analytic results available
in the limit of longitudinal free streaming. In Sec. VII, we
present our conclusions and an outlook for the future.

II. CONVENTIONS

Below, we use the following definitions for momentum
rapidity (y) and spacetime rapidity (�):

y ¼ 1

2
ln
Eþ pk
E� pk

; � ¼ 1

2
ln
tþ z

t� z
; (1)

which come from the standard parameterization of the
four-momentum and spacetime coordinates of a particle,

p� ¼ ðE; ~p?; pkÞ ¼ ðm? coshy; ~p?; m? sinhyÞ;
x� ¼ ðt; ~x?; zÞ ¼ ð� cosh�; ~x?; � sinh�Þ: (2)

In Eq. (2), the quantity m? is the transverse mass

m? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

x þ p2
y

q
; (3)

and � is the proper time

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � z2

p
: (4)

Throughout the paper, we use natural units where c ¼ 1
and ℏ ¼ 1.

III. SEMICLASSICAL KINETIC EQUATIONS
FOR QUARK-GLUON PLASMA

In the Abelian dominance approximation, the transport
equations for quarks, antiquarks, and gluons have the form
[26–29]

ðp�@� � g�i � F��p�@
p
�ÞQ�

i ðx; pÞ ¼ C�
i ; (5)
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ðp�@� þ g�ij � F��p�@
p
�ÞGijðx; pÞ ¼ Cij; (6)

where Qþ
i ðx; pÞ, Q�

i ðx; pÞ, and Gijðx; pÞ are the phase-

space densities of quarks, antiquarks, and charged gluons,
respectively. Here, g is the strong coupling constant, and i,
j ¼ ð1; 2; 3Þ are color indices. The terms on the left-hand
side describe the free motion of the particles and the
interaction of the particles with the mean field F��. The

latter describes neutral gluons [35].
In this work, the only nonzero components of the tensor

F�� ¼ ðF��
ð3Þ ; F

��
ð8Þ Þ are those corresponding to the longitu-

dinal chromoelectric field Ez ¼ ðF30
ð3Þ; F

30
ð8ÞÞ. The quarks

couple to the chromoelectric field Ez through the charges

�1¼1

2

�
1;

ffiffiffi
1

3

s �
; �2¼1

2

�
�1;

ffiffiffi
1

3

s �
; �3¼

�
0;�

ffiffiffi
1

3

s �
: (7)

The gluons couple to Ez through the charges �ij defined

by the relation

� ij ¼ �i � �j: (8)

Below, we make use of the following relations:

X3
i¼1

�ai �
b
i ¼

1

2
�ab;

X3
i;j¼1

�a
ij�

b
ij ¼ 3�ab; (9)

where a, b 2 f3; 8g.
The terms on the right-hand side of Eqs. (5) and (6) are

collisions terms, which we treat in the relaxation time
approximation

C�
i ¼ �p�U�

Q�
i ðx; pÞ �Q�

eqðx; pÞ
�eq

; (10)

Cij ¼ �p�U�

Gijðx; pÞ �Geqðx; pÞ
�eq

: (11)

Here, U� is the four-velocity of the local rest frame

U� ¼ �ð1; vx; vy; vzÞ; � ¼ ð1� v2Þ�1: (12)

In this paper, we consider boost-invariant longitudinal
expansion, and hence we set vx ¼ vy ¼ 0 and vz ¼ z=t.

IV. LINEARIZATION OF KINETIC EQUATIONS

In the following, we seek the solutions of kinetic equa-
tions of the form

Q�
i ðx; pÞ ¼ Q�

0 ðx; pÞ þ �Q�
i ðx; pÞ; (13)

Gijðx; pÞ ¼ G0ðx; pÞ þ �Gijðx; pÞ; (14)

where the corrections to the background distributions
are proportional to the coupling. We emphasize that the
background distributions Q�

0 ðx; pÞ and G0ðx; pÞ are differ-
ent from the equilibrium distributions.

A. Zeroth order

At zeroth order in fluctuations, one obtains

p�@�Q
�
0 ðx; pÞ ¼ �p�U�

Q�
0 ðx; pÞ �Q�

eqðx; pÞ
�eq

; (15)

p�@�G0ðx; pÞ ¼ �p�U�

G0ðx; pÞ �Geqðx; pÞ
�eq

: (16)

Equations (15) and (16) determine the evolution of
Q�

0 ðx; pÞ and G0ðx; pÞ.
Instead of solving Eqs. (15) and (16) directly, we take

moments of these equations. In order to describe (0þ 1)-
dimensional anisotropic dynamics, we take the zeroth and
first moments of Eqs. (15) and (16) assuming that the
distributions Q�

0 ðx; pÞ and G0ðx; pÞ are given by the cova-

riant version of the Romatschke-Strickland distribution
[25,36], namely

Q�
0 ðx; pÞ ¼ G0ðx; pÞ ¼ f0ðx; pÞ; (17)

where

f0ðx; pÞ ¼ exp

�
� 1

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp �UÞ2 þ �ðp � VÞ2

q �
: (18)

Accordingly, we take

Q�
eqðx; pÞ ¼ Geqðx; pÞ ¼ feqðx; pÞ; (19)

where

feqðx; pÞ ¼ exp

�
�p � U

T

�
: (20)

Note that one can also use anisotropic Fermi-Dirac and
Bose-Einstein distributions for the (anti)quarks and gluons,
respectively; however, the only change to the final result
will be the precise value of the isotropic plasma frequency
of the system. For the sake of simplicity, we present the
case of a Boltzmann distribution and generalize the results
to the full quantum statistical distributions in the end.
The four-vector V� appearing in Eq. (18) defines the

direction of the beam (z axis)

V� ¼ �zðvz; 0; 0; 1Þ; �z ¼ ð1� v2
zÞ�1=2: (21)

We note that the four-vectors U� and V� satisfy the
normalization conditions

U2 ¼ 1; V2 ¼ �1; U � V ¼ 0: (22)

In the local rest frame of the fluid element, U� and V�

have simple forms

U� ¼ ð1; 0; 0; 0Þ; V� ¼ ð0; 0; 0; 1Þ: (23)

For the (0þ 1)-dimensional boost-invariant expansion
considered in this paper, we may use

U� ¼ ðcosh�; 0; 0; sinh�Þ;
V� ¼ ðsinh�; 0; 0; cosh�Þ: (24)
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With the assumptions (17) and (19), the kinetic equa-
tions (15) and (16) are reduced to a single equation for the
background distribution:

p�@�f0ðx; pÞ ¼ �p�U�

f0ðx; pÞ � feqðx; pÞ
�eq

: (25)

1. Zeroth moment of the kinetic equation

Integrating Eq. (25) over three-momentum and includ-
ing the internal degrees of freedom, we obtain

@�N
�
0 ¼ U�ðN�

eq � N
�
0 Þ

�eq
; (26)

where N0 and Neq are particle currents
1

N
�
0 ¼ n0U

�; N
�
eq ¼ neqU

�: (27)

A simple calculation performed in the local rest frame
gives

n0 ¼ g0
	2

�3ffiffiffiffiffiffiffiffiffiffiffiffi
1þ �

p ; neq ¼ g0
	2

T3: (28)

Here, g0 is the degeneracy factor accounting for internal
degrees of freedom (we show below that the equations of
motion for the background are insensitive to the specific
choice of g0). For longitudinal boost-invariant expansion,
one finds

U�@� ¼ d

d�
; @�U

� ¼ 1

�
: (29)

Thus, using Eqs. (27) and (28) in Eq. (26), we obtain

3

�

d�

d�
� 1

2ð1þ �Þ
d�

d�
þ 1

�
¼ ðT=�Þ3 ffiffiffiffiffiffiffiffiffiffiffiffi

1þ �
p � 1

�eq
: (30)

2. First moment of the kinetic equation

In the next step, we multiply Eq. (25) by p� and integrate
over three-momentum. In this way, we obtain

@�T
��
0 ¼ U�ðT��

eq � T
��
0 Þ

�eq
; (31)

where [18,23]

T��
0 ¼ ð"0 þ P?ÞU�U� � P?g�� � ðP? � PkÞV�V�;

(32)

and

T
��
eq ¼ ð"eq þ PeqÞU�U� � Peqg

��: (33)

In order to conserve energy and momentum, the right-
hand side of Eq. (31) should vanish. Hence, we obtain the
Landau matching condition

"0 ¼ "eq; (34)

where

"0 ¼ 3g0�
4

	2
Rð�Þ; "eq ¼ 3g0T

4

	2
; (35)

and the function Rð�Þ has the form [19]

R ð�Þ ¼ 1

2ð1þ �Þ
�
1þ ð1þ �Þ arctan ffiffiffi

�
pffiffiffi

�
p

�
: (36)

Equations (34) and (35) are used to obtain the ratio T=�
needed in (30)

T ¼ �R1=4ð�Þ: (37)

For purely longitudinal boost-invariant motion, the
energy-momentum conservation law @�T

��
0 ¼ 0 takes a

simple form

d"0
d�

¼ �"0 þ Pk
�

: (38)

Equation (38) may be expressed in terms of � and �

R0ð�Þd�
d�

þ4Rð�Þ d�
�d�

¼�1

�

�
Rð�Þþ1

3
RLð�Þ

�
; (39)

where

R Lð�Þ ¼ 3

�

�
Rð�Þ � 1

1þ �

�
: (40)

3. Evolution of the time-evolving background

Equations (30), (37), and (39) provide three equations
for three unknown functions: �ð�Þ, �ð�Þ, and Tð�Þ. The
solutions of these equations allow us to determine the
background for the plasma oscillations. Below, we will
consider two cases: (i) a fixed relaxation time of �eq ¼
1 fm=c and (ii) a relaxation time which is proportional to
the local inverse-transverse momentum scale of the
plasma. In the second case, the relaxation time is fixed
by requiring that, in the limit of small momentum-
anisotropy, the linearized anisotropic hydrodynamics
equations reproduce 2nd-order viscous hydrodynamics
[19]. In this case, the relaxation time is given by

�eqð�Þ ¼ 5 ��

2R1=4ð�Þ� ; (41)

where �� ¼ �s=S is the ratio of the shear viscosity-to-
entropy density, and it is implicitly understood that � and
� depend on proper time. In what follows, we will assume
that �� is time-independent.
In Fig. 1, we show the time dependence of the anisotropy

parameter �. The initial time of the hydrodynamic evolu-
tion is taken to be �0 ¼ 0:1 fm=c, and the final time is
taken to be �f ¼ 10 fm=c. We consider three different

choices of the initial conditions corresponding to three

1There is no term proportional to V� in N
�
0 , due to the

quadratic dependence of f0 on V�.
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different values of the initial anisotropy �0 ¼ �ð�0Þ: �0 ¼
99 (dashed lines), �0 ¼ 0 (solid lines), and �0 ¼ �0:99
(dotted lines). The initial transverse-momentum scale�0 is

taken to be �0 ¼ ð1 GeVÞ � ð1þ �0Þ1=6 in each case. The

factor of ð1þ �0Þ1=6 guarantees that the initial number

density of the background is the same for all values of �0

considered. We show the proper-time evolution of the
anisotropy parameter, �, in three different cases: (a) fixed
�eq ¼ 1 fm=c, (b) �eq given by Eq. (41) with 4	 �� ¼ 1, and

(c) Eq. (41) with 4	 �� ¼ 10. In the case of �eq ¼ 1 fm=c

shown in Fig. 1(a), the anisotropy vanishes at late times.
When �eq is given by Eq. (41) [see Figs. 1(b) and 1(c)], a

finite anisotropy remains at late times which is consistent
with 2nd-order viscous hydrodynamics. Note that the ini-
tial growth of the anisotropy is connected with the effects
of free streaming which dominate the very early dynamics
[18,19].

B. First order

At first order in fluctuations, we obtain

p�@��Q
�
i ðx; pÞ � g�i � F��p�@

p
�Q�

0 ðx; pÞ

¼ �p�U�

�Q�
i ðx; pÞ
�eq

; (42)

p�@��Gijðx; pÞ þ g�ij � F��p�@
p
�G0ðx; pÞ

¼ �p�U�

�Gijðx; pÞ
�eq

: (43)

In the following, we use the boost-invariant variables
introduced in Refs. [37,38]:

w ¼ tpk � zE; (44)

and

v ¼ Et� pkz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 þm2

?�
2

q
: (45)

From these two equations, one can easily find the energy
and the longitudinal momentum of a particle

E ¼ p0 ¼ vtþ wz

�2
; pk ¼ wtþ vz

�2
: (46)

In addition, we have

w ¼ �m? sinhðy� �Þ; v ¼ �m? coshðy� �Þ: (47)

Since the distribution functions are Lorentz scalars, they
may depend only on �, p?, and w. Therefore, we find the
general boost-invariant form of the terms appearing in
Eqs. (42) and (43)

p�U� ¼ v

�
; p�@��f ¼ v

�

@

@�
�f;

F��p�@
p
�f0 ¼ Ezv

@f0
@w

:
(48)

The Romatschke-Strickland distribution function takes the
form

f0ð�; wÞ ¼ exp

�
� 1

�ð�Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
?�

2 þ ð1þ �ð�ÞÞw2
q �

: (49)

Using Eq. (48), we find the following equations:
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FIG. 1 (color online). Time dependence of the anisotropy
parameter � for (a) constant �eq, (b) time varying �eq with

4	 �� ¼ 1, and (c) time varying �eq with 4	 �� ¼ 10. In each

plot, we show three different initial values of �: �0 ¼ 99 (dashed
line), �0 ¼ 0 (solid line), and �0 ¼ �0:99 (dotted line).
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@

@�
�Q�

i ¼ �g��i � Ez

@f0
@w

� �Q�
i

�eq
; (50)

@

@�
�Gij ¼ �g��ij � Ez

@f0
@w

� �Gij

�eq
: . . . (51)

The formal solutions of Eq. (51) for constant or time-
dependent �eq may be expressed as integrals

�Q�
i ¼ �g�i �

Z �

�0

d�0�0Dð�; �0ÞEzð�0Þ @f0@w
ð�0; wÞ; (52)

�Gij ¼ �g�ij �
Z �

�0

d�0�0Dð�; �0ÞEzð�0Þ@f0@w
ð�0; wÞ; (53)

where we have introduced the damping function

Dð�; �0Þ ¼ exp

�
�
Z �

�0

d�00

�eqð�00Þ
�
: (54)

V. MAXWELL EQUATIONS

In order to close our system of equations, we have to
couple the fluctuations via currents to the Maxwell
equations

@�F
�� ¼ j�; (55)

where the color current is given by the expression

j�¼g
Z
dPp�

�X3
i¼1

�ið�Qþ
i ��Q�

i Þþ
X3
i;j¼1

�ij�Gij

�
: (56)

Using the formal solutions for the distribution functions at
first order, we obtain

j � ¼ �g2
Z �

�0

d�0�0Dð�; �0Þ
Z

dPp� @f0
@w

ð�0; wÞ

�
�X3
i¼1

2�ið�i � Ezð�0ÞÞ þ
X3
i;j¼1

�ijð�ij � Ezð�0ÞÞ
�
:

(57)

Here, we used the property �Q�
i ð�; p?; wÞ ¼

�Qþ
i ð�; p?;�wÞ to eliminate the antiquark distribution

function.
The invariant measure in momentum space is

dP ¼ �gd
2p?

dpk
p0

¼ �gd
2p?

dw

v
; (58)

where �g ¼ �sf=ð2	Þ3 and �sf denotes the number of

internal degrees of freedom connected with spin or flavor
(�sf ¼ 4 for quarks and �sf ¼ 2 for gluons). Using Eqs. (9)
and (58), we find

j�¼�g2
Z �

�0

d�0�0Dð�;�0Þ
Z
d2p?

Z 1

�1
dwp�

ð2	Þ3v
@f0
@w

ð�0;wÞ

�
�
2 �4 �1

2
Ezð�0Þþ2 �3 �Ezð�0Þ

�
:

For the Lorentz index � ¼ 0, we use the symmetry of the
distribution function under the change w ! �w and write

j0 ¼ 10zg2
Z �

�0

d�0Dð�; �0ÞEzð�0Þ ð1þ �0Þ
�0�2

Z d2p?
ð2	Þ3

�
Z 1

�1
dww2

v

f00ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
?�

02 þ ð1þ �0Þw2
q : (59)

Here, the primes denote the dependence on �0, for example,
�0 ¼ �ð�0Þ and f00 ¼ f0ð�0; p?; wÞ.
The zeroth component of the Maxwell equation gives

@3F
30 ¼ � z

�

dEzð�Þ
d�

; (60)

hence, Eqs. (59) and (60) yield2

d"zð�Þ
d�

¼ � 10g2

ð2	Þ2�
Z �

�0

d�0Dð�; �0ÞEzð�0Þ ð1þ �0Þ
�0

Z 1

0
dp2

?

�
Z 1

0

dww2

v

f00ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
?�

02 þ ð1þ �0Þw2
q : (61)

To proceed, we introduce new variables � and
 defined by
the relations

� cos
 ¼ p?
�0 ; � sin
 ¼ ð1þ �0Þ w

�0�0
: (62)

The integration over � (from 0 to1) and
 (from 0 to	=2)
can be performed analytically [31], and one obtains

dEzð�Þ
d�

¼ ��g2

�

Z �

�0

d�0Dð�; �0ÞEzð�0Þ�0�02J
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �0p
�0

�
;

(63)

where, for a Boltzmann distribution, � ¼ 10=ð3	2Þ and the
function Jð� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �0p
=�0Þ is defined by the formula [31]

J

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �0p
�0

�
¼ 3

4

bþ 1

b3=2

�
	

2
þ arcsin

�
b� 1

bþ 1

��
� 3

2b
;

b ¼ �2

�02
ð1þ �0Þ � 1: (64)

Equation (63) determines the oscillations of a uniform
chromoelectric field in an arbitrary time-evolving aniso-
tropic background. It forms the basis of our numerical
calculations presented below. Interestingly, the form of
Eq. (63) is very similar to that obtained in Ref. [31].
Equation (63) is reduced to Eq. (4.8) in Ref. [31], if we set

2Because of boost-invariance, we obtain the same result from
the Maxwell equations with � ¼ 3.
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�0 ¼ 0 in the argument of J,�0 is replaced by the tempera-
ture T0, and the damping function D is taken to be equal to
unity. Note that since the calculations in Ref. [31] were
performed using the quantum statistical distribution func-
tions, the factor� inRef. [31] equals ðNc þ Nf=2Þ=9 ¼ 4=9

for Nc ¼ 3 and Nf ¼ 2. The calculations presented in this

paper can be also performed using quantum statistical dis-
tribution functions, and, in that case, one obtains � ¼ 4=9.
The results presented in Sec. VI use this choice of �.

A. Special case: longitudinal free-streaming limit

For the case of longitudinal free streaming, it is possible
to write the integrodifferential equation (63) as an ordinary
differential equation. In the limit �eq ! 1, one has �ð�Þ ¼
ð�=�isoÞ2 � 1 and �ð�Þ ¼ �0 with �iso ¼ �0=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �ð�0Þ

p
being the point in time when � ¼ 0. Inserting these rela-
tions into Eq. (63) gives

�

Jð �
�iso
Þ
dEzð�Þ
d�

¼ �!2
pl

Z �

�0

d�0Ezð�0Þ�0; (65)

where !2
pl ¼ �g2�2

0. Taking a derivative of both sides of

this equation with respect to � gives an ordinary differen-
tial equation

1

�

d

d�

�
�

Jð �
�iso
Þ
dEzð�Þ
d�

�
¼ �!2

plEzð�Þ; (66)

which is supplemented by the initial conditions Ezð�0Þ ¼
Ez;0 and E0

zð�0Þ ¼ 0, where the latter condition follows

from Eq. (65) upon setting � ¼ �0.
The differential equation above is nonlinear and must be

solved numerically; however, at late times, we can find the
asymptotic form of the solution by using

lim
�!1J

�
�

�iso

�
¼ 3	�iso

4�
þO

��
�iso
�

�
2
�

(67)

to obtain

1

�

d

d�

�
�2

dEzð�Þ
d�

�
¼ ��Ezð�Þ; (68)

where � � 3	�iso!
2
pl=4. This differential equation has a

solution of the form

lim
�!1Ez ¼ 1ffiffiffiffiffiffiffi

��
p ½AJ1ð2 ffiffiffiffiffiffiffi

��
p Þ þ BY1ð2 ffiffiffiffiffiffiffi

��
p Þ�; (69)

where J1 and Y1 are Bessel functions of the first and second
kind, respectively, and A and B collect undetermined
constants which will be matched below. Note that this
agrees with the result first obtained in Appendix A, sub-
section 2 of Ref. [34].3

VI. RESULTS

For the numerical results, we choose a particular direc-
tion of the chromoelectric field by aligning it initially in the
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FIG. 2 (color online). Time dependence of the normalized

longitudinal chromoelectric field Eð3Þ
z for (a) constant �eq,

(b) time varying �eq with 4	 �� ¼ 1, and (c) time varying �eq
with 4	 �� ¼ 10. We turn off the damping manually by setting
the damping function Dð�; �0Þ ¼ 1. In each plot, we show three
different initial values of �: �0 ¼ 99 (dashed line), �0 ¼ 0 (solid
line), and �0 ¼ �0:99 (dotted line).

3Their result is expressed in terms of the longitudinal vector
potential. One must compute the longitudinal electric field using
E� ¼ �� ¼ ��1@�A� in order to compare with our result.
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‘‘3’’ direction, i.e., Ezð�0Þ ¼ ðEð3Þ
z ð�0Þ; 0Þ. The evolution

keeps Ez in the 3 direction at all times. In Fig. 2, we plot
the time dependence of the normalized longitudinal chro-

moelectric field Eð3Þ
z for (a) constant �eq, (b) time varying

�eq with 4	 �� ¼ 1, and (c) time varying �eq with 4	 ��¼10.

We turn off the damping manually by setting the damping
functionDð�; �0Þ ¼ 1. In each plot, we show three different
initial values of �: �0 ¼ 99 (dashed line), �0¼0 (solid
line), and �0 ¼ �0:99 (dotted line). For each �0, we
have adjusted �0 as described in Sec. IVA3 in order to
guarantee that the initial number density is held constant.
This figure demonstrates that, although we have varied our
assumed value of �0 over a large range corresponding to
initially extremely prolate (�0 ¼ �0:99) to extremely ob-
late (�0 ¼ 99), if the results are normalized such that the
initial number densities are held constant, the resulting
oscillations are not dramatically different. This is due to
the fact that what sets the time scale for the plasma
oscillations is !pl, and, generally, one has !pl 	
nð�0Þ=�0. However, despite being qualitatively similar,
there are important quantitative differences which remain.
In Fig. 3, we plot the time dependence of the normalized

longitudinal chromoelectric field Ez for (a) constant �eq,

(b) time varying �eq with 4	 �� ¼ 1, and (c) time varying

�eq with 4	 �� ¼ 10. We now include the damping function

in the integrand of the integrodifferential equation. In each
plot, we show three different initial values of �: �0 ¼ 99
(dashed line), �0 ¼ 0 (solid line), and �0 ¼ �0:99 (dotted
line). Once again, for each �0, we have adjusted �0 as
described in Sec. IVA3 in order to guarantee that the initial
number density is held constant. From this figure, we see
that the damping function Dð�; �0Þ has an extremely im-
portant impact on the time evolution of the oscillations of
uniform longitudinal chromoelectric fields.4
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FIG. 3 (color online). Time dependence of the normalized
longitudinal chromoelectric field Ez for (a) constant �eq,

(b) time varying �eq with 4	 �� ¼ 1, and (c) time varying �eq
with 4	 �� ¼ 10. In each plot, we show three different initial
values of �: �0 ¼ 99 (dashed line), �0 ¼ 0 (solid line), and �0 ¼
�0:99 (dotted line).
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FIG. 4 (color online). Comparison of solution to the ordinary
differential equation (66) (thick black line), the integrodifferen-
tial equation (63) (thin red line), and the asymptotic solution (69)
(thick gray dashed line) in the case of longitudinal free streaming
(�eq ¼ 1). The inset shows the three results scaled by �3=4.

4We made a preliminary study of the impact of collisional
damping on unstable modes and found that the damping serves
only to slightly reduce the growth rate of unstable modes.
Results from this study will be reported elsewhere.
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In Fig. 4, we compare solutions to the ordinary differ-
ential equation (66) (thick black line), the integrodifferen-
tial equation (63) (thin red line), and the asymptotic
solution (69) (thick gray dashed line) in the case of longi-
tudinal free streaming (�eq ¼ 1). The inset shows the three

results scaled by �3=4 in order to make a more precise
comparison of the late time behavior. For the asymptotic
solution, the unknown constants appearing in Eq. (69) were
fixed by matching numerically to the full solution at
� ¼ 104 fm=c. As can be seen from this figure, our nu-
merical solution to the integrodifferential equation (63)
gives the same result as direct solution of the differential
equation (66), and at late times, both agree well with the
asymptotic solution. This gives us confidence that the
numerical method used for solution of the integrodifferen-
tial equation (63), in the general case, is reliable.

VII. CONCLUSIONS

In this paper, we studied the oscillations of a uniform
longitudinal chromoelectric field in a dynamically evolv-
ing momentum-space anisotropic background. The
required anisotropic hydrodynamics equations were ob-
tained from the first two moments of the Boltzmann-
Vlasov equation using a spheroidal form for the local rest
frame one-particle distribution function. The resulting
anisotropic hydrodynamics equations provided the
proper-time dependence of the local transverse momentum
scale, �ð�Þ, and momentum-space anisotropy, �ð�Þ. We
then expanded the Boltzmann-Vlasov equation to first
order in fluctuations and coupled these fluctuations to the
Maxwell equations. From this procedure, we obtained an
integrodifferential equation which governs the time evolu-
tion of a uniform longitudinal chromoelectric field. The
integrodifferential equation allows for an arbitrary time
dependence of the scale �ð�Þ and momentum-space an-
isotropy �ð�Þ provided that the system is boost-invariant
and transversely homogeneous. The integrodifferential
equation obtained also includes the effect of collisional
damping of the oscillation.

Having obtained the integrodifferential equation neces-
sary, we proceeded to solve it numerically for a variety of
different initial momentum-space anisotropies using two
different assumptions for the relaxation time �eq. We con-

sidered (i) the case of constant �eq, in which case the late-

time dynamics is that of ideal hydrodynamics, and (ii) a
time-dependent �eq which is inversely proportional to the

local inverse average transverse momentum, in which case
the late-time dynamics is that of 2nd-order viscous hydro-
dynamics. We showed that for fixed initial number density,
the effect of time-varying momentum-space anisotropy is
important but not overwhelming large. However, we found
the effect of collisional damping to be quite important for
the dynamics of stable chromoelectric oscillations.

We should stress that the results presented here are
exploratory in the sense that we have only studied the

dynamics of a stable uniform chromoelectric field; how-
ever, the general method used here could have a wide-
ranging application in the study of the dynamics of all
stable and unstable modes of a longitudinally expanding
QGP. Previous studies in this direction have been restricted
to the limiting case of a longitudinally free-streaming
anisotropic background [32–34]. We were able to check
our results against the free-streaming results obtained by
Rebhan and Steineder [34] and found that we are able to
reproduce their results for the dynamics of a uniform
longitudinal chromoelectric field. In addition, we were
able to express the free-streaming evolution of a uniform
chromoelectric field as an ordinary differential equation,
albeit a highly nonlinear one. It would be very interesting
to see if the results obtained here could be used to obtain
modified hard-loop equations of motion which would
allow one to simulate the full non-Abelian dynamics of
stable and unstable modes in a realistically time-evolving
anisotropic background. Work along these lines is in
progress.
Additionally, one should note that in heavy-ion colli-

sions, it takes a finite amount of time for the quantum
modes from the nuclear wave function to decohere,
thereby allowing one to describe the system using clas-
sical transport equations which ignore quantum phases.
The decoherence time �d is usually estimated by the
inverse momentum of the mode under consideration.
For color-glass-condensate initial conditions [39], the
initial nuclear wave functions are dominated by momenta
on the order of saturation scale, Qs 	 1:4 – 2 GeV, at
RHIC and LHC, respectively, and hence one obtains �d 	
Q�1

s 	 0:1–0:14 fm=c. Here, we have considered the case
of LHC collisions for concreteness; however, the methods
employed could also be applied to RHIC energies by
adjusting the initial time and initial conditions appropri-
ately. We note that if one wanted to solve the problem in
full generality for time scales on the order of �d, one
would be led to solving the Kadanoff-Baym equation for
the full Wigner function of the system in an expanding
background with time-evolving chromofields [40].
Relatedly, there have been some works addressing the
time scales for quantum decoherence using the two-
particle irreducible framework, see e.g., Refs. [41,42],
which also retain information about the quantum phase,
memory, and off-shell effects. The inclusion of memory
and off-shell effects is not considered herein and remains
an open question for future work. However, we mention
in this context that it has been shown that it may be
possible to use classical-statistical methods in which one
averages over a large ensemble of classical field evolu-
tions in order to reproduce results obtained using quan-
tum two-particle irreducible methods, see e.g., Ref. [43].
Perhaps such methods could be used to address this
question in the context of the framework presented
herein.
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