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Abstract After developing a Resonance Chiral Lagrangian (RχL) model to describe ha-
dronic τ lepton decays, the model was confronted with experimental data. This
was accomplished by using a fitting framework that was developed to take into
account the complexity of the model and to ensure numerical stability for the
algorithms used in the fitting. Since the model used in the fit contained 15
parameters and there were only three one-dimensional distributions available,
we could expect multiple local minima or even whole regions of equal potential
to appear. Our methods had to thoroughly explore the whole parameter spa-
ce and ensure (as well as possible) that the result is a global minimum. This
paper is focused on the technical aspects of the fitting strategy used. The first
approach was based on a re-weighting algorithm published in article Shekhov-
tsova et al. and produced results in about two weeks. A later approach, with
an improved theoretical model and a simple parallelization algorithm based on
Inter-Process Communication (IPC) methods of UNIX system, reduced com-
putation time down to 2–3 days. Additional approximations were introduced
to the model, decreasing the necessary time to obtain the preliminary results
down to 8 hours. This allowed us to better validate the results, leading to a more
robust analysis published in article Nugent et al.
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1. Introduction

Comparison of the theoretical predictions with experimental data for τ lepton decays
requires sophisticated development strategies that are able to deal with unique pro-
blems uncovered during the development process. On the one hand, due to the nature
of τ lepton decays, different decay modes can be analyzed separately to limit the
complexity of the project. On the other hand, due to significant cross-contamination
between these decay modes, more than one channel needs to be analyzed simulta-
neously, starting from a certain precision level. A change of parameterization of one
can significantly influence the results of the fits of another, as it contributes to its
background. New algorithms and new fitting strategies must be designed in a flexible,
modular way to account for a variety of changes and extensions that can be intro-
duced throughout the evolution of the project. This is, however, a daunting task, as
the nature of the new extensions to the theoretical models as well as the format or
applicability of future data are hard to predict. It is often necessary to design more
than one approach to the same problem to cover a wide variety of potential use cases.

The new tools developed for such projects must be validated and constantly tested
with every change. This requires an extensive test environment developed along with
the new tools. When put together with the development of the distributed computing
framework necessary for efficient calculations, such a project proves to be a challenging
task.

In this paper, we will focus on the computing side of a project aimed at comparing
the theoretical predictions for τ lepton decays with the data. Design and development
of refined data analysis is an essential element of an effort necessary for breakthrough
discoveries, such as the recent discovery of the Higgs boson. A well-validated and
widely-applicable fitting strategy can serve as a basis for future projects of a similar
nature, as it often took place in the past (see e.g., [18]).

Let us stress that the development of the model and discussion of the experimen-
tal data including systematic errors used in our work is by far beyond the scope of
the present publication, where we concentrate on the computing aspects of the work
only. For the other aspects and physics details, we address the reader to references
[16, 10] as well as the references herein, for presentation of this rich and complicated
activity.

1.1. The modeled process

The data used in this work was collected at a high-energy physics experiment, the
BaBar Experiment [4] located at the Stanford Linear Accelerator Center (SLAC). At
this experiment, electrons and anti-electrons (positrons) are collided to create new
particles of higher energy, which subsequently decay. A long series of such collision
events are collected. The decay products resulting from these collisions can be analy-
zed from the measurement of the sub-atomic particles produced in the decay as they
traverse the detectors that measure the energy, momentum, and velocity of the par-
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ticles. The target of our analysis is to compare the data measured by the experiment
to predictions provided by theoretical models.

Our analysis focuses on the decay of the τ lepton. The τ lepton is the heaviest
of the three known charged leptons and is the only one that decays into pions and
kaons. An example of lepton production and decay is presented in Figure 1.

The τ lepton can decay into multiple channels; thus, we narrow down our focus by
analyzing only one possible decay channel. We have chosen the most significant non-
trivial decay channel, which is the decay to three charged pions (τ± → π±π±π∓ντ )
mediated mainly by the axial vector a±1 (1260) resonance [12]. The experimental data
describing the result of such a process consist of a set of distributions of the invariant
masses of the decay products.

Figure 1. An example of a e+e− → Z/γ∗ → τ+τ−, τ+ → ρ+ → π+π0ν̄τ decay chain. One
of the τ leptons decays to a pair of π through the resonance ρ. The τ neutrino (ντ ) escapes

detection. The decay of the second τ is omitted for simplicity.

In the case of a τ− decay, these distributions are: π−π−, π−π+, π−π+ and
π−π−π+ invariant masses1. The charge is inverted for the τ+ decays. Because the
π− particles are identical and indistinguishable, the experimental analysis combined
the two π−π+ pairs into one distribution. The use of one-dimensional distributions by
construction neglects correlations between the invariant mass distributions and is not
optimal. However, it was decided to use the data currently available from the BaBar
experiment [11] to develop the techniques and methods required to address the pro-
blems of this fit and to start the collaboration between theorists and experimentalists
on this topic.

1A numerical integration over two dimensions is needed to obtain one-dimensional distribution
of the three-(two-)pion system invariant mass.
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In this paper, we will concentrate on the computing aspects of the work for
phenomenology of τ → πππντ decays already documented in Refs. [16, 15, 10], where
results of the measurements presented in [11] were used.

1.2. Motivation

After decades of research by many theorists, the construction of a quantum effective
field theory driven by QCD in the energy region populated by resonances (1 to 2 GeV)
is still an unsolved problem. However, its low- and high-energy limits are known, which
turns out to be extremely useful information to constrain resonance Lagrangians. Tau
decays provide us with an opportunity to study low energy QCD interactions and the
hadronic currents near and below the perturbative threshold. Unlike the e+e− →
hadrons decays, the τ ’s decay weakly and, thus, provide access to both the vector
and axial vector currents. With the large statistics from the BaBar collaboration, there
is the potential to improve the knowledge gained from previous experiments like CLEO
[9]. For this purpose, a framework for validating new models must be introduced
and a collaboration between theoreticians and experimentalists must be established.
Comparing predictions of several different models with the data will help us determine
which assumptions are most important in the studies of hadronic currents.

1.3. Description of the problem

On the theoretical side, we have a Monte Carlo (MC) simulation aimed at modeling
the whole decay chain structure. The purpose of this simulation is to describe the
data using a model built on the best knowledge about the decay process.

The first problem that immediately becomes obvious is the fact that the data
consist of three one-dimensional distributions while the model has 7–15 parameters,
depending on the effects taken into account, and describes an eight-dimensional space.
For such a functional form, the fit (in this case a χ2) can be expected to have multiple
minima or even whole regions of equal potential. Therefore, we must be able to verify
that our methodology is correct and the result is, in fact, a global minimum.

Lastly, we have to keep in mind the time of computation. MC simulations re-
quire lengthy calculations for a single generated sample. This makes it impossible to
thoroughly scan the whole parameter space to make sure that the result of our fits
is a global minimum. While testing and working on improving the theoretical model,
we also have to work on the computing strategy.

In following two sections, we will present two approaches to this task: a gradient
method for a template morphing fit and a method based on semi-analytical computa-
tions. The template morphing technique, where the MC events are re-weighted based
on the changes of theoretical parameterization, has several distinct advantages. Fir-
stly, it allows one to correctly incorporate the efficiency and resolution of the detector
into a higher-order dimensional fit independently of the observables used in the fit
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and the functional form of the efficiency and resolution. In contrast, standard tech-
niques such as parameterization of the efficiency and resolution (typically by using
projections onto a small number of dimensions) have problems when the efficiency or
resolution depends strongly on the location in the multi-dimensional space. Moreover,
in the case of parameterizations using projections, correlations between the efficiency
and resolution are neglected, and regions with extremely high statistics for the model
used for the parameterization can bias the parameterization of the efficiency and reso-
lution. The template-morphing technique developed here solves all of these problems.
Secondly, it allows for multiple channels that may have different functional dependen-
cies on the fit parameters and/or efficiency and resolution to be easily included in the
same fit. The second method, which is based on semi-analytical computations, is only
possible due to the experimentalists providing unfolding detector effects. However,
this is not always possible.

1.4. State of art

For multi-dimensional fits, we decided to use the MINUIT algorithm [8], the primary
fitting package used in experimental particle physics, which is available through the
ROOT framework [2]. The MINUIT package was developed in 1970s to provide several
different approaches to function minimization, including several tools for error esti-
mation and parameter-correlation calculation. During more than four decades of its
existence, this package has been extensively used in particle physics. Use of MINUIT
is not straightforward and requires understanding of its functionality and proper in-
terpretation of its results. However, it does provide a wide range of control over the
fitting procedure.

In terms of a physics simulation, in the case of τ lepton decays, the leading MC
generator TAUOLA [7] was created in 1990 and was based on the model refined later
by CLEO collaboration (see e.g. [3]). Since then, it was updated with a new paramete-
rization and was augmented further to take into account new effects discovered over
the years. However, even with these improvements, the model is far from perfect,
prompting a search for a better solution. The experimental community has made ma-
ny refinements to the current set of models in TAUOLA for efficiency studies, based
mainly on empirical observation without theoretical input; however, most of them
remain private.

Non-perturbative QCD is a rather complicated subject. However, its low- and
high-energy limits are known. In our context, the latter amounts to use form factors
that vanish at infinity. For the former, the CLEO model uses the lowest-order appro-
ximation. An alternative theoretical model, Resonance Chiral Lagrangian (RχL) [6],
is based on Chiral Perturbation Theory and reproduces its results, at least up to
next-to-leading order corrections. The interpolation between the two known extreme
limits should be more reliable for the RχL model, which is why we decided to use
it in our analysis. It should be noted here that one of the observations by CLEO was
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that including all of the observed resonances was essential for agreement between
data and MC2.

1.5. Scope

The goal of this analysis is to develop and test strategies for fitting models to the
experimental data and to identify potential problems. These strategies will then be
used to test χ to describe hadronic τ lepton decays. This means fitting a set of
parameters, within their ranges given by the theoretical model, to the experimental
data. The result of these fits will show the potential of the new model to represent
the data. At the same time, the performance of the fitting strategy can be evaluated,
which will be beneficial for future applications.

As it will be shown later, our goal is not only to obtain numerical results from
the model as precisely as possible, but also to ensure that our estimation of the first-
and second-order derivatives are numerically stable in respect to changes of model
parameters. This is a non-trivial issue and provides constraints on our numerical
methods. It also affects computing time, sometimes in a critical way, both when
searching for the minimum and in the estimation of systematic errors for the fit
parameters. Having two different methods helps to ensure the validity of the results
and creates a more-robust fitting framework.

In the next section, we describe our first approach to the problem based on the
re-weighting algorithm used to compare different parameterizations of a model or
different models of τ decays by applying weights to a data sample generated using
the Monte-Carlo simulation [1]. Section 3 describes the second approach based on
semi-analytic distributions along with improvements introduced to the physics model
and fitting framework. It also introduces the new parallelization algorithm based on
Inter-Process Communication (IPC) methods from UNIX systems. The results of the
fits, as well as the results of the additional tests performed to validate them, are
gathered in Section 4. Summary, Section 5, closes this paper.

2. Monte-Carlo supported gradient method

2.1. Re-weighting algorithm

When constructing a fit that uses a template constructed from the MC simulation, an
important problem is the statistical fluctuations of the sample produced. To be more
explicit, MC samples are generated using random numbers; therefore, the accuracy of
the predictions is limited by the statistical fluctuations, and therefore, two MC distri-
butions generated with the same parameters will differ due to statistical fluctuations.

2In the description of hadronic currents predicted by RχL, the low energy large Nc expansion
of QCD [17, 19] results are represented by amplitudes featuring, in principle, an infinite number of
resonances. In practice, their number and parameters are obtained from the fits to the results of the
measurements. In our case, the following resonances were necessary: ρ, ρ′, a1, σ, listed in [12], which
lead to the enhancement of two-scalar and/or three-scalar propagators.
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This is an obstacle for the fitting procedure, which is sensitive to small fluctuations
in the predictions. To solve this, a re-weighting algorithm [1], outlined in Figure 2,
has been prepared (see [5] for the recent example of its use).

Figure 2. Main concept of the re-weighting algorithm.

For the single generated MC sample, one can calculate weights signifying the
change of the matrix element between two theoretical models. The matrix element
squared is obtained for both models and then the weight is calculated as their ratio
(for example, the χ model and the CLEO parameterization or two different paramete-
rizations of the RχL model). For a given sample, one weight per event is calculated,
creating a vector of weights that can be used in the fits. This approach eliminates
the need for a lengthy MC simulation; instead, attributing weights to a previously-
generated data sample3.

It is worth noting that this approach can be used on a data sample even after
all detector and experimental acceptance effects are taken into account. This is a si-
gnificant factor, considering the computing power needed to perform the detector
simulation. Moreover, re-weighting a sample takes significantly less time than genera-
ting a new sample with the same number of events, increasing the computation time
benefit of this approach.

3It is essential that we re-use the same sample of events. Thanks to this, statistical fluctuation
of the samples does not affect the functional derivatives of the distributions, but affect the shape of
the differences only.
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2.2. Approximating the model

Despite all of its benefits, the re-weighting technique is still time-consuming, as it
requires reading and processing a large data sample. On a 2.8 GHz CPU, it takes
more than an hour to re-weigh a 10-million-event sample. It is not practical to use
this for every iteration of the fitting procedure. To solve this problem, we simplify the
model used in fits to experimental data for the template morphing that we want to
use in the fitting. We construct our function by calculating, through the re-weighting
process, a histogram H0 for the value of RχL model parameters x1...n. We then
generate histograms H1...n corresponding to the case when one fit parameter x1...n is
changed by ∆P1...n to obtain an approximation of the first-order partial-derivative of
this parameter. Leaving only the linear terms from the Taylor expansion of our fit
function, the simplified fit function can be expressed as:

Ffit(P1, P2, P3, ..., Pn) = H0 +
∑

i

(Pi − xi)
Hi −H0

∆Pi
. (1)

where P1...n are the fit parameters. We then use algorithms from the MINUIT
package [8], available through the ROOT framework [2], to fit this linear approximation
at point x1...n of our model to the data. The second derivative (quadratic dependence)
can be introduced as well:

F
(2)
fit (P1, P2, P3, ..., Pn) = H0 +

∑

i

(Pi − xi)
Hi −H0

∆Pi
+

1
2

∑

ij

(Pi − xi)(Pj − xj)
Hij −Hi −Hj +H0

∆Pi∆Pj
.

(2)

Here, Hij means that both i-th and j-th parameter were shifted respectively
by ∆Pi and ∆Pj . If i = j, shift by 2∆Pi is used. In practice, we were limiting our
calculation to these diagonal terms only. Our function would then read:

F̃
(2)
fit (P1, P2, P3, ..., Pn) = H0 +

∑

i

(Pi − xi)
Hi −H0

∆Pi
+

1
2

∑

i

(Pi − xi)2
Hii − 2Hi +H0

∆P 2
i

.

(3)

This stage requires a negligible amount of CPU time and results in the best
possible values of the parameters for a linearized model created at point P1...n. These
values are used to calculate a new point in parameter space for which we repeat the
above procedure. We iterate until the difference P1...n − x1...n is sufficiently close to
0, indicating convergence to a minimum.

With the further improvements described in Section 2.4, this approach yields
relatively good preliminary results in just a few steps (10 to 20). However, this method
is very slow. In order to reduce the statistical error form, the MC sample we need to use
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a big MC generated sample (relative to the measured data). If we require uncertainties
of the MC-generated data to be 3 times smaller than those of the experimental data,
then we need to use an MC sample 10 times larger than the experimental one. This
means 20 million events (taking roughly 3.5 hours) for one iteration of the re-weighting
process4.

2.3. Calculating the energy-dependent width of the a1 resonance

The following mechanisms of 3-pion production are described by the RχL model5:

I. double resonance production: τ− → a−1 ντ → (ρ;σ)π−ντ ,
II. single resonance production: τ− → (ρ;σ)π−ντ ,

III. a chiral contribution (direct decay, without production of any intermediate reso-
nances)

The main contribution to the width comes from the first mechanism6. This brings
an additional complication for the fit because one needs to compute additionally the
width function of the a1 resonance that mediates the decay process. This function is
a two-dimensional integral that needs to be calculated for every point in decay phase-
space in each event in the MC sample. If it were, in fact, calculated every single time,
it would degrade the performance of the MC generator by a factor of a thousand
(taking into account all decays rejected in the MC process) To avoid this, TAUOLA
uses a 1000-point pre-calculated table of the width of the a1 resonance, which is later
interpolated to obtain a precise value for each point in phase-space.

In the RχL model, this table depends on several of the RχL parameters as, for
example, the mass of the a1 and ρ resonances7. Whenever one of these parameters
changes, this table has to be recalculated; however, it can be kept for the whole-
event sample. Nonetheless, it requires these lengthy calculations to be performed for
each set of parameters. During our first trials, we attempted to approximate the
a1 contribution by ignoring the calculation of a1 width and using just the results
computed for the starting point. However, as a1 is a part of the model itself, it
quickly became obvious that without these calculations, our fitting algorithm is not
stable and may not be able to converge to the minimum [14]. Therefore, we had to
include the a1 width recalculation in each step of the process.

In our first approach, we used a 16-point Gaussian quadrature with an adaptable
number of divisions fulfilling the precision requirement to calculate the integral. This
integration routine was nested three times, increasing the precision requirement for
each inner integral. A non-parallelized version of this code could take between one and
two hours to calculate the 1000-point table (depending on cpu speed), making it one

4In the case of formula 1, one iteration requires n + 1 re-weighting procedures (n denoting the
number of parameters in the fit) that can be performed simultaneously. Using formula 2 increases
this number to n2 + 1, whereas using formula 3 requires only 2n+ 1.

5This list includes the σ resonance added later as an improvement to the model (see Section 3.1).
6The exact forms of the hadronic currents for all three mechanisms are written in [16].
7For a list of parameters, see Table 4 of [16].
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third of the whole time needed for one iteration. Later in this paper, we will address
other methods of improving the speed of calculating a1 propagator needed for fits
using semi-analytical calculation of one-dimensional distributions (see Section 3.3).

2.4. Problems with linearization

In our study, from the fit sample defined in Section 2.2, we have constructed one-
dimensional histograms of the variables where the experimental data is available as
unfolded histograms as well. Our predictions from the model, thanks to formula 1,
feature linear dependence on the model parameters. Alternatively, bilinear dependence
can be introduced with the help of formula 2 or, to save time, with the simplification
presented in formula 3.

While using this method helped us quickly set up the fitting framework, the
limitations soon became obvious. First, the linear approximation tends to be unstable
close to the minimum. That is because near the minimum, the linearized model can
cause larger changes of χ2 than the actual changes from the model (see Figure 3).
Depending on the shape of the function, this may cause the method to indefinitely
jump around the minimum, resulting in a lack of convergence.

Figure 3. One-dimensional example of how linearization of parameter dependence of model
affects fitting parameters to the data. Minimum of χ2 test between experimental data and
model predictions is shifted from real minimum to minimum from linearization. In the se-
cond iteration (right-hand plot), the result will drastically change the first derivative for the

third iteration.

This can be alleviated by calculating the result in one additional point for each
parameter to calculate the estimation of the second derivative. Then, by requiring that
the part dependent on the second derivative in the Taylor expansion is much smaller
than linear terms8, we can estimate a region in which the linear approximation of

8The work on evaluating the stopping condition has not been completed. It will be a useful step
in future work on this method. For the present study, a constant step size was used in this method
to obtain general cross-check if the results and method described in Section 3 are not suffering from
major technical or any other flaws.
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this parameter is valid9. Narrowing the range of the next step to this region helps
stabilize the model, making it easy to get very good results with less iterations.
On the other hand narrowing strongly the steps in parameter space close to the
minimum, makes it extremely slow to converge. The second derivative can also be
used to estimate the distance to the minimum and to define a stopping condition.
Also, if additional samples are computed on separate cores, these calculations do not
affect the computation time of a single iteration.

2.5. Results and applications

Development of this method was postponed to complete work on the semi-analytic
method, which is described in the following sections. This decision was made to take
advantage of the unfolded data from BaBar, which does not benefit from the increased
versatility of the C template method. Because of this, further improvements were not
added to this method.

Comparison of the best results obtained using this method (without the σ reso-
nance in the decay mechanisms, see the beginning of Section 2.3 and Section 3.1) to
the data, can be seen in Figure 4. The current version of this method takes about two
weeks to converge.

Figure 4. The results of the fits compared to the data. The differential decay width of the
channel τ− → π−π−π+ντ versus the invariant mass distributions is shown. BaBar expe-
riment measurements (black points), results from the RχL (blue line) and the CLEO tune
(red dashed line) are overlaid. Ratio of new RχL prediction to the data is at the bottom.

The goodness-of-fit for these results is χ2/ndf = 55264/401.

This approach has proven to be invaluable in understanding the behavior of the
fitted model and helped us estimate the potential of the model to represent the data.
We have chosen to develop this method because of its vast applicability in different

9Alternatively, we could introduce an adaptive step size. Using first or second derivatives, we
estimate the step size, fit the linear model to the data, and produce a new sample based on the
results of the fits. We then compare the χ2 of this result to the χ2 of the linear model and adapt the
step size based on the results.
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aspects of validating a physics model. For example, it can be used to fit data where
experimental cuts have been applied. It can also be used with a re-weighting process,
as described in Section 2.1, where each event is attributed with a weight dependent
on the model used. This allows us to process an previously-generated event sample
and analyze its characteristics using a different model.

These applications will definitely be useful in future analysis. However, to com-
plete this analysis, we had to be able to thoroughly verify the model and the fitting
framework itself. However, due to inefficiency of this method, some steps of the va-
lidation procedures could not be performed with satisfying results. For example, the
random scan of parameter space mentioned in Section 4.3.2, which allows us to find
a starting point closer to the minimum, significantly improved the efficiency of the
fitting algorithm. To obtain more-precise results and to be able to validate them,
a new approach had to be taken. This required changes both to the fitting framework
and to the physics model itself.

Let us stress that at present, we use the gradient method mainly as a cross-check
for the semi-analytical method described in Section 3, as this is our default method
for the numerical results of the physics interest. This is why some of the aspects of
the gradient method (if it was used to obtain physics results) are not fully explored.
We will return to this aspect of our work in the future, once the gradient method will
be central for the precision fitting.

3. Semi-analytic method

3.1. Improving the physics model

With the availability of unfolded data from the experiments, an alternative strategy
using semi-analytic methods was developed. A set of semi-analytic distributions10 had
been prepared that correspond to the data distributions available to us. This required
a substantial effort on the experimental side as well. Using these, we were able to
make a direct comparison with the data. While these distributions cannot be used in
the manner described in Section 2.5, they allowed for more efficient techniques due
to the efforts mentioned above.

We have also included the final state Coulomb interactions. The estimated effect
of this interaction on the results was relatively low; but for completeness, it had to
be tested [10].

As mentioned in [15] and seen on Figure 4 (middle plot), the main concern in the
case of the modeled process was the low-mass region, which both the old CLEO model
and the new χ model have problems representing. Because our model was unable to
describe that region, we added the low-mass scalar σ resonance [12], which has been
used in previous experiments to describe the low mass region, to our model. While the

10These distributions use analytical integration methods supported with numerical integration of
at most two variables.
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σ resonance is not well-defined by the theory, may not be a true resonance, and is not
part of the RχL scheme, it has been added in a way that does not conflict with the
RχL scheme (see [10], eq. (3)–(7)). The impact of the σ resonance was tested in [10].

Implementing changes in the model (contribution of the σ state) significantly
improved the agreement with the data. A new comparison of our starting point to
the data has been shown in Figure 5. One can see that the agreement of the starting
point is already better than the best result of our previous approach, especially when
analyzing the ratio of the new model to the data from the middle plot.

Figure 5. Starting point for the new fitting method, after applying improvements to the
theoretical model. The goodness-of-fit for these results is χ2/ndf = 32413/401. See caption

of Figure 4 for description of the plots.

3.2. Improving the fitting framework

Parallel to the work on the physics model, the fitting framework has been improved
as well. Switching from the MC simulation to semi-analytic distributions proved to
be very effective. Just by using these functions instead of the full MC simulation we
have gained more than a factor of 200. On a single core, without any optimizations,
a single step took about one minute to compute11. And yet, there was still more room
for improvement.

The new performance bottleneck was the three-dimensional integration. The
previously-used 16-point Gaussian integration method was changed from a variable-
step-size to a constant-step-size approach. Even though the first approach is more
sophisticated, the second is better suited for fitting functions where even a small
change of integrals can be significant. The fitting algorithm internally calculates the
derivatives of the distributions with respect to all model parameters. The variable-
step-size integration creates artificial discontinuities in the fitting function at points
where step size changes. Such artifacts were problematic for the fitting procedure
when near the minimum; therefore, we decided to use a more-stable method at a very
small precision cost.

11At that moment, we were not taking into account the computation of the width of the resonance a1.
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To further smoothen the integrand and improve convergence, a change of inte-
gration variables was introduced according to the following scheme:

∫ x2

x1

f(x)dx =
∫ 1

0
g′(t)f(g(t))dt,

where : y1 = arc tg
(
x1 −A2

AB

)
, y2 = arc tg

(
x2 −A2

AB

)
,

x = g(t) = A2 +ABtg(y1 + t(y2 − y1)),

g′(t) = A2 +
(g(t)−A2)2 +A2B2

AB
.

(4)

This changes the integrated variable from x to g(t), introducing two adjustable
parameters (A,B). This setup is commonly used to optimize the integration of func-
tions describing resonances in particle physics, where parameter A is the resonance
peak and B is the resonance width. In our calculations, we have chosen parameter
A close to peak of ρ resonance [12] (which can be seen in Figure 5, middle plot)
and decided that parameter B should not be too narrow, to account for the width of
the a1 resonance (seen in Figure 5, right-hand plot). Based on the results from our
benchmark tests, we have chosen A = 0.77, B = 1.8 without further consideration of
possibly more optimal choices.

The change of variables and stability of semi-analytical functions allowed us to
reduce the number of steps of the integration algorithm. While the variable-step-size
integration could take from 6 to 18 steps for the selected integration domain, we have
benchmarked several choices of constant-step-size approach.It turned out that the
precision of calculations did not improve past the 3 steps. We decided to use 2 steps,
as the difference between 2 and 3 was not significant. Applying these changes brought
a gain of speed close to a factor of ten.

3.3. Parallelization

Building our fitting environment around the semi-analytical distributions allowed for
an easy way to introduce parallelization. At this point, the only time-consuming
operation was 3-dimensional integration. This job can easily be sub-divided into as
many parts as needed, and each task can be computed independently. This makes
parallelization straightforward; the only restriction in this manner is the technology
used for this purpose.

Since part of the tests will have to be done by our collaborator on a computing
cluster with unknown support for parallel computing, we had to prepare a method that
would be as portable as possible. Fortunately, the Inter-Process Communication (IPC)
methods of UNIX systems proved to be more than enough for this task. Therefore,
we decided to base our algorithm on message queues.

This choice allows one to easily create an asynchronous communication link be-
tween the master program and any number of computing nodes without the need of
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any other IPC methods12 (see Figure 6). Since the operating system takes care of
cashing sent messages and distributing them to the first node that is ready to receive
the message, this simplifies the whole process down to few points that have to be
taken into account when writing the master program and the computing nodes.

Figure 6. Diagram of communication between master program and computing nodes using
message queue. Note that both master program and computing nodes can send and receive
messages in an asynchronic way. Master program does not have to actively wait for nodes to

finish their computations.

Our algorithms works as follows:

1. The master program divides the job into smaller tasks and sends a complete list
of tasks to the queue, creating a pool of tasks for computing nodes. The ordering
of the tasks is irrelevant.

2. Computing nodes wait for a message to appear in the queue, then proceed to
compute the requested task and send the result back to the queue with proper
ID for the master program to receive them.

3. The master program waits for a message with proper ID and gathers the results.
4. Computation ends when the number of messages received equals the number of

messages sent.

This algorithm requires few things to take into consideration:

1. The master program must be prepared to receive data in any order.
2. A node that failed mid-computation (for any reason) will not return any results.

A time-out must be put in place to decide when the master program has to
re-send tasks that have not been computed.

12In our case, all nodes are homogeneous, which makes this task even simpler.
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Both issues are easy to resolve. With this algorithm in place, the number of
computing nodes can be freely adjusted, allowing us to optimize the resources used
versus computation time. Our tests showed a linear decrease in computation time
with the increase of cores used for computation up to 24 cores. Above this threshold,
communication becomes the main factor that slows down the progress. This could be
mitigated by increasing the size of the tasks sent to one node, but we decided against
further optimization as the computing time was satisfactory at this point.

3.4. Approximating the width of the a1 resonance

As mentioned in Section 2.1, one of the key components of the model is the a1 reso-
nance width. Our first attempts used the same approximation as in the MC approach,
where the width of the a1 resonance is calculated only at the starting point of the
fitting procedure. However, the lack of a proper recalculation of this resonance turned
out to greatly influence the results. A fitting procedure that relies on a1 width calcu-
lated only once ends in a minimum completely off the global minimum found when
this width is properly recalculated for each point in parameter space.

Having wrong values of the a1 width can skew the result, creating a minimum
heavily correlated with a starting point for which the width was generated. This meant
that we had to include the a1 width in our calculations.

Since the calculation time of a1 width significantly dominates the whole compu-
tation time, we decided to introduce an old method in use since 1992 to optimize the
fitting framework (used to approximate the a1 width). This approximation, based on
a general knowledge of the shape of a1 width distribution, uses a piecewise function
built upon sets of polynomials to interpolate the a1 width. It is parameterized by cal-
culating the width in as few as 8 points. This approximation has been tested to show
that it introduces deviations from the precise calculations less than 7% for low-mass
region and less than 1% for the most important region.

Later on, when the parallelized calculation had been introduced, we were able
to easily incorporate the precise calculations into the project. These calculations,
however, still took the majority of computation time, so we left an approximated
function as an option that can be used to quickly obtain preliminary results, as it
may be important in future applications.

4. Results

4.1. Final results of the fits

Figure 7 shows the result of the fits using the semi-analytical method described in
Section 3 compared to the data and results of the CLEO parameterization used so
far by the experiments. The goodness of the fit is quantified by χ2/ndf = 6658/401.
This is the first case when agreement for a non-trivial τ decay channel was obtained
between the BaBar data and the theoretical model and the systematic errors could
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be addressed. These comparisons can serve as a starting point for future precision
studies of τ decays [13].

Figure 7. Final results of the fits. The goodness-of-fit for these results isχ2/ndf = 6658/401.
See caption of Figure 4 for description of the plots.

Table 1
Final results of the fits – parameter values and their ranges. The approximate uncertainty
estimates from the MINUIT are 0.4 for Rσ, 0.13 for Mρ′ and below 10−2 for rest of the para-

meters.

Since the focus of this paper is on the technical aspects of this project, we refer
the reader to [10] for physics-related results. Instead, we will focus on performance
results and validation process of the fitting framework in this section.

4.2. Performance

Improvements to the fitting framework reduced computation time drastically. On
a single 2.8GHz core with all approximations in place, a single iteration takes about
one minute to complete. This computation time scales linearly with amount of cores
used for computation, up to 24 cores; in this case, it takes about 3 seconds to compute
one iteration.

As shown in Figure 8, 24 cores is the limit for which the time gain is the highest
for a single master program. However, during performance tests, an algorithm for
sending multiple tasks at once was used. A pre-calculated polynomial was used to
estimate the time required for each task to complete, creating groups of tasks with
balanced computation time. On 64 cores, such an algorithm took less than a second to
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complete a single iteration. Preliminary results were available in 2.5 hours. However,
its use turned out to be impractical, as one 64-core job waited far longer in the
computing cluster queue than three 24-core jobs.

The precise computation of the width of the a1 resonance increases computation
time by a factor of two. This reduces the χ2 only by about 10%. In the final steps,
we removed the approximation of using only the value at the bin center and replaced
it with the correct treatment, where we integrate over the bin width. This makes the
χ2 smaller by another 5–6% at a cost of 3 to 5 times slower computation. When both
options are included and fits are performed from the point calculated without these
improvements, the χ2 is reduced yet again by 5% to 6%. Ultimately, the final result on
24-core machine takes 2 to 3 days to complete, as compared to two weeks on a 32-core
machine for a Monte-Carlo approach.

Figure 8. Scalability of the parallel distribution method using one message queue, one master
program and sending one task per message. Above 24 cores, there is no improvement observed
as the communication between computing nodes and master program starts domination over

the computation time gain.

The ability to obtain preliminary results within one day and to produce precise
results within three days gave us an opportunity to test a number of different fitting
strategies and to thoroughly validate our approach. This also allowed us to perform
advanced systematics studies in a reasonable time frame.

4.3. Validating the results

Having an efficient fitting framework at our disposal, we could dedicate more time to
the validation process, which is a crucial step in the fitting process. Our validation
process consisted of asserting statistical errors and correlation coefficients between
the parameters, verifying that the result we have found is a global minimum and
performing studies of the systematics errors.

4.3.1. Statistical errors and correlations

The analysis of statistical error and correlations between parameters was done using
the HESSE algorithm from the MINUIT package, which simply calculates the full matrix
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of 2nd derivatives and inverts it. The results show strong correlations between four
parameters of the model indicating that the model has more free parameters than
can be determined by the data. This is something that could have been expected and
this issue was addressed in more details in [10].

4.3.2. Convergence of the fitting procedure

The purpose of the convergence test is to verify how the fitting procedure behaves
when starting from different points. This test helps to verify that the minimum found
by the fitting procedure is, in fact, a global minimum. It was done in the following
steps:

• Random scan of parameters space. Since precision was of a lesser concern at
this step, we have used all available approximations yielding a sample of 12,000
distinct parameter sets per hour using 240 cores.
• Having gathered more than 200k samples, we began searching for any patterns

that could help us narrow down the region in parameter space where there is
a larger chance of finding a global minimum.
• We choose a 1k sample of distributions for distinct parameter sets with the lowest
χ2 and choose 20 points from this parameter sets in a way that maximized the
distance between these points.
• We perform fits to the data using these 20 configurations as starting point for

the independent fits.

The results have shown that more than 50% of the fits converge to the minimum
shown as our final result. In other cases, either the minimization process fails due to
the number of parameters being at their limit, or they converge to a local minima of
distinguishably higher χ2 (by a factor of 10 or more). This indicates that our model
has several local minima. At the same time, it points out that there is a good chance
of our result being a global minimum.

4.3.3. Systematic uncertainties

We have estimated the systematic uncertainties using toy MC studies. Every toy
MC sample has been generated under the Gaussian assumption using the Cholesky
decomposition on systematic covariance matrix provided by the BaBar experiment
to include the correlations between bins of the data histograms. The fit was re-run
for one hundred samples to estimate the systematic uncertainties. It took less than
a week using 320 cores to complete this step (which would be near to impossible to
complete using MC approach).

5. Summary and outlook

We have presented a fitting strategy used for comparing RχL currents for τ →
π−π−π+ντ with experimental data. The resulting improvements to the τ decays MC
generator TAUOLA are installed in the LHC Computing Grid applications database [20].
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We have presented two methods; one based on an MC simulation and the other based
on semi-analytical distributions. While the first approach is significantly slower, it
can be used in cases where analytic solutions are not available, such as presence of
experimental cuts in data on multi-dimensional distributions.

We have presented improvements both to the theoretical model and to the fitting
framework that significantly reduce computation time: from 2 weeks for the MC-
based method to 2–3 days for method based on semi-analytic distributions. We have
presented approximations introduced to the computations that allowed us to compute
preliminary results within 8 hours. We have also introduced a scalable parallelization
algorithm based on basic Inter-Process Communication methods of UNIX operating
systems.

In the future, we are planning to use this framework to test the model against 2-
dimensional data for τ → π−π−π+ντ and for fits of τ → K−π−K+ντ decay channel.
Fits for other decay modes will follow. As a final step of our work, we are planning to
complete a model-independent fitting framework incorporating strategies presented
in this paper with the ability to expand its application to multi-dimensional data and
new fitting strategies.
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into hadrons as an input [3]. About 70% of the hadronic part of the muon anomalous magnetic moment, a(had)
μ , comes from the energy

region below 1 GeV and, due to the presence of the ρ-meson, the main contribution to a(had)
μ is related with the π+π− final state.

Experimentally, the energy region from threshold to the collider beam energy is explored at the Φ-factory DA�NE, PEP-II and KEKB at
Υ (4S)-resonance using the method of radiative return (for a review see [4] and references therein). This method relies on the factorization
of the radiative cross section into the product of the hadronic cross section times a radiation function H(q2, θmax, θmin) known from
Quantum Electrodynamics (QED) [5–9]. For two pions final state it means that, in the presence of only the initial state radiation (by
leptons, ISR), the radiative cross section σππγ corresponding to the process

e+(p+) + e−(p−) → π+(p1) + π−(p2) + γ (k), (1)

can be written as dσππγ = dσππ (q2)H(q2, θmax, θmin) [4,7,9], where θmin and θmax are the minimal and maximal azimuthal angles of
the radiated photon, q = p1 + p2 and the hadronic cross section σππ is taken at a reduced CM energy. The final state (FS) radiation
(FSR) is an irreducible background in radiative return measurements of the hadronic cross section [7,10] and spoils the factorization
of the cross section. In any experimental setup the process of FSR cannot be excluded from the analysis. The KLOE experiment has
developed two different analysis strategies: the first one is with the photon emitted at small angle (θγ < 15◦) and the other one is for
the photon reconstructed at large angle (60◦ < θγ < 120◦), being for both 50◦ < θπ < 130◦ . In the case of the small angle kinematics the
FSR contribution can be safely neglected, while for the large angle analysis it becomes relevant (upto 40% of ISR). The large angle analysis
allows to scan the pion form factor down to the threshold [11].

Radiative corrections (RC’s) related to initial state radiation, i.e. the function H , can be safely computed in QED. For the FSR process
the situation is different. In the region below 2 GeV the pQCD is not applicable to describe FSR and calculation of the cross section
relies on the low energy pion–photon interaction model. Thus the measured FSR cross section gives an unique possibility to get very
interesting information on the dynamics of interacting mesons and photons, to test the pion–photon interaction models and extract their
parameters [12].

In the case of neutral pions in the final states

e+(p+) + e−(p−) → π0(p1) + π0(p2) + γ (k), (2)

the ISR contribution is absent,1 and the cross section is determined solely by the FSR mechanism. This process, together with asymmetries
[13] and cross section in the charged channel, allows to extract information on pion–photon interaction and test effective models for FSR.

For realistic experimental cuts on the angle and energy of the final particles the cross section cannot be evaluated analytically and
one has to use Monte Carlo (MC) event generator. The first MC describing the reaction (1) was EVA [7]. EVA simulates both ISR and FSR
processes for non-zero angle emitted photon (θγ > θmin). For FSR the sQED model was chosen. Afterwards the MC PHOKHARA was written
to include different charged final state and radiative corrections to ISR [14]. The contribution of the φ-meson direct decay, that is relevant
at the DA�NE energy, was added, firstly in EVA [15] and then in PHOKHARA [13].

The computer code FASTERD2 presented in this paper is a Monte Carlo event generator written in FORTRAN that simulates both
processes (1) and (2), where the hard photon γ (k) can be emitted by the leptons3 and/or the pions (Fig. 1). This program was inspired
by EVA. The present version of FASTERD includes different mechanisms for the ππγ production: final Bremsstrahlung4 in the framework
of both Resonance Perturbation Theory and sQED, the contributions related to the φ intermediate state and the double vector resonance
part (for details see Section 3). Up to now only the case of one photon emission has been considered. The code contains two types
of source files: (1) the main program fasterd.f, where the calculations are done, and (2) the input file cards_fasterd.dat which defines
the parameters for the generation. Both these files will be described in the following. As output of the program, the cross section of
the process is evaluated and a PAW/HBOOK ntuple is produced with the 4-momenta for each event of the outgoing particles. For the
convenience of the user we have added a Makefile and the test output files for the Journal library.

This paper is organized as follows. In Section 2 the main formulae for ISR and interference between ISR and FSR are presented. In
Section 3 we give a general description of FSR process and present the FSR models that are included in our program. In Section 4 the
spectra for different FSR models are compared with analytical results and with MC PHOKHARA. Also a possible generalization applicable to
a wider region is described in Section 4. In Section 5, we summarize the general procedure for calculating the spectrum. In Appendices A,
B, C a short description of the input and output files is presented.

1 This statement is valid only if one neglects multi-photon emission.
2 FinAL STatE Radiation at DA�NE.
3 Only for the charged channel.
4 Only for the charged channel.
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2. Initial state radiation models and pion form factor

The cross section of the processes (1) and (2) can be written as

dσ = 1

2s(2π)5
C12

∫
δ4(Q − p1 − p2 − k)

d3 p1 d3 p2 d3k

8E+E−ω
|M|2

= C12N|M|2dq2 dΩγ dΩπ+
(

N = α3(s − q2)

64π2s2

√
1 − 4m2

π

q2

)
, (3)

where α is the fine structure constant, mπ is the pion mass, ω is the photon energy, Q = p+ + p− , s = Q 2 and the invariant amplitude
squared, averaged over initial lepton polarizations and summed over the photon polarizations5 is

|M|2 = |MISR|2 + |MFSR|2 + 2Re
(
MISRM∗

FSR

)
. (4)

M(ISR) (M(FSR)) corresponds to the ISR (FSR) production amplitude. The factor C12 = 1
2 for π0π0 in the final state and C12 = 1 for

π+π− .
For ISR process the invariant amplitude squared, averaged over initial lepton polarizations and summed over the photon polarizations,

is

|M(ISR)|2 = − 4

q2

∣∣Fπ

(
q2)∣∣2

R,

R = m2
π

q2
F + χ2

1 + χ2
2 − χ1(q2 − t2) − χ2(q2 − t1)

t1t2
− 2m2

eχ1

t2
2

(
χ1

q2
− 1

)
− 2m2

eχ2

t2
1

(
χ2

q2
− 1

)
,

F = (q2 − t1)
2 + (q2 − t2)

2

t1t2
, (5)

where me is the electron mass, χ1,2 ≡ 2p−,+ · p2, t1 = −2p−k, t2 = −2p+k.
The non-point-like behavior of pions is determined by the form-factor (FF) Fπ (q2) that is the function of the pion mass squared q2.

In the case of the neutral channel M(ISR) = 0. Four different parameterizations for the pion FF are considered: Kühn–Santamaria (KS) [16],
Gounaris–Sakurai (GS) [17], the RPT parametrization and an “improved” version of Kühn–Santamaria (see below) [18].

2.1. Kühn–Santamaria and Gounaris–Sakurai pion FF

Based on the results of Ref. [16], the pion FF describing the ρ–ω mixing and the first excited ρ resonance (ρ ′), can be written as

Fπ

(
q2) = Bρ

1+αBω
1+α + βBρ ′

1 + β
, (6)

where for the KS parametrization [16]

BKS
r

(
q2) = m2

r

m2
r − q2 − i

√
q2Γr(q2)

(7)

and for the GS one [17]

BGS
r

(
q2) = m2

r + H(0)

m2
r − q2 + H(q2) − i

√
q2Γr(q2)

, (8)

with

H
(
q2) = m2

ρΓρ

p3
π (m2

ρ)

[
p2
π

(
q2)(h

(
q2) − h

(
m2

ρ

)) + (
m2

ρ − q2)p2
π

(
m2

ρ

) dh

dq2

∣∣∣∣
q2=m2

ρ

]
,

h
(
q2) = 2

π

pπ (q2)√
q2

ln

√
q2 + 2pπ (q2)

2mπ
, pπ

(
q2) = 1

2

√
q2 − m2

π .

The energy dependence for the ρ mesons is taken in the form

Γρ

(
q2) = Γρ

m2
ρ

q2

(
pπ (q2)

pπ (m2
ρ)

)3

· Θ(
q2 − 4m2

π

)
. (9)

For the ω resonance a simple Breit–Wigner resonance form with constant width was used for both parameterizations.
As one can see the single resonance contribution is normalized to unity at q2 = 0 for both parameterizations (Br(0) = 1) whereas the

right normalization for the pion FF, Fπ (0) = 1, is realized by the corresponding choice of the parameters α, β .
All model parameters (the mass and width of the resonances as well as the parameter α, β) are determined in the input file

cards_fasterd.dat. The KS pion FF parametrization corresponds to the function F_pi_ks whereas the GS one to F_pi_gs.

5 We use
∑

polar. ε
∗
ρεσ = −gρσ .
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2.2. RPT parametrization for the pion FF

The Resonance Perturbation Theory is based on Chiral Perturbation Theory (χPT) with the explicit inclusion of the vector and axial-
vector mesons, ρ0(770) and a1(1260). Whereas χPT gives correct predictions for the pion form factor at very low energy, RPT is the
appropriate framework to describe the pion form factor at intermediate energies (E ∼ mρ ) [19]. According to the RPT model the pion form
factor, that describes the ρ–ω mixing, can be written as:

Fπ

(
q2) = 1 + F V G V

f 2
π

q2

m2
ρ

BKS
ρ

(
q2)(1 − Πρω

3m2
ω

BKS
ω

(
q2)), (10)

where q2 is the virtuality of the photon, fπ = 92.4 MeV and the parameter Πρω describes the ρ–ω mixing. As before a constant width is
used for the ω-meson. We also assume that the parameter Πρω is a constant and is related to the branching fraction Br(ω → π+π−):

Br
(
ω → π+π−) = |Πρω|2

ΓρΓωm2
ρ

. (11)

As was mentioned above, the value of F V and G V , as well as the mass of the ρ and ω mesons (mρ and mω , correspondingly), the param-
eter of the ρ–ω mixing Πρω and the width of the ω meson are determined in the input file cards_fasterd.dat. The RPT parametrization
corresponds to the function F_pi_rpt.

Inclusion of the ρ ′ meson modifies the form factor (10) as

Fπ

(
q2) = 1 + F V G V

f 2
π

q2

m2
ρ

BKS
ρ

(
q2)(1 − Πρω

3m2
ω

B K S
ω

(
q2)) + F V ′ G V ′

f 2
π

q2

m′ 2
ρ

BKS
ρ ′

(
q2). (12)

2.3. “Improved” Kühn–Santamaria

In Ref. [20] the pion FF was estimated in the framework of the dual-QCDNc→∞ model. However this model assumes the resonances to
be of the zero width. The authors of Ref. [18] included the final width of the ρ0 and the three lowest excited ρ ′ states and obtained the
following expression for the pion FF

Fπ

(
q2) =

3∑
n=0

cn BKS
r

(
q2) +

∑
n>4

cn
m2

n

m2
n − s

. (13)

This parametrization for the pion FF is contained in the function F_pi_ks_new. The numerical value for the parameters cn and mn (the
mass of the excited ρ mesons) is taken from Ref. [18].

3. Final state radiation models

Using the underlying symmetry, like gauge invariance, charge-conjugation symmetry of the final particles and the photon crossing
symmetry, it is possible to write the FS tensor M(μν)

F , that describes the γ ∗ → π+π−γ vertex, in terms of three gauge invariant tensors
(see [21] and Refs. [23,24] therein):

Mμν
F (Q ,k, l) = τ

μν
1 f1 + τ

μν
2 f2 + τ

μν
3 f3,

τ
μν
1 = kμ Q ν − gμνk · Q , l = p1 − p2,

τ
μν
2 = k · l

(
lμ Q ν − gμνk · l

) + lν
(
kμk · l − lμk · Q

)
,

τ
μν
3 = s

(
gμνk · l − kμlν

) + Q μ
(
lνk · Q − Q νk · l

)
. (14)

The model dependence comes in only via the implicit form of the scalar functions f i (we will call them structure functions).
Thus the FSR and interference (ISR ∗ FSR) part to the invariant amplitude squared (4) is

|MFSR|2 = 1

s2

[
a11| f1|2 + 2a12Re

(
f1 f ∗

2

) + a22| f2|2 + 2a23Re
(

f2 f ∗
3

) + a33| f3|2 + 2a13Re
(

f1 f ∗
3

)]
, (15)

and

Re
(
MISRM∗

FSR

) = − 1

4sq2

[
A1Re

(
Fπ

(
q2) f ∗

1

) + A2Re
(

Fπ

(
q2) f ∗

2

) + A3Re
(

Fπ

(
q2) f ∗

3

)]
. (16)

The form for the coefficients aik and Ai can be found in Ref. [21], Eqs. (17), (26), correspondingly.
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Here is the list of the FSR production mechanisms that are included in FASTERD:

e+ + e− → π+ + π− + γ Bremsstrahlung process (17)

e+ + e− → φ → ( f0; f0 + σ)γ → π + π + γ φ direct decay (18)

e+ + e− → (φ;ω′) → ρπ → π + π + γ Double resonance process (19)

e+ + e− → (ρ/ρ ′) → ωπ0 → π0 + π0 + γ Double resonance process (20)

Thus the total contribution to the functions f i introduced in (14) is

f i = f (Brem)
i + f (φ)

i + f (vect)
i . (21)

In the next sections we present the models describing these processes.

3.1. Final state Bremsstrahlung

Usually the combined sQED∗VMD model is assumed for the FS Bremsstrahlung process [7,14]. In this case the pions are treated as
point-like particles (the sQED model) and the total FSR amplitude is multiplied by the pion form factor Fπ (s), that is estimated in the
VMD model. Unfortunately the sQED∗VMD model is an approximation that is valid for relatively soft photons and it can fail for high
energy photons, i.e near the π+π− threshold. In this energy region the contributions to FSR, beyond the sQED∗VMD model, can be
important. As mentioned in Section 2, RPT is supposed to be an appropriate model to describe the pion–photon interaction in the region
about and below 1 GeV and this model is used to estimate the contributions beyond sQED∗VMD.

Using the sQED∗VMD model the structure functions f (Brem)
i (see Eq. (21)) are

f sQED
1 = 2k · Q Fπ (s)

(k · Q )2 − (k · l)2
, f sQED

2 = −2Fπ (s)

(k · Q )2 − (k · l)2
, (22)

f sQED
3 = 0. (23)

In the framework of RPT the result is

f (Brem)
i = f sQED

i + � f RPT
i , (24)

where

� f RPT
1 = F 2

V − 2F V G V

f 2
π

(
1

m2
ρ

+ 1

m2
ρ − s − i

√
sΓρ(s)

)
− F 2

A

f 2
πm2

a

[
2 + (k · l)2

D(l)D(−l)
+ (s + k · Q )[4m2

a − (s + l2 + 2k · Q )]
8D(l)D(−l)

]
, (25)

� f RPT
2 = − F 2

A

f 2
πm2

a

4m2
a − (s + l2 + 2k · Q )

8D(l)D(−l)
, (26)

� f RPT
3 = F 2

A

f 2
πm2

a

k · l

2D(l)D(−l)
, D(l) = m2

a − (
s + l2 + 2k · Q + 4k · l

)
/4. (27)

For notations and details of the calculation we refer the reader to [21]. The functions � f RPT
i are calculated by the subroutine chpt_rpt

whereas f sQED
i are evaluated in the functions fsr1_sqed, fsr2_sqed, fsr3_sqed.

We would like to mention here that the contribution of any model describing Bremsstrahlung FS process can be conveniently rewritten
as in Eq. (24) and in the soft photon limit the results should coincide with the prediction of the sQED∗VMD model.

3.2. φ direct decay

As it was mentioned in the Introduction, at the DA�NE energy (
√

s = mφ = 1.01944 GeV) the final state ππγ can be produced via the
intermediate φ meson state. In this section we consider the direct rare decay φ → ππγ . As shown in [15,22] this process affects only the
form factor f1 of Eq. (14):

f (φ)
1 = gφγ fφ(s)

s − m2
φ + imφΓφ

. (28)

The φ direct decay is assumed to proceed through the intermediate scalar meson state: φ → ( f0 + σ)γ → ππγ and its mechanism is
described by a single form factor fφ(s).

In the input file the different following models can be chosen to describe this decay:

• Non-structure model [23];
• Linear sigma model [24];
• Chiral unitary approach [25];
• Achasov kaon loop model [26];
• Achasov kaon loop model with inclusion of the σ meson [27];
• Non-structure model that includes both the f0 and σ mesons [22].
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The explicit expression for the factor fφ(s) for the first three models can be found in [15]. For the fourth (“Achasov kaon loop”) model
the form factor fφ reads:

f K + K −
φ (s) = gφK + K − g f0π+π− g f0 K + K −

2π2m2
K (m2

f0
− s + ReΠ f0(m

2
f0

) − Π f0(Q 2))
I

( m2
φ

m2
K

,
s

m2
K

)
eiδB (s), (29)

where I(., .) is an analytical function [15,28] and the phase δB(s) = b
√

s − 4m2
π , b = 75◦/GeV [27]. The term ReΠ f0 (m

2
f0

) − Π f0(s) takes
into account the finite width corrections to the f0 propagator [26].

In a refined version of this model which includes the σ meson in the intermediate state [27], the form factor fφ can be written as

f K + K −
φ (s) = gφK + K −

2π2m2
K

ei(δππ (s)+δK K (Q 2)) I

( m2
φ

m2
K

,
s

m2
K

)∑
R,R ′

gR K + K − G−1
R R ′ gR ′π+π− ,

where G R R ′ is the matrix of inverse propagators [27]. Such an extension of the model improves the description of the data at low mππ

and was recently used by KLOE in the fit of φ → π0π0γ spectrum [29].
The contribution of the φ direct decay is calculated in the subroutines fph1_bcg, fph1_ln, fph1_cpt, fph1_a4q, fph1_a4qs, fph1_pac

according to the corresponding model.

3.3. Double resonance contribution

Another mechanism producing the final ππγ state is reported in Eqs. (19), (20).
First we consider the φ → ρπ mechanism. In this case the φ meson decays in (ρ±π∓) for the charged channel and in (ρ0π0) for the

neutral one and then ρ → πγ . The corresponding contribution to the functions f (vect)
i of Eq. (21) is

f φρ
1 = C(s)

16πα

[(
k · Q + l2

)(
Dρ

(
R2+

) + Dρ

(
R2−

)) + 2k · l
(

Dρ

(
R2+

) − Dρ

(
R2−

))]
,

f φρ
2 = − C(s)

16πα

[
Dρ

(
R2+

) + Dρ

(
R2−

)]
,

f φρ
3 = C(s)

16πα

[
Dρ

(
R2+

) − Dρ

(
R2−

)]
,

where

C(s) =
√

4παgρ
πγ gφ

ρπ Fφ s

m2
φ − s − imφΓφ

(30)

and Dρ(R) = m2
ρ − R − imρ

√
RΓρ(R), R+ = (k + p1)

2, R− = (k + p2)
2. The quantities gφ

ρπ , gρ
πγ are the coupling constants determining

respectively the φ → ρπ and ρ → πγ vertexes correspondingly, Fφ =
√

3Γ (φ → e+e−)/4πα2mφ .

To make connection with the KLOE analysis [29] we add also the phase of the ω–φ meson mixing βωφ and the constant factor ΠVMD
ρ .6

Thus the coefficient (30) is rewritten as

C(s) =
√

4παgρ
πγ gφ

ρπ Fφ s

m2
φ − s − imφΓφ

ΠVMD
ρ eiβωφ . (31)

In the energy region of DA�NE also the tail of the excited ω meson can play a role: γ ∗ → ω′ → ρπ . The explicit form of this
contribution is written similar to (30) and is:

Cω
ρπ =

√
4παgρ

πγ gω′
ρπ Fω′ s

m2
ω′ − s − imω′Γω

. (32)

In the considered energy region Eq. (32) can be approximated by a complex constant Cω
ρπ whose numerical value is taken from the fit

of π0π0γ spectrum [29].7

Therefore we have

C(s) =
√

4παgρ
πγ gφ

ρπ Fφ s

m2
φ − s − imφΓφ

ΠVMD
ρ eiβωφ + Cω

ρπ . (33)

For the neutral case the γ ∗ → (ρ/ρ ′) → ωπ0 → π0π0γ reaction contributes as well. As for the ω′ → ρπ channel we replace the
explicit expression

Cρ
ωπ =

√
4παgω

πγ gρ ′
ωπ Fρ ′ s

m2
ρ ′ − s − imρ ′Γρ ′

+
√

4παgω
πγ gρ

ωπ Fρ s

m2
ρ − s − imρΓρ

(34)

6 Including ΠVMD
ρ , in our opinion, rescales the constant gφ

ρπ that cannot be directly determined from any experimental decay width.
7 Also if we suppose that the direct decay γ ∗ → ρπ → ππγ takes place it contributes to Cω

ρπ .
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by a complex constant Cρ
ωπ , which is again taken from the fit. Then the contribution of the γ ∗ → (ρ/ρ ′) → ωπ0 → π0π0γ mechanism

to the functions f (vect)
i is

f ρω
1 = Cρ

ωπ

16πα

[(
k · Q + l2

)(
Dω

(
R2+

) + Dω

(
R2−

)) + 2k · l
(

Dω

(
R2+

) − Dω

(
R2−

))]
,

f ρω
2 = − Cρ

ωπ

16πα

[
Dω

(
R2+

) + Dω

(
R2−

)]
,

f ρω
3 = Cρ

ωπ

16πα

[
Dω

(
R2+

) − Dω

(
R2−

)]
.

Finally the total contribution is

f (vect)
i = f (φρ)

i eiδρ + cf (ρω)

i , (35)

where c = 1 for the neutral final state and c = 0 for the charged one. We include also an additional phase between the double resonance
and φ direct contributions (δρ ).

The subroutine rhotopig calculates the contribution for the double resonance mechanism.

4. Comparison of MC results with analytical prediction. Discussion of the results

For the full angular range 0◦ < θγ ; θπ < 180◦ it is possible to obtain the analytical expression of the cross section for the processes (1)
and (2). Here we present the results for the charged final state.8

The ISR cross section is

dσ (ISR)

dq2
= α(s2 + q4)

3s2q2(s − q2)

∣∣Fπ

(
q2)∣∣2

(
1 − 4m2

π

q2

)3/2

(L − 1), L = ln
s

m2
e
, (36)

whereas for the FSR process we have

dσ (FSR)

dq2
= α3(s − q2)

24π s3
(2h1 − sh2), (37)

where the form of the functions hi and the equations to calculate them using the functions f i can be found in Ref. [21]. For example, in
the case of sQED

2h1 − sh2 = 16πξ |Fπ (s)|2
(kQ )2

[
(kQ )2 +

(
s

4
− m2

π

)(−q2 + (
q2 − 2m2

π

)
L1

)]
(38)

with

ξ =
√

1 − 4m2
π

q2
and L1 = 1

ξ
ln

1 + ξ

1 − ξ
.

In Figs. 2 and 3 we compare the analytical predictions (36) and (37) with the numerical results obtained by FASTERD for the cross
section of the reaction e+e− → π+π−γ . The ratio between the analytical and numerical results is fitted by the constant A0. We have
good χ2 and the value of A0 compatible with one.

An important feature of FASTERD is a possibility to estimate the double resonance contribution. At the first sight in the energy region
about s ≈ m2

φ it is enough to include only the γ ∗ → φ → ρπ → ππγ mechanism. However, at s = m2
φ our simulation gives the σ(φ →

(( f0 + σ)γ + ρ0π0) → π0π0γ ) = 0.451 ± 0.001 nb whereas σ((ρ/ρ ′) → ωπ0 → π0π0γ ) = 0.529 ± 0.012 nb (in agreement with KLOE
results [30]). In the case of the π+π−γ the double resonance mechanism (only the φ → ρ±π∓ contributes) does not give a large
contribution in the high q2 region whereas it gives visible the cross section in the low q2 region (Fig. 4, right). In the current version
FASTERD allows to simulate the processes (1) and (2) for s ≈ m2

φ . To simulate the processes for lower (upto the threshold) and higher (say

upto 1.2 GeV2) energies the exact value of the constants Cω
ρπ and Cρ

ωπ (Eqs. (32) and (34)) has to be used.
We compare the ISR spectrum with the results from PHOKHARA [14]. The ‘improved’ Kühn–Santamaria parametrization was chosen

for the pion form factor and PHOKHARA was run at the leading order approximation (only one photon is radiated). The results of com-
parison are presented in Fig. 5. There the ratio between FASTERD and PHOKHARA results is fitted by the constant A0. As one can see the
PHOKHARA result coincides with the FASTERD prediction. As it was discussed in Ref. [14] the radiative corrections due to an additional
photon emitted by the leptons are relevant and we are planning to include them in the code. An additional photon can be emitted either
from initial state or from final state. Inclusion of the second photon emitted from the initial state radiation is a technical task and can
be obtained by replacing the leptonic tensor (it has been calculated already [14,21]) and substitution k → k′ , Q → Q ′ = p+ − p− − k′
in Eq. (14), where k′ is the energy of the additional photon emitted from the initial state. Also the one photon phase space has to be
replaced to the two photon phase space. For the second photon from the final state the situation is more difficult as there is not yet a
model-independent calculation for the final state tensors with two photons.

8 For the π0π0γ case the contribution both from the φ direct decay and the double resonance vector mechanism is a half of the corresponding one for the π+π−γ final
state (except for the γ ∗ → ρ → ωπ case that appears only for the π0π0γ FS).
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Fig. 2. Comparison of the analytical and numerical results for ISR: 0◦ < θπ < 180◦ , 0◦ < θγ < 180◦ . Left: the solid line corresponds to the analytical result whereas the points
with errors have been obtained by FASTERD. Right: the ratio between the analytical results and numerical ones is fitted by the constant A0.

Fig. 3. Comparison of the analytical and numerical results for different contributions to FSR: 0◦ < θπ < 180◦ , 0◦ < θγ < 180◦ . For the φ direct decay the kaon loop model
with f0 + σ is chosen whereas the RPT parametrization is chosen for the pion FF. The solid lines correspond to the analytical result whereas the points (triangles, squares)
have been obtained by FASTERD.

5. The calculation of the spectrum. General algorithm

The logical structure of FASTERD is presented in Fig. 6.
Input parameters are read from the file cards_fasterd.dat that is modified by the user (see Appendices A, B for the description of the

input file). Here it is possible to choose the name of the output files. The main part of the program runs twice. On the first step, in order
to estimate the maximum value of the integrand (Mmax) some trial events (NMPT) are generated. On the second step (NEVE) events are
produced and the acceptance–rejection method is applied to evaluate the cross section dσ/dq2. The generator RANMAR [31] is used to
generate the random numbers. The variables (q2, cos θγ , cos φγ ) are generated in the laboratory frame (e+e− center of mass system),
the variables (cos θ±

π and cosφ±
π ) are generated in the pion mass reference system. They are calculated in the subroutines qquadrat

and photonangles. The subroutine vectorb transforms the azimuthal and polar angles of pions in the laboratory system. The subroutine
rejection checks the restrictions imposed by the input file. The matrix squared element is produced inside the function mat. Using the
value mat returned by this function the differential cross section inte is computed as inte = mat ∗ num ∗ jac_pion ∗ jac_phot, where num
is a kinematic factor for the cross section, jac_pion and jac_phot are the replacement factors (they are calculated in the subroutines
qquadrat and photonangles). The information about the accepted events is stored in the file output.hbk. At the end of the generation,
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Fig. 4. Different contributions to FSR for the π0π0γ (left) and π+π−γ (right) final states: 0◦ < θπ < 180◦ , 0◦ < θγ < 180◦ . The filled circles are for the double resonance
contribution, the triangles correspond to the ( f0 + σ)γ mechanism and the empty circles correspond to the interference term between the ( f0 + σ)γ and the double
resonance contributions.

Fig. 5. Comparison of the numerical results for ISR simulated by FASTERD and PHOKHARA : 0◦ < θπ < 180◦ , 0◦ < θγ < 180◦ . The “improved” Kühn–Santamaria parametrization
is chosen for the pion FF. The ratio between the numerical results obtained by FASTERD and PHOKHARA is fitted by the constant A0.

the cross section is computed by the ratio of accepted to generated events, and the error is estimated. The information about the number
of generated and accepted events as well as the value of the cross section and its error is written in a output file.

Function mat. The input for mat is the 4-momenta of all particles in the laboratory frame and the type of process (ISR, FSR or both
ISR+FSR). According to the type of the process either the subroutine matr_isr or matr_fsr or both of them together with the subroutine
matr_int are called. They compute Eqs. (5), (15), (16) presented in this paper.

Subroutine qquadrat. The following probe function is used to generate the variables q2, cos θπ and cosφπ (we remind that the angles
of the pions are generated in the pion reference system)

f
(
q2, cos θπ

) = 1

s(s − q2)
+ 1

(q2 − m2
ρ)2 + Γ 2

ρ m2
ρ

+ 1

s(s − q2)

(
1

1 −
√

1 − 4m2
π cos θπ

+ 1

1 +
√

1 − 4m2
π cos θπ

)
.

s s
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Fig. 6. The logical structure of FASTERD.

The polar pion angle is generated uniformly.
It results in the following expression for the jac_pion

jac_pion = 2π V

f (q2, cos θπ )
, (39)

where

V = −2

s
ln

s − q2
max

s − q2
min

+ 1

Γρmρ

(
arctan

q2
max − m2

ρ

Γρmρ
− arctan

q2
min − m2

ρ

Γρmρ

)

− 1

s(1 −
√

1 − 4m2
π

s )2
√

1 − 4m2
π

s

ln
1 +

√
1 − 4m2

π
s

1 −
√

1 − 4m2
π

s

.
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Appendix A. Input file

The main parameters are set in cards_fasterd.dat input file. It defines the cuts used in the generation, and the parameters needed for
the for the FSR model and the pion FF.

The following variables are included in cards_fasterd.dat file:

• NEVE – number of the generated events to be generated.
• NPTM – number of events to find the maximum of the cross section.
• NRND – random seed.
• FSKIND – kind of final state (FSKIND=0 for π0π0 and FSKIND=1 for π+π−).
• KIND – two parameters which allows to choose the kind of radiation: (ISR corresponds to (1 0), FSR to (0 1) and ISR+FSR to (1 1)).
• FPKIND – defines the pion FF parametrization (1 for KS, 2 for GS, 3 for the pion FF in the framework of RPT and 4 for “improved” KS).
• RHOKIND – choice of FSR contribution.
• BREMKIND – choice of Bremsstrahlung model.
• f0KIND – choice of the model for the φ direct decay.
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• RESPIKIND – allows to choose the intermediate states (ρπ and/or ωπ0) for the double resonance contribution.9

• HOUT – defines the name of the output file output.hbk where information of the generated particles (4-momenta) is inserted.

The parameters that define the experimental cuts are

• ENES – the squared energy of the initial particles;
• GMIN – the minimal energy of the radiated photon;
• GMAX – the maximal energy of the radiated photon;
• ACUT – the minimal and maximal azimuthal angles of photon and pions.

The value of the constants for the pion FF are defined in the arrays FP and FPIHIGH. The remaining set of arrays F0par, F0fase, F0nonstr,
VMDPAR defines the numerical values for the φ direct decay and the double resonance contribution.

Appendix B. Example of input file

As an example, the input file cards_fasterd.dat is set to generate the e+e− → π+π−γ process where:

• the photon is emitted both from IS and FS;
• the RPT parametrization is chosen for the FF;
• FSR is given by sQED Bremsstrahlung and φ → ( f0 + σ) decay;
• the experimental cuts are: 50◦ < θπ,γ < 130◦;
• the output file is named isr_rpt_fsr_sqed_f0+sig_ 50_130_2e6.hbk.

C* --- number of events to be processed
NEVE 1000000
C* --- random seed
NRND 9513463
C* --- number of points used to evaluate the maxima

(at least 10**4)
NPTM 10000
C* --- pi0pi0 (FSKIND=0) or pi+pi- (FSKIND=1) channel
FSKIND 1
C* --- type of radiation
= (1 1))
C*KIND 1 0 ! initial state radiation on
C*KIND 0 1 ! final state radiation on
C*KIND 1 1 ! initial+final state radiation
KIND 1 1
C* --- Model for the Pion form factor
C*FPKIND 1 ! KS
C*FPKIND 2 ! GS
C*FPKIND 3 ! RPT
C*FPKIND 4 ! KS+dual-QCD
FPKIND 3
C*FSR --- brems f0 phirhopi
rhokind 1 1 0
C*bremkind 1 ! sQED
C*bremkind 2 ! RPT
bremkind 1
C*f0KIND 1 ! linear sigma model
C*f0KIND 2 ! non structure model
C*f0KIND 3 ! chiral unitary approach
C*f0KIND 4 ! kaon loop with f0 only
C*f0KIND 5 ! kaon loop with f0+\sigma
f0KIND 5
C*respikind 1 ! only \rho\pi\gamma
C*respikind 2 ! only \omega\pi\gamma
C*respikind 3 ! both \rho\pi\gamma and \omega\pi\gamma
respikind 3
C* --- Parameters of the Pion Form factor
C*RPT MRHO GAMMARHO MRHOL GRHOL MOMEGA GOMEGA AL BE argA
pi\_rho FV FV1 GV1
FP 0.774 0.143 1.37 0.51 0.7827 8.68E-3 0. 0. 0.

9 The ωπ intermediate state is produced only for the π0π0 final state.
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-0.0027 0.154 0. 0.
C*FPIHIGH c_0_pion c_2_pion c_3_pion m_rho2_pion g_rho2_pion
m_rho3_pion g_rho3_pion
FPIHIGH 1.171 0.011519 -0.0437612 1.7 0.24 2.0517 0.41
C* --- Parameters of Scalar contribution (f0,f0+sigma) in FSR
C*F0+SIGMA Gf0\_k+k- Gf0\_p+p- GPHI phase(deg) f0MASS msigma
gsigpp gsigkk Cf0sig
F0PAR 4.02 -1.76 4.482 0. 0.982 415.0e-3 -2.2 -0.37 0.015
C*f0phase F0+SIGMA m0k m2k LambdaK b0p b1p b2p Lambdap
F0fase 0.363 0.757 1.24 5.4 3.7 5.0 0.200
C*F0nonstr gf0_pp gf0_kk gphi_f0g gphi_sgg a0
F0nonstr 0.57 1.14 3.5 5.0e-3 1.
C*-------- Parameters of double resonance mechanism
C*VMDPAR g\_rhopig g\_phirpi prhores beta\_bro beta\_wphi
c\_modrpi c\_pharpi c\_modwpi c\_phawpi
VMDPAR 0.295d0 0.811d0 0.677d0 32.996d0 163.0d0
0.26d0 3.1112d0 0.85019d0 0.45d0

C* --- histo output file
*HOUT ’isr_rpt_fsr_sqed_f0+sig_50_130_1e6.hbk’
ENES 1.039202865
GMIN 0.02
GMAX 0.600
C*ACUT theta_min_\gamma theta_max_\gamma theta_min_\pi theta_max_\pi
ACUT 50. 130. 50. 130
C* ---------------------------------------
STOP
END

Appendix C. Output file

There are two kinds of output files: (output.hbk, HBOOK/PAW ntuple format, defined in cards_fasterd.dat) contains the 4-momenta
of outgoing particles for each accepted event; (output.out, text format, output of the program) contains the number of generated and
accepted events, the value of the cross section with the error, and the biggest value of the integrand.
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Abstract. The process of e+e− annihilation into a π+π− pair with radiation of a photon is considered. The
amplitude of the reaction e+e− → π+π−γ consists of the model independent initial-state radiation (ISR)
and model dependent final-state radiation (FSR). The general structure of the FSR tensor is constructed
from Lorentz covariance, gauge invariance and discrete symmetries in terms of the three invariant functions.
To calculate these functions we apply chiral perturbation theory (ChPT) with vector and axial-vector
mesons. The contribution of the e+e− → π+π−γ process to the muon anomalous magnetic moment
is evaluated, and results are compared with the dominant contribution in the framework of a hybrid
model, consisting of VMD and point-like scalar electrodynamics. The developed approach allows us also
to calculate the π+π− charge asymmetry.

PACS. 12.20.-m; 12.39.Fe; 13.40.-f; 13.66.Bc

1 Introduction

The cross section of electron–positron annihilation into
hadrons, e+e− → hadrons, is crucial for the evaluation
of the hadronic contribution to the anomalous magnetic
moment (AMM) of the muon ahad

µ and is at present one
of the main sources of theoretical uncertainty in the value
of AMM [1]. In order to resolve the existing deviation of
the experimental and standard model prediction values of
AMM, the corresponding hadronic contribution is needed
with very high accuracy, better than 1%. This is espe-
cially important in view of a new E969 experiment, which
is expected to measure AMM about three times more ac-
curately than now [2].

The hadronic contribution to AMM cannot be reli-
ably calculated in the framework of perturbative QCD,
because the low-energy region dominates, and one usu-
ally resorts to dispersion relations, where the experimen-
tal total cross section is the input. Experimentally, the
energy region from threshold to the collider beam energy
is explored at the Φ-factory DAΦNE (Frascati) [3] and B-
factories BaBar (SLAC) and Belle (KEK) [4,5] using the
method of radiative return [6–8]. In spite of the loss in the
luminosity, this method potentially may have advantages

a e-mail: korchin@kipt.kharkov.ua
b e-mail: merenkov@kipt.kharkov.ua
c e-mail: Giulia.Pancheri@lnf.infn.it
d e-mail: shekhovtsova@kipt.kharkov.ua

in systematics over the more traditional direct scanning
measurements performed at different CM energies, such
as experiments on VEPP-2M (Novosibirsk) [9] and BES
(Bejing) [10].

The radiative return method relies on a factorization
of the e+e− → hadrons + γ cross section in the product
of the hadronic cross section σ(e+e− → hadrons) taken at
a reduced CM energy and a model independent radiation
function known from quantum electrodynamics (QED) [8,
11,12]. This factorization is valid only for photon radia-
tion from the initial leptons (initial-state radiation (ISR)).
The additional contribution from photon radiation off the
final hadrons (final-state radiation (FSR)) is model depen-
dent and becomes a background in the radiative return
scanning measurements. That is why the problem of the
separation of ISR and FSR has become quite important.

Different methods have been suggested to separate ISR
and FSR contributions for the dominant hadronic channel
at low energies – mainly the pion pair production process

e−(p1) + e+(p2) → π+(p+) + π−(p−) + γ(k). (1)

One of them is to choose a kinematic set up where the pho-
ton is radiated along the momenta of the leptons (DAΦNE
setup, [3,8] and references therein). In these conditions the
FSR contribution is suppressed. If the FSR background
can be reliably calculated in some theoretical model, then
it can be subtracted from the experimental cross section of
the process (1) or incorporated in the Monte Carlo event
generator used in the analysis. Finally, the theoretical pre-
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dictions for FSR can be tested by studying the C-odd in-
terference of ISR and FSR [3,8].

Another and even more important reason why one
should know the FSR cross section is the fact that
the next-to-leading order hadronic contribution ahad,γ

µ to
AMM, where an additional photon is attached to hadrons,
is of the order of the present experimental accuracy.

The FSR cross section in the process (1) has been cal-
culated [11,13] in the framework of scalar QED (sQED),
in which the pions are treated as point-like particles, and
the resulting amplitude is multiplied by the pion electro-
magnetic form factor Fπ(s) evaluated in the vector meson
dominance (VMD) model (s is the invariant e+e− energy
squared) to account for the pion structure. In this model
the contribution of the channel π+π−γ to AMM is esti-
mated as ahad,γ

µ = 4.3 × 10−10 [13]. Although sQED in
some cases works well [3,13], it is clear that sQED is a
simplified model of a complicated process, which may in-
clude excitation of resonances, loop contributions, etc. In
view of the above mentioned requirements for the accu-
racy of theoretical predictions, further studies of the FSR
contribution are necessary.

In this paper we consider the e+e− → π+π−γ reaction
in detail, focusing on FSR. Firstly, we specify the model
independent structure of the FSR amplitude, based on
Lorentz covariance, gauge invariance and discrete symme-
tries. Taking this structure into account we rewrite the
FSR contribution, as well as the interference of ISR and
FSR, in terms of the three scalar functions fi depend-
ing on three kinematical invariants. Secondly, the model
dependent functions fi are obtained in the framework of
chiral perturbation theory (ChPT) with vector ρ(770) and
axial-vector a1(1260) mesons [14]. In this way fi are ex-
pressed through the several constants entering the ChPT
Lagrangian.

For experimental conditions, in which the cross section
integrated over the full phase space of the two pions is
required, this integration is carried out analytically. We
obtain a general result for the cross section dσ/dq2d cos θ
in terms of the two scalar functions h1,2(q2, s) (q2 is the
invariant mass of the π+π− pair, θ is the angle between
photon and electron momenta).

We further study the interference of ISR and FSR by
calculating the π+π− charge asymmetry. Finally, the con-
tribution for the π+π−γ channel to ahad,γ

µ is evaluated and
results are compared with sQED predictions.

This paper is organized as follows. In Sect. 2 the gen-
eral form of the amplitude is considered. The squared and
averaged amplitudes for ISR and FSR, as well as the inter-
ference part are analytically calculated and the structure
of the cross section dσ/dq2d cos θ is studied. The invari-
ant functions fi in the framework of ChPT are derived
in Sect. 3. Results of calculations and discussion are pre-
sented in Sect. 4. In Sect. 5 we draw conclusions. In Ap-
pendix A we discuss symmetries of the FSR tensor and
its model independent structure. Appendix B contains the
ChPT Lagrangian and an explicit expression for the FSR
tensor. In Appendix C the Feynman rules needed for eval-
uation of the γ∗ → γπ+π− amplitude are specified. Ap-
pendix D collects the expressions for the scalar functions
h1,2(q2, s) in ChPT. Some subtle aspects of the kinematics
at low values of q2 are presented in Appendix E. In Ap-
pendix F the contribution to the FSR tensor and charge
asymmetry from the “anomalous” ρ → πγ process is cal-
culated.

2 Formalism for e+e− → π+π−γ reaction

Reaction (1) is described by the diagrams depicted in
Fig. 1. To analyze it we introduce the 4-momenta Q =
p1 + p2, q = p+ + p− and l = p+ − p−. The amplitude of
the reaction depends on five independent Lorentz scalars,
which can be chosen as follows:

s ≡ Q2 = 2p1 · p2,

t1 ≡ (p1 − k)2 − m2
e = −2p1 · k,

t2 ≡ (p2 − k)2 − m2
e = −2p2 · k,

u1 ≡ l · p1, u2 ≡ l · p2, (2)

where we neglected the electron mass (me) in the expres-
sion for s. For further reference note that other invariants
are related to those in (2), for instance, q2 = s + t1 + t2,
l2 = 4m2

π −s− t1 − t2, q · l = 0, k ·Q = k ·q = − 1
2 (t1 + t2),

k · l = Q · l = u1 + u2.
The amplitude of process (1) is the sum M = MISR +

MFSR, where MISR (MFSR) describes the ISR (FSR) pro-
cess:

MISR = − e

q2 Lµνε∗
ν lµFπ(q2), MFSR =

e2

s
JµMµν

F ε∗
ν ,

(3)
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Fig. 1. Diagrams describing the e+e− → π+π−γ process



S. Dubinsky et al.: Final-state radiation in electron–positron annihilation into a pion pair 43

where the lepton currents are given by

Lµν = e2ūs2(−p2)

×
[
γν (−p/2 + k/ + me)

t2
γµ + γµ (p/1 − k/ + me)

t1
γν

]
×us1(p1), (4)

Jµ = eūs2(−p2)γµus1(p1), (5)

Fπ(q2) is the pion electromagnetic (EM) form factor, ε∗
ν

is the photon polarization vector and the tensor Mµν
F de-

scribes the photon radiation from the final state. This ten-
sor is considered in detail in Sect. 3 and Appendices A and
B. In (4) and (5) us1(p1) and ūs2(−p2) are the electron
and positron spinors with normalization ūs′(p)us(p) =
−ūs′(−p)us(−p) = 2meδss′ .

The invariant amplitude squared, averaged over initial
lepton polarizations and summed over the photon polar-
izations1, can be written as

|M |2 = |MISR|2 + |MFSR|2 + 2Re(MISRM∗
FSR). (6)

The expressions for |MISR|2, |MFSR|2 and the interference
part Re(MISRM∗

FSR) are given in Sects. 2.1, 2.2 and 2.3.
The differential cross section for the process (1) is writ-

ten in the following form:

dσ =
1

2s(2π)5

∫
δ4(p1 + p2 − p− − p+ − k)

×d3p+

2E+

d3p−
2E−

d3k

2ω
|M |2, (7)

where p+ = (E+,p+), p− = (E−,p−) and k = (ω =
|k|,k).

2.1 Initial-state radiation

Let us consider first the ISR contribution shown in Fig. 1a.
The amplitude squared can be written as

|MISR|2 = −e6

q4 |Fπ(q2)|2L(γ)
µν lµlν , (8)

L(γ)
µν

=
[
(q2 − t1)2 + (q2 − t2)2

t1t2
− 2m2

eq
2

t21
− 2m2

eq
2

t22

]
g̃µν

+
(

4q2

t1t2
− 8m2

e

t21

)
p̃2µp̃2ν +

(
4q2

t1t2
− 8m2

e

t22

)
p̃1µp̃1ν ,

where p̃1µ = p1µ − qµ(p1 · q)/q2 and similarly for p̃2µ, and
g̃µν = gµν − qµqν/q2.

If one integrates over the full, unrestricted phase space
of the final pions, the hadronic tensor can be integrated
in the invariant form (see [11])

|Fπ(q2)|2
16π2

∫
δ4(p1 + p2 − p+ − p− − k) lµlν

1 We use
∑

polar. ε∗
ρεσ = −gρσ.

×d3p+d3p−
E+E−

=
q4

8π2α2 σ(q2)g̃µν , (9)

which leads to the following cross section (“F” stands for
“Full”):

dσ
(F)
ISR

dωdΩ
=

αω

2π2s
σ(q2) (10)

×
[
(q2 − t1)2 + (q2 − t2)2

t1t2
− 2q2m2

e

t21
− 2q2m2

e

t22

]
,

where

σ(q2) =
πζα2

3q2 |Fπ(q2)|2

is the total cross section for e+e− → π+π−, ζ = (1 −
4m2

π/q2)3/2 and α = e2/4π ≈ 1/137 is the fine-structure
constant, dΩ = d cos θdφ and θ (φ) is the polar (az-
imuthal) angle for the emitted photon. Note that the cross
section does not depend on the azimuthal angle φ.

Integration over the photon angles leads to the result

dσ
(F)
ISR

dq2 = σ(q2)
2α(s2 + q4)
πs2(s − q2)

(L − 1), L = ln
s

m2
e

. (11)

In the last equation we used ω = (s − q2)/2
√

s and dq2 =
−2

√
sdω. Note that (11) holds for the full angular phase

space of the photon; another case of the restricted angular
phase space of the photon will be studied elsewhere.

In some cases, due to experimental conditions, the en-
tire phase space of the pion is not available. Then it is not
possible to use (9)–(11). In this situation one has to con-
tract first the hadron and lepton tensors and then carry
out phase space integration. From (8) we obtain the ISR
contribution

|MISR|2 = −4e6

q2 |Fπ(q2)|2R,

R =
m2

π

q2 F +
χ2

1 + χ2
2 − χ1(q2 − t2) − χ2(q2 − t1)

t1t2

−2m2
e

t22

(
χ1

q2 − 1
)

− 2m2
e

t21

(
χ2

q2 − 1
)

, (12)

where χ1,2 ≡ 2p1,2 · p− = 1
2 t1,2 − 1

2s − u1,2. Then the
ISR cross section takes the form [12] (“R” stands for “Re-
stricted”)

dσ
(R)
ISR =

12σ(q2)R
sζ

α

4π2

d3k

ω

dϕ+

2π
|p+|dE+dc+

E−
×δ(2E − ω − E+ − E−), (13)

where we introduced the electron (positron) energy E =√
s/2 in the CM frame. Using the relation∫ |p+|dE+dc+

E−
δ(2E − ω − E+ − E−)

→
∫ |p+|2dc+

(2E − ω)|p+| + ωE+ cos θγ+
(14)
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we obtain the corresponding ISR cross section

dσ
(R)
ISR

dq2 =
3σ(q2)
4E2ζ

α

2π
ω

E

1∫
−1

d cos θ

2π∫
0

dϕ+

2π

cmax∫
−cm

R|p+|2dc+

A|p+| + CE+
.

(15)
If ω < 2E(E − mπ)/(2E − mπ) (which, for example, cor-
responds to the values q2 > 0.16 GeV2 at

√
s = 1 GeV)

then we obtain

E+ =
1

(2E − ω)2 − ω2 cos2 θγ+

(
2E(E − ω)(2E − ω)

− ω cos θγ+

×
√

4E2(E−ω)2−m2
π[(2E−ω)2−ω2 cos2 θγ+]

)
. (16)

Here c+ = cos θ+, θ+ (ϕ+) is the polar (azimuthal) angle
of the positively charged pion (we take the OZ axis along
the vector p1), and cos θγ+ = kp+/|k||p+|. In this energy
region the angle θγ+ can take arbitrary values (for details
see Appendix E). Other notation can be found in [12].

2.2 Final-state radiation

The process of photon radiation from the final state is
shown in Fig. 1b, where the dark rhomb denotes the set of
the contributing diagrams. The covariant decomposition
of the FSR tensor Mµν

f can be obtained from Lorentz and
discrete symmetries (Appendix A). This tensor involves
three gauge-invariant structures τµν

i and invariant func-
tions fi (i = 1, 2, 3). The explicit form of the functions fi

in the framework of ChPT is discussed in Sect. 3. In terms
of fi we obtain

|MFSR|2 =
e6

s2

[
a11|f1|2 + 2a12Re(f1f

∗
2 ) + a22|f2|2 (17)

+ 2a23Re(f2f
∗
3 ) + a33|f3|2 + 2a13Re(f1f

∗
3 )
]
,

a11 =
1
4
s(t21 + t22),

a33 = −s2

2
[t1t2l2 + 2(u1 + u2)(u2t1 + u1t2)],

a22 =
1
8
(
sl4(t1 + t2)2

+ 4l2
[
u1

2(s2 + s(t1 + t2) + t22)

+ u2
2(s2 + s(t1 + t2) + t21)

+ 2u1u2[s2 + s(t1 + t2) − t1t2]
])

+ s(u2
1 + u2

2)(u1 + u2)2,

a12 =
1
8
(
sl2(t1 + t2)2 + 4u1

2(s2 + st2 + t22)

+ 4u2
2(s2 + st1 + t21)

+ 4u1u2[2s2 + s(t1 + t2) − 2t1t2]
)
,

a13 =
s

4
[(u1 + u2)(st1 + st2 + t1t2) − u1t

2
2 − u2t

2
1],

a23 =
s

4
[−l2(u1t

2
2 + u2t

2
1

− (u1 + u2)t1t2) − 2s(u1 + u2)3

+ 2(u1 + u2)[u1
2t2 + u2

2t1 − u1u2(t1 + t2)]
]
.

In order to obtain the cross section dσFSR we have to
substitute (17) in (7) and integrate over the phase space
of the final particles.

In the case of the full phase space of pions, the inte-
gration can be simplified using the method suggested in
[11]. In this case the squared matrix element |MFSR|2 in
(3) can be integrated in the invariant form∫

|MFSR|2 d3p−d3p+

E−E+
δ4(q − p− − p+) =

e6

s2 JµJ∗
ν Wµν .

(18)
Taking into account the conditions WµνQµ =

WµνQν = 0, one can write Wµν as

Wµν = h1g
µν +

Q2

(k · Q)2
(h1 + Q2h2)kµkν + h2Q

µQν

−h1 + Q2h2

k · Q
(kµQν + kνQµ), (19)

where h1,2 are functions of q2 and Q2.
In the framework of sQED h1,2 were found in [11]

(see also Appendix D). Using (19) we obtain the follow-
ing equations for h1,2 in terms of the functions fi for any
model of FSR :

h2(k · q)2

=
∫

d3p+d3p−
E+E−

δ4(q − p+ − p− − k)

× [(k · l)2|f2|2 + (k · Q)2|f3|2
−2(k · l)(k · Q)Re(f2f

�
3 )]

× [(k · Q)2l2 + (k · l)2(Q2 − 2k · Q)], (20)
2h1 − h2Q

2

=
∫

d3p+d3p−
E+E−

δ4(q − p+ − p− − k)

× {2(k · Q)2|f1|2
+ [l4(k · Q)2 + l2(k · l)2(Q2 − 2k · Q)
+ 2(k · l)4]|f2|2
+ 2[(k · l)2Q2 + l2(k · Q)2]Re(f1f

�
2 )

− 4Q2(k · Q)(k · l)Re(f1f
�
3 )

− 4Q2(k · l)3Re(f2f
�
3 )

+ [(k · l)2Q4 + 2(k · l)2Q2(k · Q)
−l2Q2(k · Q)2]|f3|2}, (21)

with Q2 = s. In Appendix D the explicit form of h1,2 is
presented in the framework of ChPT.

Then the cross section dσ
(F)
FSR/dωd cos θ takes the form

dσ
(F)
FSR

dωd cos θ
=

α3ω

4πs2

[
h1 − t1t2

2sω2 (h1 + sh2)
]

. (22)

Integrating this equation over the polar angle of the emit-
ted photon we find

dσ
(F)
FSR

dq2 =
α3(s − q2)

24πs3 (2h1 − sh2). (23)
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If we deal with the restricted phase space we can use
the same arguments which led to (15) in Sect. 2.1. Then
the cross section can be written as

dσ
(R)
FSR

dq2 =
|MFSR|2
32s(2π)3

ω√
s

|p+|2
(2E − ω)|p+| + ωE+cγ+

×dϕ+

2π
dc+d cos θ, (24)

where |MFSR|2 is determined in (17).

2.3 Interference

The interference part of the squared invariant amplitude
|M |2 is written in terms of the invariant functions fi and
the pion form factor as follows:

Re(MISRM∗
FSR)

= − e6

4sq2

[
A1Re(Fπ(q2)f∗

1 ) + A2Re(Fπ(q2)f∗
2 )

+A3Re(Fπ(q2)f∗
3 )
]
, (25)

where the coefficients Ai are

A1 = −2u1

(−s2 + (t1 − t2)s + t1t2
t1

+
s2 + t22

t2

)

+ 2u2

(−s2 + (t2 − t1)s + t1t2
t2

+
s2 + t21

t1

)
,

A2 = −4
u1

2 + u2
2

t1t2
× [(s(t1 − t2) − t2(t1 + t2)) u1

− (s(t2 − t1) − t1(t1 + t2)) u2]

− l2

t1t2

(
u1[2s2(t1 − t2)

+ s(t1 + t2)(t1 − 3t2) − t2(t1 − t2)2]
− u2[2s2(t2 − t1) + s(t1 + t2)(t2 − 3t1)

−t1(t2 − t1)2]
)
,

A3 = −2s(t1 − t2)l2

− 4s

(
u1

2
(

2 +
s + t2

t1

)

− u2
2
(

2 +
s + t1

t2

)
+

s(t2 − t1)
t1t2

u1u2

)
. (26)

We would like to mention that the cross sections dσISR
and dσFSR are symmetric under the interchange of the
π+ and π− momenta, while the interference term dσIFR
is antisymmetric:

dσISR(p+, p−) = dσISR(p−, p+),
dσFSR(p+, p−) = dσFSR(p−, p+),
dσIFR(p+, p−) = −dσIFR(p−, p+). (27)

Therefore dσIFR integrated over the symmetric phase
space of the pions (for example, for the full unrestricted
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Fig. 2. Diagrams for FSR in the framework of ChPT. Dashed
lines depict a pion, wavy lines a photon, double-dashed lines a
ρ0 meson, and dotted lines an a1 meson. The hatched circles
denote the irreducible γππ vertex

phase space) is equal to zero. Other implications of (27)
are considered in the next sections.

For the restricted phase space of pions we have a result
analogous to (24):

dσ
(R)
IFR

dq2 =
Re(MISRM∗

FSR)
16s(2π)3

ω√
s

|p+|2
(2E − ω)|p+| + ωE+cγ+

×dϕ+

2π
dc+d cos θ. (28)

3 Final-state radiation
in the framework of ChPT

Based on results of Appendix A we can write the FSR
tensor Mµν

F in the form

Mµν
F = f1τ

µν
1 + f2τ

µν
2 + f3τ

µν
3 . (29)

In the framework of ChPT with vector and axial-vector
mesons [14] (see the details in Appendix B) the process
γ∗ → π+π−γ is described at tree level by the diagrams
shown in Fig. 2. Using results from Appendix B we find
the invariant functions fi ≡ fi(Q2, k · Q, k · l)

fi = f sQED
i + ∆fi, (30)
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where the f sQED
i correspond to sQED:

f sQED
1 =

2k · QFπ(Q2)
(k · Q)2 − (k · l)2

, (31)

f sQED
2 = − 2Fπ(Q2)

(k · Q)2 − (k · l)2
, f sQED

3 = 0,

and ∆fi are additional contributions

∆f1 =
F 2

V − 2FV GV

f2
π

(
1

m2
ρ

+
1

m2
ρ − Q2

)
(32)

− F 2
A

f2
πm2

a

[
2 +

(k · l)2

D(l)D(−l)

+
(Q2 + k · Q)[4m2

a − (Q2 + l2 + 2k · Q)]
8D(l)D(−l)

]
,

∆f2 = − F 2
A

f2
πm2

a

4m2
a − (Q2 + l2 + 2k · Q)

8D(l)D(−l)
, (33)

∆f3 =
F 2

A

f2
πm2

a

k · l

2D(l)D(−l)
. (34)

Here D(l) = m2
a−(Q2+l2+2k ·Q+4k ·l)/4. The functions

∆fi and f sQED
i obey the same symmetry relations as given

by (A.5) for functions fi. The EM form factor in (31) for
the on-shell pion follows from (B.4):

Fπ(Q2) = 1 +
FV GV

f2
π

Q2

m2
ρ − Q2 . (35)

To account for the finite width of the vector meson one
can substitute in (32) and (35)

m2
ρ − Q2 → m2

ρ − Q2 − imρΓρ(Q2), (36)

Γρ(Q2) =
mρG

2
V

48πf4
π

Q2
(

1 − 4m2
π

Q2

)3/2

θ(Q2 − 4m2
π),

where Γρ(Q2) is the energy dependent width for the ρ →
ππ decay. In a similar way one can include in (32)–(34)
the width of the decay a1 → 3π. The analytical form of
Γa1(Q

2) can be taken from, e.g., [15].
Using the form of f1,2,3 we can find the functions h1,2

from Sect. 2.2 appearing in the FSR cross section. The ex-
pressions are rather lengthy and are listed in Appendix D.

We would like to mention that the Compton γπ → γπ
scattering amplitude in the framework of ChPT [14] was
calculated in [16]. Having compared (37)–(40) of [16] with
(32)–(34) of the present paper, we have concluded that
the ρ meson contributions are equal whereas the a1 meson
contributions are different.

In addition to the even-intrinsic-parity contributions
considered above there is an odd-intrinsic-parity part.
The corresponding Lagrangian [17,18] describes processes
which do not conserve intrinsic parity, such as ρ →
πγ. The contribution of the two-step mechanism γ∗ →
ρ±π∓ → π+π−γ to the FSR tensor is evaluated in Ap-
pendix F.

Table 1. Masses and coupling parameters of vector and axial-
vector mesons

meson m (GeV) GV (GeV) FV (GeV) FA (GeV)
ρ 0.775 0.066 0.14 –
a1 1.23 – – 0.122

4 Results of calculation

Table 1 lists the parameters of the model. The cou-
plings FV , FA are determined from the experimental de-
cay widths [19]: Γ (ρ0 → e+e−) = 6.85 ± 0.11 keV and
Γ (a1 → πγ) = 640 ± 246 keV, while GV is fixed from
the width Γ (ρ → ππ) = 150.7 ± 2.9 MeV (we neglect the
chiral corrections here). The pion weak-decay constant is
fπ = 92.4 MeV.

4.1 Charge asymmetry

We will illustrate the results obtained in the previous sec-
tions by considering the charge asymmetry [13]

A =
N(θ+) − N(θ−)
N(θ+) + N(θ−)

(37)

for “collinear” kinematics in which the hard photon is ra-
diated inside a narrow cone with the opening angle 2θ0,
θ0 � 1, along the direction of initial electron. We choose
θ0 = 7◦. In these conditions the asymmetry takes the form

A ≈ dσ
(R)
IFR

dq2dc+

[
dσ

(R)
ISR

dq2dc+

]−1

, (38)

where we neglected the FSR contribution compared to the
ISR one in the denominator.

The ISR cross section for collinear kinematics was ob-
tained in [12]. We use (26)–(30) of [12], which were derived
in the quasi-real-electron approximation. It is convenient
to rewrite these results as follows:

dσ
(R)
ISR

dq2dc+
=

πα2ζ|Fπ(q2)|2
3q2s

α

2π
P (z, L0)A(q2, c+),

P (z, L0) =
s2 + q4

s(s − q2)
L0 − 2q2

s − q2 , L0 = ln
sθ2

0

4m2
e

,

A =
12
ζ

z[(1 + z)K − (1 − z)c+]2U
K[(1 + z)2 − (1 − z)2c2

+]2
,

U =
χ1

s
− χ2

1

s2 − m2
π

q2 , z =
q2

s
, (39)

χ1

s
=

z[1 + z − 2Kc+ + (1 − z)c2
+]

(1 + z)2 − (1 − z)2c2
+

,

K =

√
1 − m2

π

sz2 [(1 + z)2 − (1 − z)2c2
+].

In order to obtain dσ
(R)
IFR/dq2dc+ we should integrate

the right-hand side of (28) over ϕ+ and θ. Since the right-
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Fig. 3. Charge asymmetry as a function of pion polar angle
at fixed q2 for s = 1 GeV2. Here the solid line corresponds to
sQED, the dashed line to the full result in ChPT

hand side has no singularity at the point θ = 0 the in-
tegration over ϕ+ and θ can be easily done numerically.

In Figs. 3 and 4 we show the asymmetry dependence on
pion polar angle (at fixed q2) and on q2 (at fixed pion polar
angle). It follows from the calculations that the asymmetry
changes sign at about q2 = 0.5 GeV2 (see Fig. 4). At all
pion angles the difference between sQED and ChPT shows
up only at small values of q2, i.e at high photon energies.

The sQED description is adequate for soft photon
emission. It follows from (31)–(34) that at small photon
energies, f sQED

1 ∼ 1
ω , f sQED

2 ∼ 1
ω2 , whereas ∆fi which

are responsible for the deviation from sQED behave rather
as constants. Only at large photon energies the contribu-
tion from the intermediate a1 meson (the last two dia-
grams in Fig. 2) can be sizable, because the denominators
D(l)D(−l) in (32)–(34) approach the a1 meson pole with
the photon energy increasing.

For high value of q2 the difference between the pre-
dictions of sQED and full calculation in ChPT is small.

Fig. 4. Charge asymmetry as a function of q2 at fixed pion
polar angle for s = 1 GeV2. The notation for the curves is the
same as in Fig. 3

For example, at q2 = 0.8 GeV2 and q2 = 0.6 GeV2 it is
less than 1% (the dashed and solid lines in Figs. 3 and 4
almost coincide). Taking into account that the asymme-
try itself is less than 10−2, the experimental observation
of such deviations in the energy region q2 ≥ 0.6 GeV2 is
problematic.

Additional contribution coming from the process γ∗ →
ρ±π∓ → π+π−γ turns out very small (see Appendix F)
and does not change the above conclusion.

In order to test the calculation we can check that the
asymmetry, integrated over the symmetric phase space of
the pions, vanishes. Since no restriction has been imposed
on the π− polar angle we impose no restriction on the π+

polar angle, i.e. choose 0◦ ≤ θ+, θ− ≤ 180◦. Indeed, the
integrated asymmetry is equal to zero.
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Fig. 5. Differential contribution to a
(had,γ)
µ from e+e− →

π+π−γ, where γ is the hard photon with energy ω ≥ Ecut (up-
per panel). Integrated contribution to a

(had,γ)
µ as a function of

Ecut for smax = 1.5 GeV2 (lower panel). The solid (dashed) line
corresponds to the sQED (full) result

4.2 Contribution from e+e− → π+π−γ to AMM
of the muon

Now we apply the previous results to the calculation of
ahad,γ

µ which arises from the π+π−γ channel. We should
mention that only the radiation of the hard photon with
the energy ω ≥ Ecut is taken into account.

According to [20] ahad,γ
µ can be written in terms of the

dispersion integral

ahad,γ
µ =

α2

3π2

∫ ∞

4m2
π

Rγ(s)K(s)
ds

s
,

Rγ(s) =
σπ+π−,γ(s)
σµ+µ−(s)

, (40)

σµ+µ−
(s) =

4πα2

3s

(
1 +

2m2
µ

s

)√
1 − 4m2

µ

s
,

K(s) =
∫ 1

0

x2(1 − x)
x2 + (1 − x)s/m2

µ

dx,

where mµ is the muon mass.

Fig. 6. Integrated contribution to a
(had,γ)
µ as a function of Ecut

for smax = 1.5 GeV2. The notation for the curves is the same
as in Fig. 3

To obtain the cross section σπ+π−,γ(s) we have to in-
tegrate (23) over q2 from 4m2

π to q2
max. The value of q2

max
is determined from the equality q2

max = s−2
√

sEcut. From
the condition q2

max ≥ 4m2
π, the lower limit of the integra-

tion in (40) is found to be smin = (Ecut +
√

4m2
π + E2

cut)2.
The upper limit in (40) is replaced by a finite smax. The
value of smax is chosen smax = 1.5 GeV2, which is about of
O(m2

a), the upper limit of the applicability of ChPT with
ρ and a1 mesons. The dependence of ahad,γ

µ on energy Ecut
is shown in Fig. 5.

As follows from our calculations the additional con-
tributions to ahad,γ

µ stemming from ChPT are very small
compared to the sQED result. This is in line with the con-
clusion of [21]. Even for the relatively large cut-off energy
Ecut = 200 MeV the full result in ChPT differs from the
sQED result only by 3.5%. For that reason the solid and
dashed lines in Fig. 5 almost coincide. At the same time
with increasing photon energy sQED begins to loose its
predictive power. This is demonstrated in Fig. 6. In this
region of energies the contribution from the a1 meson is
considerable and has to be taken into account. For exam-
ple, at a photon energy about 500 MeV the deviation from
sQED reaches 60%. However such a deviation (which is of
the order of 10−12) is beyond the accuracy of the present
measurements of the muon AMM.

5 Conclusions

In this article the FSR of a hard photon in the e+e− →
π+π−γ reaction has been considered in the framework of
ChPT with vector ρ and axial-vector a1 mesons. The re-
spective Lagrangian generates effective O(p4) chiral terms
and, as substantiated in [14], is adequate for the descrip-
tion of processes at energies up to about 1 GeV.

Our consideration of FSR is motivated by the necessity
to study the model dependence of the hadronic contribu-
tion ahad,γ

µ to AMM of the muon. We have demonstrated
that this dependence is weak, in particular, in the region
of energies up to s = 1.5 GeV2 the differences between
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predictions of ChPT and sQED are very small compared
to the present experimental accuracy. In general, the de-
viation of ChPT from sQED increases with increasing the
minimal photon energy Ecut. However this deviation be-
comes essential only if the energy of the photon exceeds
400 MeV, in the region where ahad,γ

µ itself is beyond the
existing experimental precision. To observe such effects
the experimental accuracy has to be increased by at least
one order of magnitude.

In fact, this small deviation is not surprising. Firstly, at
fixed value of s the low-energy photon region is described
similarly in both models and, as follows from the calcula-
tion, this region dominates in ahad,γ

µ . Secondly, the main
contribution to the integral over s in (40) comes from the
region of the ρ-resonance, which is accounted for in the
same way in sQED and ChPT through the VMD model.
Therefore, the integral ahad,γ

µ is not sensitive to the chiral
dynamics (see also the discussion in [21]).

The developed approach has also allowed us to inves-
tigate the C-odd asymmetry of the cross section caused
by the ISR–FSR interference. In general, measurements
of the asymmetry can test the FSR amplitude. We con-
sidered radiation of the photon at the small angle relative
to the direction of the electron momentum, θ < θ0 = 7◦.
In these conditions the absolute value of asymmetry is
of the order of θ2

0 ∼ 10−2. According to our calculations
the difference between sQED and ChPT shows up only
at the high photon energies ω ≥ 0.3 GeV. For the smaller
photon energies the difference is less than 1%. Since the
asymmetry itself is less than 10−2 for the selected collinear
kinematics the experimental observation of this difference
in the energy region ω < 0.3 GeV is problematic. Thus
the model dependence of the asymmetry can experimen-
tally be observed only at q2 close to the threshold region,
4m2

π ≤ q2 < 0.4 GeV2.
In our view, the photon FSR from the two-pion channel

in e+e− → hadrons process shows the model dependence
only near the two-pion threshold where the photon en-
ergy is large. In the bulk of energies (0.4 GeV2 < q2 < s)
scalar QED is sufficient to describe the FSR contribu-
tion to ahad,γ

µ and the C-odd asymmetry. In that way our
results validate recent calculations [13] performed in the
framework of sQED.

It is plausible that the more complicated many-particle
channels are more sensitive to the chiral dynamics. An-
other possibility to test chiral models is the region of the
space-like photon momenta (Q2 < 0). In particular, the
virtual Compton scattering on the pion, e−π± → e−π±γ,
allows one to obtain information on the pion polarizabili-
ties (see, e.g., [22,16]).
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Appendix A: General form of FSR tensor

The amplitude of the reaction γ∗(Q) → γ(k) + π+(p+) +
π−(p−) depends on three 4-momenta, which can be chosen
as Q, k, and l ≡ p+ − p−. Here Q = p1 + p2 is the total
momentum of the e+e− pair with Q2 = s = 4E2. For on-
mass-shell pions Q · l = k · l. In general, the second-rank
Lorentz tensor Mµν(Q, k, l) can be decomposed through
10 independent tensors [23,24]:

Mµν(Q, k, l) =
10∑

i=1

Ωµν
i Fi(Q2, k2, Q · k, k · l), (A.1)

Ωµν
i = {gµν , QµQν , kµkν , lµlν , lµQν ,

Qµlν , lµkν , kµlν , Qµkν , kµQν},

where parity conservation is taken into account. The ten-
sor Mµν(Q, k, l) obeys the following properties:

Mµν(Q, k, l) = Mµν(Q, k,−l) = Mνµ(−k,−Q, l). (A.2)

The first equality follows from the charge
conjugation symmetry of the S-matrix el-
ement 〈γ(k), π+(p+)π−(p−)|S|γ∗(Q)〉 =
〈γ(k), π−(p+)π+(p−)|S|γ∗(Q)〉, and the second one
is due to the photon crossing symmetry: Q ↔ −k and
µ ↔ ν. Equations (A.2) impose certain constraints on the
scalar functions Fi(Q2, k2, Q · k, k · l).

The consideration below follows that of [24], where the
virtual Compton scattering γ∗(q)+π+(p) → γ(q′)+π+(p′)
with the space-like initial photon (q2 < 0) and real final
photon (q′2 = 0) has been studied in detail. Some of the
results for the reaction γ∗(Q) → γ(k) + π+(p+) + π−(p−)
can be obtained from the corresponding results of [24]
after the substitutions pµ → −pµ

−, p′µ → pµ
+, qµ → Qµ,

q′µ → kµ.
The gauge invariance conditions QµMµν(Q, k, l) = 0

and Mµν(Q, k, l)kν = 0 lead to the five linear equations
between the functions Fi in (A.1), and in the general case
of two virtual photons one is left with five scalar func-
tions (see (14) and (15) of [24]). We are interested in the
situation, where the final photon is real, i.e. k2 = 0 and
kνε′

ν = 0 (ε′
ν is the polarization vector of the final photon),

while the initial photon produced in e+e− annihilation is
virtual with Q2 ≥ 4m2

π. In this case one obtains

Mµν(Q, k, l) = −ie2(τµν
1 f1 + τµν

2 f2 + τµν
3 f3)

≡ −ie2Mµν
F (Q, k, l), (A.3)

with the gauge-invariant tensors

τµν
1 = kµQν − gµνk · Q, (A.4)

τµν
2 = k · l(lµQν − gµνk · l) + lν(kµk · l − lµk · Q),

τµν
3 = Q2(gµνk · l − kµlν) + Qµ(lνk · Q − Qνk · l).

The scalar functions fi ≡ fi(Q2, k ·Q, k · l) are either even
or odd with respect to the change of sign of the argument
k · l:

f1,2(Q2, k · Q, k · l) = +f1,2(Q2, k · Q,−k · l),
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f3(Q2, k · Q, k · l) = −f3(Q2, k · Q,−k · l). (A.5)

The factor −ie2 in (A.3) is included for convenience. It
thus follows that the evaluation of the FSR tensor amounts
to the calculation of the scalar functions fi (i = 1, 2, 3).

Appendix B:
Chiral Lagrangian for pseudoscalar, vector
and axial-vector mesons and photon

We choose the O(p2) chiral Lagrangian derived by Ecker
et al. [14], which contains vector mesons and axial-vector
mesons. It includes the interaction of pseudoscalar, vector
and axial-vector mesons and photons. The explicit form is
given in [14]:

L =
f2

π

4
Tr(DµUDµU† + χU† + χ†U) − 1

4
FµνFµν

− 1
2
Tr
(

∇λVλµ∇νV νµ − 1
2
m2

ρVµνV µν

)

− 1
2
Tr
(

∇λAλµ∇νAνµ − 1
2
m2

aAµνAµν

)

+
FV

2
√

2
Tr(Vµνfµν

+ ) +
iGV√

2
Tr(Vµνuµuν)

+
FA

2
√

2
Tr(Aµνfµν

− ), (B.1)

where U = exp(i
√

2Φ/fπ), Φ describes the SU(3) octet
of the pseudoscalar mesons, Vµν (Aµν) is the antisym-
metric field describing the SU(3) octet of the polar-vector
(axial-vector) mesons, and Fµν = ∂µBν −∂νBµ is the EM
tensor, where the photon field is denoted by Bµ. Further,
fπ, FV , GV , FA are constants, whose numerical values are
specified in Sect. 4. For more details on definitions and
notation see [14].

For treating the process γ∗ → π+π−γ at tree level it is
sufficient to keep in (B.1) the terms containing the neutral
meson ρ0(770), and the charged mesons a±

1 (1260) and π±,
as well as the photon. We obtain

L = ieBµ(π−∂µπ+ − π+∂µπ−) + e2BµBµπ+π−

+ e
FV

2
Fµνρ0

µν

(
1 − π+π−

f2
π

)

+ i
GV

f2
π

ρ0
µν(∂µπ+∂νπ− − ∂µπ−∂νπ+)

+ ie
FA

2fπ
Fµν(a+

1µνπ− − a−
1µνπ+)

+ e
GV

f2
π

ρ0
µν [Bµ(π+∂νπ− + π−∂νπ+)

−Bν(π+∂µπ− + π−∂µπ+)]. (B.2)

The Lagrangian (B.2) leads to the Feynman rules dis-
cussed in Appendix C. The diagrams contributing to the
γ∗ → π+π−γ reaction at tree level are shown in Fig. 2.

For the general case of two virtual photons we obtain the
FSR tensor Mµν

F :

Mµν
F =

1
Q2 − 2Q · p−

Γµ(Q − p−, p−)Γ ν(p+, p+ + k)

+ (p+ ↔ p−) − 2gµν +
F 2

V − 2FV GV

f2
π

×
(

1
m2

ρ − Q2 +
1

m2
ρ − k2

)
(gµνk · Q − kµQν)

− 2FV GV

f2
π

[
1

m2
ρ − Q2 (gµνQ2 − QµQν)

+
1

m2
ρ − k2 (gµνk2 − kµkν)

]

+
F 2

A

f2
πm2

a

[
(gµνk · Q − kµQν)

+
1

m2
a − (Q − p−)2

× [(k + p+)µ(k · Q(k + p+)ν − k · (k + p+)Qν)
− Q · (k + p+)(kµ(k + p+)ν − k · (k + p+)gµν)]

+(p+ ↔ p−)

]
(B.3)

where the EM vertex for the off-mass-shell pion (with ini-
tial pi and final pf momenta) is

Γµ(pf , pi) = (pi + pf )µ

+
FV GV

f2
π(m2

ρ − r2)
[(pi + pf )µr2 − rµ(p2

f − p2
i )],

r ≡ pf − pi. (B.4)

Note that Lagrangian (B.1) was applied in [16] in calcu-
lation of the Compton tensor for γ∗π+ → γ∗π+.

Appendix C:
Feynman rules for ChPT Lagrangian

Following [14] we describe the vector (axial-vector) meson
by the antisymmetric tensor field that corresponds to the
following form of the propagator:

i∆αβ;µν(q) =
i

M2(M2 − q2)

× [gαµgβν(M2 − q2) + gαµqβqν − gανqβqµ

−(α ↔ β)], (C.1)

where M is a mass of the vector (axial-vector) meson.
The vertices corresponding to the ChPT Lagrangian

from Appendix B are listed in Fig. 7.

Appendix D:
Expressions for functions h1,2

The functions h1 and h2 of Sect. 2.2 can be written as

hi = hsQED
i + ∆hi, (D.1)
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ieFA

2fπ
(kαgβµ − kβgαµ)

�
(µν)

p+
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π
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eFV
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2
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�k(µ)
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(αβ)

p−

eGV

f2
π

(gµβ(p−+p+)α−gµα(p−+p+)β)−eFV

2f2
π

(kαgβµ−kβgαµ)

�k
(αβ)

p+

(µ)

p−

eGV

f2
π

(gµβ(p−+p+)α−gµα(p−+p+)β)+
eFV

2f2
π

(kαgβµ−kβgαµ)

Fig. 7.

where hsQED
i are determined from the following equations

[11]

hsQED
2 (k · q)2 = 4πξ|Fπ(Q2)|2[3q2 − (q2 + 2m2

π)L1] (D.2)

2hsQED
1 − hsQED

2 Q2 =
16πξ|Fπ(Q2)|2

(k · Q)2
(D.3)

×
[
(k · Q)2 +

(
Q2

4
− m2

π

)
(−q2 + (q2 − 2m2

π)L1)
]

with ξ =
(

1 − 4m2
π

q2

)1/2

and L1 =
1
ξ

ln
1 + ξ

1 − ξ
.

From (32)–(34) we obtain the equation for ∆h2 and
(2∆h1 − sh2) in ChPT:

2∆h1 − s∆h2

= 2πξ

{
C1 +

C2L2

k · Q

+
C3[

(m2
a − m2

π)(r − k · Q) + 4m2
π(k·Q)2
q2

]
+ 4ReFπ(s)

×
[
fQ2 − ar + 2m2

πL1

(
− f + a

× 2(m2
a − m2

π)(r − k · Q) + 2m2
πr + k · Q(m2

a − m2
π)

(m2
a − m2

π)(r − k · Q)

)

−
(

4m2
π(m2

a + m2
π)(k · Q)2

(m2
a − m2

π)(r − k · Q)
+ 2m2

πq2

+(m2
a − m2

π)(r + 2Q2 − k · Q)

)
aL2

k · Q

]}
, (D.4)
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where

C1 = 2(k · Q)2f2 + af(2q2k · Q + rQ2)

+
1
4
a2((q2 − 2k · Q)q2 + 2r2), (D.5)

C2 = −af

2
{(k · Q)2(Q2 + 4k · Q + 4m2

π)

+ 2k · Q(Q2 + 2k · Q)r + Q2r2}
+

a2

8r
{(k · Q)2[8m4

π + 2m2
π(Q2 + 6k · Q)

+ k · Q(2Q2 + 5k · Q)]
+ 2k · Qr[−q2Q2 + 12k · Q(m2

π + k · Q)]
− 2r2[Q4 + m2

πq2 + k · Q(Q2 − 11k · Q)]
− 4Q2r3 − 3r4}, (D.6)

C3 =
a2

4
{[8m4

π

+ 2m2
π(−Q2 + 6k · Q) + 5(k · Q)2 + Q4](k · Q)2

+ 2rk · Q[Q4 + 2Q2k · Q + 4(k · Q)2 + 4m2
π(k · Q)]

+ r2[Q4 + 8Q2k · Q + 2(k · Q)2 + 2m2
πq2]

+ 4Q2r3 + r4}, (D.7)

∆h2(k · Q)2 =
πa(m2

a − m2
π)ξ

2

×
{

q2
(

3a(m2
a − m2

π)
2

+ 8ReFπ(s)
)

+
16(k · Q)2m2

πReFπ(s)
(m2

a − m2
π)(r − k · Q)

L1

−
[
3q2(m2

a − m2
π)(r − k · Q) + 2(k · Q)2(q2 + 2m2

π)
4rk · Q

×a(m2
a − m2

π)
+ 8ReFπ(s)

× r(q2(m2
a − m2

π)(r − k · Q) + 4(k · Q)2m2
π)

2k · Q(r − k · Q)(m2
a − m2

π)

]
L2

}
,

L2 =
1
ξ

ln
r + ξk · Q

r − ξk · Q
, r = m2

a − m2
π − k · Q,

a =
F 2

A

m2
af2

π

,

f =
F 2

V − 2FV GV

f2
π

(
1

m2
ρ

+
1

m2
ρ − s − imρΓρ

)
. (D.8)

Appendix E:
Kinematics of the 3-particle final state

Solving energy-momentum conservation for the pion en-
ergy E+ in (16) requires some care. Firstly, notice that the
energy of the photon at fixed CM energy

√
s = 2E varies

within the limits 0 ≤ ω ≤ ωmax = E−m2
π/E. Secondly, by

requiring positiveness of the expression under the square

root in (16) at arbitrary cos θγ+, we get the conditions

ω ≤ ω− =
2E(E − mπ)

2E − mπ
,

ω ≥ ω+ =
2E(E + mπ)

2E + mπ
.

(E.1)

Clearly ω+ ≥ ωmax and ω− ≤ ωmax. Thus the restric-
tion for the photon energy is 0 ≤ ω ≤ ω−. The corre-
sponding invariant mass of the π+π− pair is 4E2 ≥ q2 ≥
4E2mπ/(2E − mπ) ≈ 2Emπ.

The requirement 0 ≤ ω ≤ ω− coincides with the con-
dition that the energy conservation law in (14) leads to
one solution for E+, namely the one in (16). In the other
case, if ω− ≤ ω ≤ ωmax, the situation becomes more com-
plicated: there appear two solutions E

(−)
+ and E

(+)
+ , which

differ by the sign in front of the square root in (16). Cor-
respondingly one has to sum over two terms in (14) corre-
sponding to these solutions. Besides, the angle θγ+ in this
case is limited by the value

(sin2 θγ+)max =
4E(E − ω)[E(E − ω) − m2

π]
m2

πω2 . (E.2)

For these values of photon energies each angle θγ+ in the
laboratory frame (CM frame for colliding e+e− beams)
corresponds to the two different angles between momenta
of π+ and γ in the π+π− CM frame. Here we refer to the
monograph of [25] (chapter III), where these aspects of
kinematics are considered in detail.

Appendix F:
Contribution to FSR from ρ± → π±γ decays

The diagrams with intermediate charged ρ meson can be
obtained from the 3rd row of diagrams in Fig. 2, if a±

1
meson is replaced by ρ± meson. We choose the chiral La-
grangian, describing the odd-intrinsic-parity sector, in the
form [17]

L(V ) = HV εµναβTr(V µ{uν , fαβ
+ })

 −2
√

2eHV

3fπ
εµναβFαβ�ρµ∂ν�π (F.1)

in the vector formulation for the ρ meson field, where
εµναβ is the totally antisymmetric Levi-Civita tensor.

The constant HV can be determined from the ρ± →
π±γ decay width Γ (ρ± → π±γ) = 68.7 keV [19]. From
(F.1) one finds

Γ (ρ± → π±γ) =
4αm3

ρH
2
V

27f2
π

(
1 − m2

π

m2
ρ

)3

(F.2)

and thus HV = 0.0363.
The corresponding contribution to the invariant func-

tions of Sect. 3 takes the form

∆fρ±
1 =

8H2
V

9f2
π
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Fig. 8. Charge asymmetry as a function of pion polar angle
for s = 1 GeV2. The solid (dotted) line corresponds to the
tensor (vector) formulation for ρ meson, the dashed line to the
calculation without ρ → πγ contribution

×
[
(k · Q + l2)

(
1

C(l)
+

1
C(−l)

)

+ 2k · l

(
1

C(l)
− 1

C(−l)

)]
, (F.3)

∆fρ±
2 = −8H2

V

9f2
π

(
1

C(l)
+

1
C(−l)

)
, (F.4)

∆fρ±
3 =

8H2
V

9f2
π

(
1

C(l)
− 1

C(−l)

)
, (F.5)

where C(±l) = m2
ρ − (k + p±)2 − imρΓρ((k + p±)2) with

(k + p±)2 = (Q2 + l2 + 2k · Q ± 4k · l)/4.
If we choose the antisymmetric-tensor field formulation

for the ρ meson as was done in the rest of this paper, then
the Lagrangian, which is equivalent to (F.1) on the mass
shell, reads

L(T ) =
√

2eHV mρ

3fπ
εµναβFαβ�ρµν�π. (F.6)

For this Lagrangian the functions ∆fρ±
2,3 are the same as

in (F.4) and (F.5), while ∆fρ±
1 differs from (F.3) by an

additional term,

(∆fρ±
1 )′ = ∆fρ±

1 +
64H2

V

9f2
π

. (F.7)

According to our calculations, at invariant masses from
the two-pion threshold to q2 ≈ 0.4 GeV2 the ρ → πγ con-
tribution to the charge asymmetry may be of the same or-
der as the a1 → πγ contribution, if the tensor formulation
for the ρ meson field is applied (see Fig. 8). For the higher
values of q2 the considered mechanism is suppressed with
respect to other contributions.

Regarding the seeming difference between vector and
tensor formulations, we should note that, as argued in
[17,26], the effective Lagrangians in the two formulations
would become equivalent if the Lagrangian in the ten-
sor formulation included an additional local term. Appar-
ently the contribution from this local term to the functions

∆fρ±
i would cancel the term 64H2

V /(9f2
π) in (F.7) mak-

ing the charge asymmetry independent of the formulation
for the ρ meson field. Therefore we can conclude that the
contribution of the γ∗ → ρ±π∓ → π+π−γ process to the
asymmetry is very small at all two-pion invariant masses.
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Abstract We present a general framework for the model-
independent decomposition of the fully differential cross
section of the reactions e+e− → γ ∗ → π0π0γ and e+e− →
γ ∗ → π0ηγ , which can provide important information
on the properties of scalar mesons: f0(600), f0(980) and
a0(980). For the model-dependent ingredients in the differ-
ential cross section, an approach is developed, which relies
on Resonance Chiral Theory with vector and scalar mesons.
Numerical results are compared to data. The framework is
convenient for development of a Monte Carlo generator and
can also be applied to the reaction e+e− → γ ∗ → π+π−γ .

1 Introduction

Despite extensive studies during last decades, physics of the
light scalar mesons a0(980) (IG(J PC) = 1−(0++)), f0(980)

and f0(600) ≡ σ (IG(J PC) = 0+(0++)) is far from com-
plete understanding. In particular, there are doubts whether
a simple quark model can explain their properties, see, e.g.,
the review in [1].

The dominant decay channels of scalar mesons are
known to be π+π−, π0π0 for the f0(980) and σ meson,
and π0η for the a0(980) meson. Much experimental atten-
tion has already been paid to the radiative decays of the φ

meson: φ(1020) → γ a0 → γπη [2, 3] and φ(1020) → γf0

(or γ σ) → γππ [4, 5] (see also the KLOE summary in [6]
and results from Novosibirsk [7–9]). Such measurements are

a e-mail: simon.eidelman@cern.ch
b e-mail: ivashin.s@rambler.ru
c e-mail: korchin@kipt.kharkov.ua
d e-mail: giulia.pancheri@lnf.infn.it
e e-mail: shekhovtsova@kipt.kharkov.ua

a good source of information about the scalar meson prop-
erties [10]. Various models have been proposed to describe
these decays, [10–14], to mention a few. The calculated de-
cay widths turn out to be very sensitive to model ingredients,
however, the experimental data is still insufficient to unam-
biguously discriminate between the models.

In the case of the neutral final state (FS), i.e., π0π0γ and
π0ηγ , the cross section is determined solely by final-state
radiation (FSR) mechanism, since there is no initial-state ra-
diation (ISR) contribution resulting in the same final state.
Despite the lower value of the cross section, compared to
the charged pion case (e+e− → π+π−γ ), processes with
the neutral-meson FS are an invaluable source of informa-
tion on complicated hadron dynamics.

In this paper we describe the differential cross section
of the e+e− annihilation to a pair of neutral pseudoscalar
mesons and one photon in the FS,

e+(p+)e−(p−) → γ ∗ → P1(p1)P2(p2)γ (k). (1)

The pseudoscalar mesons (J PC = 0−+) are denoted by
P1P2 ≡ π0π0 and π0η. In Sect. 2 we present a formalism
for a differential cross section, which is the main task of
this paper. We provide more general formulae in comparison
with Refs. [15–17], namely, the non-integrated expressions
are given as well as those integrated over the angles. It gives
a convenient ground to implement the results in the Monte
Carlo generators, e.g., in FASTERD [18] (based on the gen-
eral structure given in Ref. [15]) or PHOKHARA [19].

Our framework is consistent with symmetries of the
strong and electromagnetic interactions. It incorporates a
model-dependent description of the FSR only through the
explicit form of the Lorentz-invariant functions f1,2,3 and
has a model-independent tensor decomposition.

mailto:simon.eidelman@cern.ch
mailto:ivashin.s@rambler.ru
mailto:korchin@kipt.kharkov.ua
mailto:giulia.pancheri@lnf.infn.it
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In Sects. 3 and 4 we calculate the FS hadronic tensor.
It is the second goal of the paper to provide such a de-
scription in terms of functions f1,2,3. Our model relies on
the Lagrangian of Resonance Chiral Theory (RχT) [20].
The RχT is a consistent extension of Chiral Perturbation
Theory to the region of energies near 1 GeV, which intro-
duces the explicit resonance fields and exploits the idea of
resonance saturation. One of the advantages of the RχT
Lagrangian at leading order (LO), which makes it conve-
nient for the present study, is that, having a good predictive
power, it contains very few free parameters compared with
other phenomenological models. In order to get good agree-
ment with data, we release a rigor of RχT and include some
SU(3) symmetry-breaking effects (e.g., use realistic masses
of vector mesons) and mixing phenomena (e.g., a G-parity-
violating φωπ0 transition).

The loop contributions follow from the model Lagrang-
ian. For example, the kaon loop in the φf0γ transition,
which is often considered as a pure phenomenology mani-
festation, in the present model is a direct consequence of the
RχT Lagrangian. In order to simplify the formulae, some
numerically irrelevant loop contributions are omitted. In ad-
dition, the resonance exchanges in the loops are not consid-
ered to avoid problems with renormalizability.

We consider in detail the following intermediate states
with scalar and vector resonances, which lead to the same
FS P1P2γ :

scalar decay (Sect. 3)

e+e− → γ ∗ → Sγ → P1P2γ,

e+e− → γ ∗ → V → Sγ → P1P2γ,
(2)

vector contribution (Sect. 4)

e+e− → γ ∗ → V P1,2 → P1P2γ,

e+e− → γ ∗ → Va → VbP1,2 → P1P2γ,
(3)

where S (J PC = 0++) is an intermediate scalar meson (S =
f0, σ for π0π0 FS and S = a0 for π0η). Only the lowest
nonet of vector mesons (V , Va , Vb = ρ, ω and φ) is taken
into account.

We are interested in the center-of-mass energy
√

s range
from the threshold up to Mφ . This framework may also be
used in a somewhat dedicated case of

√
s = Mφ , giving, e.g.,

the φ radiative decay description.
For the quantitative illustration of our approach, in Sect. 5

we show the numerical results for the values of
√

s = 1 GeV
and

√
s = Mφ . The meson-pair invariant mass distributions

are of interest, and for
√

s = Mφ they are compared with
available results from KLOE. We demonstrate the inter-
play of the contributions (2) and (3). Conclusions follow in
Sect. 6.

2 General structure of the FSR cross section

For a generic reaction e+e− → γP1P2 we define 4-momenta
as shown in Fig. 1:

p = p1 + p2, l = p1 − p2,

Q = p+ + p− = k + p1 + p2.
(4)

The masses of pseudoscalars are m(P1) = m1, m(P2) = m2.
The cross section of the FSR process can be written as

dσF = 1

2s(2π)5
C12

×
∫

δ4(Q − p1 − p2 − k)|MFSR|2 d3p1 d3p2 d3k

8E1E2 ω

= C12N

∫
|MFSR|2d cos θ dφ dm2

1γ dp2,

N = 1

(2π)4

1

64s2
, (5)

where s = Q2, θ is the azimuthal angle, φ is the polar angle
of the photon and m2

1γ = (k + p1)
2. The factor C12 = 1/2

for π0π0 in the final state and C12 = 1 for π0η. The matrix
element MFSR is

MFSR = e

s
Mμνū(−p+)γμu(p−)ε∗

ν , (6)

where e = √
4πα ≈ √

4π/137 ≈ 0.303 and the FSR tensor
Mμν can be decomposed into three gauge-invariant indepen-
dent tensors:

Mμν(Q,k, l) ≡ −ie2
(
τ

μν
1 f1 + τ

μν
2 f2 + τ

μν
3 f3

)
,

τ
μν
1 = kμQν − gμνk · Q,

τ
μν
2 = k · l(lμQν − gμνQ · l) + lν

(
kμQ · l − lμk · Q)

,

τ
μν
3 = Q2

(
gμνk · l − kμlν

) + Qμ
(
lνk · Q − Qνk · l)

(7)

with the Lorentz-invariant functions

fi ≡ fi

(
Q2, k · Q,k · l), (8)

i = 1,2,3. If m1 = m2, these tensors coincide with those
of Ref. [15, 21]. One may also find a similar approach in
[17, 22, 23]. We emphasize that the decomposition (7) is
model independent; the model dependence is contained in
an explicit form of functions fi only. Notice that the scalar

Fig. 1 Generic scheme for
electron–positron annihilation
into two particles with
final-state radiation
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products can be written in terms of the invariant masses:

k · Q = (
s − p2

)
/2,

k · l = m2
1γ − m2

1 − k · Q,

Q · l = k · l + sδ/2,

(9)

where δ ≡ 2(m2
1 − m2

2)/s.
For the matrix element squared and averaged over the

e+e− polarizations we obtain

|MFSR|2

= e6

s2

[
a11|f1|2 + 2a12 Re

(
f1f

∗
2

) + a22|f2|2

+ 2a23 Re
(
f2f

∗
3

) + a33|f3|2 + 2a13 Re
(
f1f

∗
3

)]
, (10)

with the coefficients

aik ≡
(

s

2
gμρ − p+μp−ρ − p+ρp−μ

)
τ

μν
i τ

ρλ
k gνλ, (11)

equal to

a11 = 1

4
s
(
t2
1 + t2

2

)
,

a22 = 1

8

[
sl4(t1 + t2)

2 + 4l2(
u1

2(
s2 + s(t1 + t2) + t2

2

)
+ u2

2(
s2 + s(t1 + t2) + t2

1

)
+ 2u1u2

(
s2 + s(t1 + t2) − t1t2

))
+ 8s

(
u2

1 + u2
2

)
(u1 + u2)

2
]

− (
4u2

1 + 4u2
2 + l2(2s + t1 + t2)

) s2(u1 + u2)δ

4

+ (
l2s + 2u2

1 + 2u2
2

) s3δ2

8
,

a33 = − s2

2

(
t1t2l

2 + 2(u1 + u2)(u2t1 + u1t2)

− δs(u2t1 + u1t2)
)
,

a12 = 1

8

[
sl2(t1 + t2)

2 + 4u2
1

(
s2 + st2 + t2

2

)
(12)

+ 4u2
2

(
s2 + st1 + t2

1

)
+ 4u1u2

(
2s2 + s(t1 + t2) − 2t1t2

)
+ 2s2(

t1u2 + t2u1 + 2s(u1 + u2)
)
δ + s4δ2

]
,

a13 = s

4

[
(u1 + u2)(st1 + st2 + t1t2) − u1t

2
2 − u2t

2
1

− δ

2
(t1 + t2)s

2
]
,

a23 = s

4

[
l2(u1t2 − u2t1)(t1 − t2) − 2s(u1 + u2)

3

+ 2(u1 + u2)(u1 − u2)(t2u1 − u2t1)

+ δs
(
u1u2(4s + t1 + t2)

+ u2
1(2s − t2) + u2

2(2s − t2)
)

− δ2

2
s3(u1 + u2)

]
,

where

t1 ≡ (p− − k)2 − m2
e = −2p− · k,

t2 ≡ (p+ − k)2 − m2
e = −2p+ · k,

u1 ≡ l · p−, u2 ≡ l · p+.

(13)

For numerical calculations the relation l2 = 2(m2
1 + m2

2) −
p2 may be useful.

Equations (5) and (10), with the explicit expressions (12)
and (13), fix the whole model-independent part of the differ-
ential cross section. It is worth illustrating a relation of these
formulae to the partial differential cross section. Taking into
account the corresponding factors and integrating the coeffi-
cients aik over the angular variables of the final-meson phase
space we have

dσ

dm2
1γ dp2

= α3C12

32s

(
A11|f1|2 + 2A12 Re

(
f1f

∗
2

)
+ A22|f2|2 + 2A23 Re

(
f2f

∗
3

) + A33|f3|2
+ 2A13 Re

(
f1f

∗
3

))
, (14)

where

A11 = 4x2

3
,

A12 = 2s

3

[
(x1 − x2)

2 + x2(σ − 1 + x)

− 2δ(x1 − x2) + δ2
]
,

A13 = −4s

3
x(x1 − x2 − δ),

A23 = −2s2

3
(x1 − x2)(δ − x1 + x2)

2,

A22 = s2

3

[
(x1 − x2)

4 + 2(x1 − x2)
2(1 − x)(σ − 1 + x)

+ 2x2(σ − 1 + x)2

− 2δ(x1 − x2)
(
(x1 − x2)

2 + (σ − 1 + x)(x1 + x2)
)

+ δ2
(
(x1 − x2)

2 + 2(σ − 1 + x)
)]

,

A33 = 2s2

3

[
(x1 − x2)

2(1 + x) − x2(σ − 1 + x)

+ δ
(
δ − (2 + x)(x1 − x2)

)]
,

(15)
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and

x = s − p2

s
, x1 = 2E1√

s
= p2 + m2

1γ − m2
2

s
,

x2 = 2E2√
s

= s + m2
2 − m2

1γ

s
, σ = 2(m2

1 + m2
2)

s
.

(16)

For the case m1 = m2 (12) reduces to (17) of Ref. [15].
Also the results (14), (15) coincide with (2.7), (2.8) of [16].
However, for an MC generator, the expressions (5) and (10)
with coefficients aik are more convenient than (14).

Integrating (14) over m2
1γ one obtains the distribution of

the invariant mass
√

p2 of two pseudoscalar mesons:

dσ

d
√

p2
= 2

√
p2

∫ (m2
1γ )max

(m2
1γ )min

dm1γ

(
dσ

dm1γ dp2

)
. (17)

The bounds of integration over m2
1γ at the fixed value of p2

are determined by

(
m2

1γ

)
max/min = s(p2σ + sδ)

4p2

+ s − p2

2

(
1 ±

√
1 − sσ

p2
+ s2δ2

4p4

)
. (18)

At the φ-meson peak (s = M2
φ) one can present the re-

sults in terms of the branching ratio for the φ → P1P2γ de-
cay, which is related to the cross section as follows:

dB(φ → P1P2γ )

d
√

p2
= M2

φ

12πB(φ → e+e−)

× dσ(e+e− → P1P2γ )

d
√

p2
, (19)

where the φ → e+e− branching ratio B(φ → e+e−) is used.
In the context of this paper, a calculation of this branch-
ing ratio is useful for comparison of model predictions with
available data.

3 Scalar contribution

In this section we consider in detail the transition amplitudes

γ ∗ → f0γ → π0π0γ,

γ ∗ → σγ → π0π0γ,

γ ∗ → a0γ → π0ηγ

(20)

for the π0π0γ and π0ηγ final states, respectively. They con-
tribute to e+e− → Sγ → P1P2γ as illustrated in Fig. 2.

Fig. 2 Scheme of
e+e− → Sγ → P1P2γ

subprocess

To describe the processes (20) we use the Lagrangian
of RχT [20] at the linear-in-resonance level, following
[12, 24]. The basic features of the Lagrangian framework
of the RχT are sketched in Appendix A. We emphasize
that both light isoscalar scalar resonances, f0 and σ are in-
cluded in the formalism in a natural way. Throughout this
section we work in the tensor representation for spin-1 par-
ticles [20, 25]. In the present work we take into account
the pseudoscalar decay constants splitting (fπ �= fK ) which
was discussed in the same context in Ref. [24].

The interaction of pseudoscalars with the photon field Bμ

in RχT is identical to the scalar QED. We shall now discuss
the interaction terms of the Lagrangian (A.3) relevant to the
processes (20) (cf. [12]). For the vector mesons in the even-
intrinsic-parity sector one has

LγV = eFV Fμν

(
1

2
ρ0

μν + 1

6
ωμν − 1

3
√

2
φμν

)
, (21)

LV PP = iGV

[
1

f 2
π

(
2ρ0

μν∂
μπ+∂νπ−)

+ 1

f 2
K

(
ρ0

μν + ωμν − √
2φμν

)(
∂μK+∂νK−)

+ 1

f 2
K

(−ρ0
μν + ωμν − √

2φμν

)(
∂μK0∂νK̄0)]

,

(22)

LγV PP = −eFV

f 2
π

∂μBνρ0
μνπ

+π−

−eFV

2f 2
K

∂μBν
(
ρ0

μν + ωμν − √
2φμν

)
K+K−

− 2eGV

f 2
π

Bνρ0
μν

(
π+∂μπ− + π−∂μπ+)

− eGV

f 2
K

Bν
(
ρ0

μν + ωμν − √
2φμν

)

× (
K+∂μK− + K−∂μK+)

, (23)

where Fαβ stands for the electromagnetic field tensor and
V μν for the vector field in the tensor representation, FV and
GV are the model parameters (see Appendix B for numerical
values). Vertex functions for (21)–(23) are shown in Table 1.

The Lagrangian terms for scalar and pseudoscalar meson
interactions, which follow from (A.5) are
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Table 1 The vertices from Resonance Chiral Lagrangian terms (21)–(23). The dashed line stands for pseudoscalar meson (momentum l), double
solid for vector meson, wavy line for photon (momentum q)

Diagram Vertex
function

eFV [gνλqμ − gνμqλ]

GV

2f 2
P

[l−μ l+λ − l+μ l−λ ]
eGV

2f 2
P

[gνλ(l
− + l+)μ − gνμ(l− + l+)λ]

+ eFV

4f 2
P

[gνλqμ − gνμqλ]
ρ ω φ ρ ω φ ρ ω φ

π± (fP = fπ ) 2 0 0 2 0 0

K± (fP = fK ) 1 1 −√
2 1 1 −√

2

K0 (fP = fK ) −1 1 −√
2 0 0 0

1
2

1
6

−1
3
√

2

Lscalar =
∑
S

S

(
1

f 2
π

gSππ

2

→
π

2 + 1

f 2
π

gSηη

2
η2 + 1

f 2
π

gSπηπ
0η

+ 1

f 2
K

gSKK

(
K+K− + (−1)IS K0K̄0)

+ 1

f 2
π

(ĝSππ/2)(∂μ
→
π )2

+ 1

f 2
π

(ĝSηη/2)(∂μη)2 + 1

f 2
π

ĝSπ0η∂μπ0∂μη

+ 1

f 2
K

ĝSKK

(
∂μK+∂μK− + (−1)IS ∂μK0∂μK̄0)

+ 1

f 2
π

gSγππeBμπ+ ↔
∂μ π−

+ 1

f 2
K

gSγKKeBμK+ ↔
∂μ K−

+ 1

f 2
π

gSγ γππe2BμBμπ+π−

+ 1

f 2
K

gSγγKKe2BμBμK+K−
)

(24)

(interactions with η′ are omitted here for brevity). Here
S stands for any scalar field, a0,f0 or σ , and P —for

pseudoscalar
→
π = π0,π± or K±, K0, K̄0 and η. We have

introduced the effective couplings gSππ , gSηη , etc. listed in
Table 2, IS = 0 for f0 and σ and IS = 1 for a0. Couplings
are expressed in terms of the model parameters cd , cm and θ ,
see also the expression (A.2) for the Cq,s coefficients. The
Lagrangian (24) leads to the vertices shown in Fig. 3.

Given this set of interaction terms, the leading contri-
bution to the γ ∗γ S vertex comes from the one-loop di-
agrams [12]. The mechanism of the φ meson decay via

the kaon loop was first considered in a different formalism
in [10] and is consistent with the data [6]. We would like
to stress that in the current approach the loop mechanism
is a predicted subprocess following directly from the La-
grangian, rather than an assumption. In particular, for the
case of the π0π0γ final state both the kaon and pion loops
contribute. The latter are very important in the region of the
ρ resonance (recall that the γ ∗ invariant mass

√
s is not con-

strained to the φ meson mass).
When working with the three-point vertex functions

γ ∗γ S, we factorize the kaon-loop part in the a0 case and
separately the pion-loop and kaon-loop part for f0 and σ ,
as illustrated in Fig. 4 (see Appendix C for details). The
γ ∗(Qμ) → γ (kν)S(p) amplitude reads

T μν = −ie2(
Qνkμ − gμνQ · k)

FSγ ∗γ
(
p2,Q2)

. (25)

The γ ∗(Q2) → γ S(p2) transition form factors (FF’s) have
the form

Ff0γ
∗γ

(
p2,Q2) = G

(π)
f0γ

∗γ
(
p2,Q2) + G

(K)
f0γ

∗γ
(
p2,Q2)

,

(26)

Fσγ ∗γ
(
p2,Q2) = G

(π)
σγ ∗γ

(
p2,Q2) + G

(K)
σγ ∗γ

(
p2,Q2)

, (27)

Fa0γ
∗γ

(
p2,Q2) = G

(K)
a0γ

∗γ
(
p2,Q2)

, (28)

where the terms

G
(π)
Sγ ∗γ

(
p2,Q2) = GSππ(p2)

2π2m2
π

I

(
Q2

m2
π

,
p2

m2
π

)
Fπ

em

(
Q2)

,

G
(K)
Sγ ∗γ

(
p2,Q2) = GSKK(p2)

2π2m2
K

I

(
Q2

m2
K

,
p2

m2
K

)
FK

em

(
Q2)

,

(29)
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Table 2 Effective couplings for scalar mesons [24] (to be used with
vertices of Fig. 3). Model parameters are cd and cm; the scalar octet-
singlet mixing angle θ is defined in (A.4); η′ couplings are omitted;
singlet couplings c̃d and c̃m are related to cd and cm in the large-Nc

approximation. Notice that the entries relevant to the η meson correct
the results of Table 9 in Ref. [12]

gfππ = −2cmm2
π (2 cos θ − √

2 sin θ)/
√

3

gfηη = −cm(2(C2
s (2m2

K − m2
π ) + C2

qm2
π ) cos θ

+ √
2(C2

s (4m2
K − 2m2

π ) − C2
qm2

π ) sin θ)/
√

3

gfKK = −cmm2
K(4 cos θ + √

2 sin θ)/
√

3

ĝf ππ = 2cd(2 cos θ − √
2 sin θ)/

√
3

ĝf ηη = cd(2(C2
q + C2

s ) cos θ

− √
2(C2

q − 2C2
s ) sin θ)/

√
3

ĝfKK = cd(4 cos θ + √
2 sin θ)/

√
3

gσππ = −2cmm2
π (

√
2 cos θ + 2 sin θ)/

√
3

gσηη = −cm(−√
2(C2

s (4m2
K − 2m2

π ) − C2
qm2

π ) cos θ

+ 2(C2
s (2m2

K − m2
π ) + C2

qm2
π ) sin θ)/

√
3

gσKK = −cmm2
K(−√

2 cos θ + 4 sin θ)/
√

3

ĝσππ = 2cd(
√

2 cos θ + 2 sin θ)/
√

3

ĝσηη = cd(
√

2(C2
q − 2C2

s ) cos θ

+ 2(C2
q + C2

s ) sin θ)/
√

3

ĝσKK = cd(−√
2 cos θ + 4 sin θ)/

√
3

gaKK = −√
2cmm2

K

gaπη = −2
√

2Cqcmm2
π

ĝaKK = √
2cd

ĝaπη = 2
√

2Cqcd

gfπη = ĝf πη = gσπη = ĝσπη = 0

gaππ = ĝaππ = gaηη = ĝaηη = 0

gSγππ = −iĝSππ , gSγKK = −iĝSKK

gSγγππ = ĝSππ , gSγγKK = ĝSKK

for S = f0, σ , and

G
(K)
a0γ

∗γ
(
p2,Q2) = Ga0KK(p2)

2π2m2
K

I

(
Q2

m2
K

,
p2

m2
K

)
FK

em

(
Q2)

(30)

follow from (21)–(24), and the pion and kaon electromag-
netic form factors, Fπ

em(Q2) and FK
em(Q2), follow from (21)

Fig. 3 The vertices corresponding to the Lagrangian (24). The dotted
line stands for a scalar meson S, the dashed one—for a pseudoscalar P .
Couplings are shown in Table 2

and (22). The terms

GSKK

(
p2

) ≡ 1/f 2
K

(
ĝSKK

(
m2

K − p2/2
) + gSKK

)
,

GSππ

(
p2

) ≡ 1/f 2
π

(
ĝSππ

(
m2

π − p2/2
) + gSππ

)
,

(31)

for S = f0, σ and

Ga0KK

(
p2

) ≡ 1/f 2
K

(
ĝa0KK

(
m2

K − p2/2
) + ga0KK

)
,

Ga0πη

(
p2

) ≡ 1/f 2
π

(
ĝaπη

(
m2

η + m2
π − p2

)
/2 + gaπη

) (32)

have the meaning of momentum-dependent SPP vertices.
The expression for I (a, b) in (29)–(30) coincides with that
of [11, 14] and for convenience is given in Appendix C.

The scalar meson contribution relevant to the π0π0 final
state is

f
S,π0π0

1 =
∑

S=f0,σ

DS

(
p2)

GSππ

(
p2)(

G
(π)
Sγ ∗γ

(
p2,Q2)

+ G
(K)
Sγ ∗γ

(
p2,Q2))

, (33)

and in the π0η case one has

f
S,π0η
1 = Da0

(
p2)

Ga0πη

(
p2)

G
(K)
a0γ

∗γ
(
p2,Q2)

. (34)

We use the scalar meson propagator DS(p2) in the form [24]

D−1
S

(
p2) = p2 − M2

S + MS
m
(
Γ̃S,tot

(
M2

S

))
+ i

√
p2Γ̃S,tot

(
p2)

(35)

with

Γ̃tot,S
(
p2

) = Γ̃S→ππ

(
p2

) + Γ̃S→KK̄

(
p2

)
, S = f0, σ,

Γ̃tot,a0

(
p2

) = Γa0→πη

(
p2

) + Γ̃a0→KK̄

(
p2

)
.

(36)

Contributions of heavy particles to the total widths, e.g.,
Γf0→ηη(p

2), are neglected. Modified widths Γ̃ in the above
expressions are defined similarly to the tree-level decay
widths given in Appendix B, see (B.10), but the analytic
continuation is used:√

f
(
p2

) = ei Arg(f (p2))/2
√∣∣f (

p2
)∣∣, (37)

see Ref. [24].
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Fig. 4 Scheme for the γ ∗γf0
and γ ∗γ σ (top) and γ ∗γ a0
(bottom) transition. Each “loop
blob” corresponds to a set of
diagrams following from the
Lagrangian, as explicitly shown
in [12]

By construction, the functions f1 in (33), (34) are of the
chiral order O(p6): the diagrams of Fig. 4 are O(p4) and
SPP transition is O(p2).

4 Vector Contribution

For γ ∗ → (· · · ) → π0π0γ the vector contribution mecha-
nisms are listed in Table 3 and the corresponding diagrams
are shown in Fig. 5.

For the odd-intrinsic-parity vector-vector-pseudoscalar
and vector-photon–pseudoscalar interactions we use the chi-
ral Lagrangian in the vector formulation for spin-1 fields. As
shown in [27], the use of vector formulation for 1− fields
ensures the correct behavior of Green functions to order
O(p6), while the tensor formulation would require addi-
tional local terms (see also discussion in the Appendix F
of [15]). We choose Lagrangians of Refs. [27, 28], that are
O(p2) and O(p3), for construction of the vector γV P and
double-vector V V P contribution to fi . General Lagrangian
terms are given in Appendix A.

Assuming exact SU(3) case, the γV interaction can be
written as

LγV = −efV ∂μBν

(
ρ̃0

μν + 1

3
ω̃μν −

√
2

3
φ̃μν

)
(38)

with Ṽμν ≡ ∂μVν − ∂νVμ and fV = FV /Mρ is the coupling
for the vector representation of the spin-1 fields [25].

The interactions of vector mesons in the odd-intrinsic-
parity sector read

LV γP = −4
√

2ehV

3fπ

εμναβ∂αBβ

×
[(

ρ0μ + 3ωμ + 3εωφφμ
)
∂νπ0

+ [(
3ρ0μ + ωμ

)
Cq + 2φμCs

]
∂νη

]
, (39)

Table 3 Mechanisms of the vector contribution. Notice that some of
the channels, suppressed due to small parameters, can be enhanced in
the vicinity of the corresponding resonance (e.g. γ ∗ → φ → ωπ0, see
the text)

Dominant Suppressed

in γ ∗ → (· · · ) → π0π0γ :

1-vector (ρ0π0), (ωπ0) (φπ0)

2-vector (ω → ρ0π0), (ρ0 → ωπ0) (φ → ρ0π0), (φ → ωπ0)

(ρ0 → φπ0)

in γ ∗ → (· · · ) → π0ηγ :

1-vector (ρπ0), (ωπ0) (φπ0)

(ρη), (ωη) (φη)

2-vector (ρ → ωπ0), (ω → ρπ0) (ρ → φπ0), (φ → ρπ0)

(ρ → ρη), (ω → ωη) (φ → φη), (φ → ωη)

Fig. 5 The vector, γ ∗ → V P1 → P1P2γ , and double-vector,
γ ∗ → Va → VbP1 → P1P2γ , contributions

LV V P = −4σV

fπ

εμναβ

[
π0∂μων∂αρ0β

+ π0εωφ∂μφν∂αρ0β + π0ε′∂μων∂αφβ

+ η

[(
∂μρ0ν∂αρ0β + ∂μων∂αωβ

)1

2
Cq

− ∂μφν∂αφβ 1√
2
Cs

+ εωφ∂μφν∂αωβ(Cq + Cs)

]]
, (40)

where εμναβ is the totally antisymmetric Levi-Civita tensor.
As before, we omit the η′ meson.
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As it is also seen from (39) and (40), the transitions
γφπ0, φρ0π0 and φωη are related to a small parameter
εωφ , responsible for the uū + dd̄ component in the phys-
ical φ meson. The parameter ε′ is responsible for the G-
parity-violating φωπ0 vertex, caused by isospin breaking.
The coupling constants fV , hV and θV are model parame-
ters. Numerical values for all parameters are given in Ap-
pendix B.

Due to a similar structure of the LV Pγ and LV V P

interactions, the processes γ ∗ → V P1,2 → P1P2γ (one-
vector-meson exchange) and γ ∗ → Va → VbP1,2 → P1P2γ

(double-vector-meson exchange) can be described together.
For this purpose it is convenient to introduce the form factors
Fγ ∗V P (Q2) which describe the transitions γ ∗(Q2) → V P

including both these mechanisms. Of course, the vector res-
onance enters off-mass-shell.

For the γ ∗ → V π0 transition we obtain

Fγ ∗ρπ

(
Q2) = 4

3fπ

[√
2hV − σV fV Q2Dω

(
Q2)

+ εωφ

√
2σV fV Q2Dφ

(
Q2)]

,

Fγ ∗ωπ

(
Q2) = 4

fπ

[√
2hV − σV fV Q2Dρ

(
Q2)

(41)

+ ε′
√

2

3
σV fV Q2Dφ

(
Q2)]

,

Fγ ∗φπ

(
Q2) = εωφ

4

fπ

[√
2hV − σV fV Q2Dρ

(
Q2)]

.

The vector meson V = ρ,ω,φ propagators are

DV

(
Q2) = [

Q2 − M2
V + i

√
Q2Γtot,V

(
Q2)]−1

, (42)

with an energy-dependent width for the ρ meson

Γtot,ρ
(
Q2) = G2

V M2
ρ

48πf 4
πQ2

[(
Q2 − 4m2

π

)3/2
θ

(
Q2 − 4m2

π

)

+ 1

2

(
Q2 − 4m2

K

)3/2
θ

(
Q2 − 4m2

K

)]
(43)

and the constant widths for the ω and φ mesons.
In terms of these FF’s we find the contribution to the

functions fi (see (7)) coming from the processes (3). For
the π0π0γ final state one obtains

f V
1 = −1

4

∑
V =ρ,ω

Fγ ∗V π

(
Q2)

Fγ ∗V π (0)

× [(
k · Q + l2)(

DV

(
R2+

) + DV

(
R2−

))
+ 2k · l(DV

(
R2+

) − DV

(
R2−

))]
,

f V
2 = 1

4

∑
V =ρ,ω

Fγ ∗V π

(
Q2)

Fγ ∗V π (0)
[
DV

(
R2+

)
(44)

+ DV

(
R2−

)]
,

f V
3 = −1

4

∑
V =ρ,ω

Fγ ∗V π

(
Q2)

Fγ ∗V π (0)
[
DV

(
R2+

)

− DV

(
R2−

)]
,

where the contribution proportional to Fγ ∗φπ (Q2)Fγ ∗φπ (0)

∝ ε2
ωφ has been neglected. The momenta are defined as

R2± = (1/4)
(
Q2 + l2 + 2k · Q ± 2(k · l + Q · l)), (45)

or equivalently R2+ = (k + p1)
2 and R2− = (k + p2)

2.
Similarly, for the γ ∗ → V η transition we obtain FF’s

Fγ ∗ρη

(
Q2

) = CqFγ ∗ωπ

(
Q2

)
,

Fγ ∗ωη

(
Q2

) = CqFγ ∗ρπ

(
Q2

)
,

Fγ ∗φη

(
Q2

) = 2Cs

4

3fπ

[√
2hV − σV fV Q2Dφ

(
Q2)]

− εωφ(Cq + Cs)
4

3fπ

σV fV Q2Dω

(
Q2)

.

(46)

Correspondingly, the contribution to the functions fi for
the π0ηγ final state is

f V
1 = −1

4

∑
V =ρ,ω,φ

{
Fγ ∗V π (0)Fγ ∗V η

(
Q2)

× [(
k · Q + l2

)
DV

(
R2+

) + 2k · lDV

(
R2+

)]
+ Fγ ∗V η(0)Fγ ∗V π

(
Q2

)
× [(

k · Q + l2
)
DV

(
R2−

) − 2k · lDV

(
R2−

)]}
,

f V
2 = 1

4

∑
V =ρ,ω,φ

{
Fγ ∗V π (0)Fγ ∗V η

(
Q2)

DV

(
R2+

)

+ Fγ ∗V η(0)Fγ ∗V π

(
Q2

)
DV

(
R2−

)}
,

f V
3 = −1

4

∑
V =ρ,ω,φ

{
Fγ ∗V π (0)Fγ ∗V η

(
Q2)

DV

(
R2+

)

− Fγ ∗V η(0)Fγ ∗V π

(
Q2

)
DV

(
R2−

)}
.

(47)

5 Numerical results

In this section we present the numerical results obtained in
our framework. The model-dependent ingredients, namely,
the functions f1,2,3 are given in Sects. 3 and 4.
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The values of the model parameters, which we used in
our numerical results, are listed in Appendix B. The masses
of vector and pseudoscalar mesons are taken from [1]. The
coupling of vector mesons to a pseudoscalar and photon hV

is estimated from the tree-level decay width. The scalar me-
son couplings and mass parameters were found from the
fit [24].

5.1 Scalar mesons and φ radiative decay

As we discussed in this paper, in e+e− annihilation to
π0π0γ and π0ηγ both scalar (2) and vector decays (3)
contribute to the observed events. The KLOE Collaboration
has reported data on the invariant mass distributions [2, 4]
at

√
s = Mφ , in which the vector meson contribution has

been subtracted. In [24] we performed a combined fit of
dB(φ → a0γ → π0ηγ )/d

√
p2 and dB(φ → (f0, σ )γ →

π0π0γ )/d
√

p2 to the KLOE 2002 data [2, 4], considering
only scalar meson contributions. We have found the inclu-
sion of the σ meson into the framework important, and have
fixed the numerical values of scalar meson couplings and
mass parameters within the model, for more detail see [24].
In Fig. 6 we show our model results for dB(φ → Sγ →
P1P2γ )/d

√
p2, (19), at

√
s = Mφ . In this and subsequent

plots we use the notation mπ0π0 and mηπ0 for
√

p2. Note
that only the scalar meson contribution to the P1P2γ final
state is plotted in this figure. The plot for the π0π0γ final
state shows a rather good fit [24] to the KLOE 2002 data [4],
where both f0 and σ are taken into account.

In 2009 the new KLOE data [3] on the π0ηγ chan-
nel appeared. A comparison of the model prediction for
φ → a0γ → π0ηγ with these new data is also shown in
Fig. 6 (bottom). We leave a refined fit of these new data
for the future. Notice, if one adds vector contributions to
σ(e+e− → ηπ0γ ) according to Table 3, then the shape
of the invariant mass distribution, calculated from (19),
changes: cf. Fig. 6 (bottom) and Fig. 7. It turns out that
the 2009 KLOE data [3] are better described by the total
contribution rather than by the scalar part alone. Note that
in Refs. [3, 8] it was claimed that the φ → π0ηγ decay is
dominated by the φ → a0γ mechanism and the vector con-
tribution is very small: B(e+e− → V P → ηπ0γ ) � 10−6.

5.2 The γ ∗ → ρ → ωπ and γ ∗ → φ → ωπ contribution

For the moment, to follow KLOE analysis [5] we neglect
the G-parity-violating vertex φωπ0, i.e., we set ε′ = 0. For
illustration we introduce the constant C

ρ
ωπ [5, 18]. This con-

stant can be obtained in terms of form factors (41)

C
ρ
ωπ(s)

16πα
= −1

4
Fγ ∗ωπ(s)Fγ ∗ωπ(0), (48)

Fig. 6 Invariant mass distributions in the e+e− annihilation to π0π0γ

(top panel) and π0ηγ (middle and bottom panel) for
√

s = Mφ . Data
are from [4] (top), [2] (middle) and [3] (bottom)

Fig. 7 Invariant mass distributions in the e+e− annihilation to π0ηγ

for
√

s = Mφ , where the total contribution (vector and scalar) is taken
into account (cf. Fig. 6 (bottom)). Data are from [3]
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leading to

Cρ
ωπ = −16πα

4
√

2hV

f 2
π

(√
2hV − σV fV sDρ(s)

)
≈ (0.597 − 0.542i) GeV−2 (49)

at
√

s = Mφ . The KLOE result [5] for the same constant is
C

ρ
ωπ = 0.850 GeV−2 (

√
s = Mφ). Thus our prediction for

the absolute value, |Cρ
ωπ | = 0.751 GeV−2, which includes

only the γ ∗(→ ρ) → ωπ mechanism, is smaller than that
of KLOE by about 15%.

This difference can be attributed to the ρ′ = ρ(1450) me-
son which is not included in the present calculation. To es-
timate the role of the ρ′ in the constant C

ρ
ωπ , we follow

Ref. [29] ((32), (33)):

Cρ
ωπ = −16πα

4
√

2hV

f 2
π

(√
2hV

− σV fV

s

1 + βρ′

(
Dρ(s) + βρ′Dρ′(s)

))

≈ (1.06 − 0.69i) GeV−2 (50)

for βρ′ = −0.25, Mρ′ = 1.465 GeV, Γρ′(M2
ρ′) = 400 MeV

and obtain |Cρ
ωπ | = 1.27 GeV−2.

Next we turn on the parameter ε′ responsible for the G-
parity-violating φπω vertex and check how the C

ρ
ωπ value

changes. Omitting ρ′ we have

Cρ
ωπ = −16πα

4
√

2hV

f 2
π

(√
2hV − σV fV sDρ(s)

+
√

2

3
σV fV sε′Dφ(s)

)

≈ (0.52 − 0.72i) GeV−2 (51)

and obtain |Cρ
ωπ | = 0.892 GeV−2. While making this esti-

mation the value ε′ = −0.0026 has been chosen.1 Appar-
ently, the present model with the lowest nonet of vector
mesons, supplemented with the G-parity-violating effect, al-
lows one to obtain the value for C

ρ
ωπ close to the KLOE

value 0.850 GeV−2. Influence of the ε′ parameter on the
cross section is presented in Fig. 8.

Therefore, the difference between the C
ρ
ωπ value origi-

nating from the γ ∗(→ ρ) → ωπ mechanism, and the value
measured by KLOE may be explained by the ρ′ meson
and/or G-parity-violating contribution. To clarify further
this issue, an analysis of data at s = 1 GeV2 will be essen-
tial.2

1Of course the experimental decay width φ → ωπ determines only the
absolute value of this parameter.
2At s = 1 GeV2 the G-parity-violating vertex is suppressed, whereas
the ρ′ mechanism survives. Therefore, any difference in the values of

Fig. 8 Partial differential cross section of e+e− annihilation to π0π0γ

for
√

s = Mφ due to the γ ∗ → ρ → ωπ mechanism compared to
γ ∗ → (ρ,φ) → ωπ

5.3 The γ ∗ → φ → ρπ and γ ∗ → ω → ρπ

In a similar manner one can define Cρπ(s):

−16πα
1

4
Fγ ∗ρπ (s)Fγ ∗ρπ (0) = Cρπ(s)

= Cres
ρπDφ(s) + Cω

ρπ , (52)

where

Cω
ρπ = −16πα

4
√

2hV

9f 2
π

(√
2hV − σV fV sDω(s)

)
≈ (0.091 − 0.002i) GeV−2 (53)

and

Cres
ρπ = −16πα

4
√

2hV

9f 2
π

√
2σV εωφfV s

≈ −0.0052. (54)

The KLOE values for these constants are Cres
ρπ ≈ −0.0057

and Cω
ρπ = 0.26 GeV−2. However, in the experiment, they

are entangled and one has to compare the total contribu-
tions. Using the values (53) and (54) we have |Cρπ(M2

φ)| ≈
1.2, which is in a reasonable agreement with KLOE fit
|Cρπ(M2

φ)| ≈ 1.3.

5.4 Full model prediction for the cross section

Interference of leading vector resonance contributions (ρπ)

and (ωπ) is presented in Fig. 9. One can see a destructive
interference.

The interplay of the scalar (2) and vector decay (3) con-
tributions to dσ/d

√
p2 is shown in Fig. 10 (for

√
s = Mφ).

One observes a complicated interference between vector and

C
ρ
ωπ at two energies, s = 1 GeV2 and s = M2

φ , would indicate sizeable
G-parity-violating effects.
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Fig. 9 Vector and double-vector decay contributions to dσ/d
√

p2

of e+e− → π0π0γ at
√

s = Mφ in the approximation εωφ = 0.058,
ε′ = −0.0026. The (φπ ) channel is negligible and not shown in the
plot

Fig. 10 Differential cross section dσ/d
√

p2 of the e+e− annihilation
to π0π0γ (top panel) and π0ηγ (bottom panel) for

√
s = Mφ

scalar contributions. We see that in the case of the π0π0γ

final state the vector contribution has the same size as the
scalar meson one and is much smaller than the scalar one
for the π0ηγ final state.

Notice that there exist the off-peak (
√

s = 1 GeV) data
collected by KLOE. The φ meson decays get strongly sup-
pressed and the total cross section is determined by the vec-
tor contribution only. In order to support the related activity
and provide the important model estimates, we include this

Fig. 11 Differential cross section dσ/d
√

p2 of the e+e− annihilation
to π0π0γ (top panel) and π0ηγ (bottom panel) for

√
s = 1 GeV

case into our numerical calculation. The corresponding re-
sults are presented in Fig. 11.

6 Conclusions

We presented a general framework for the model-indepen-
dent decomposition of the differential cross section for the
final-state radiation in the reactions e+e− → π0π0γ and
e+e− → π0ηγ , for which the ISR contribution is absent and
the leading-order cross section is determined solely by the
FSR mechanism.

We calculated the explicit form of the functions fi , which
carry the model-dependent information about the processes.
Scalar resonance, vector and double-vector-meson exchange
contributions are considered. Notice that all the relative
phases are fixed from the Lagrangian of Resonance Chiral
Theory. The only exception is the sign of the ε′ parameter,
which is related to a rare φ → ωπ decay.

The Lagrangian is taken at the linear-in-resonance level
in the even-intrinsic-parity sector and at the bilinear-in-
resonance level in the odd-intrinsic-parity sector. For agree-
ment with data, the RχT Lagrangian with the lowest nonet
of vector and scalar mesons [20] was extended by including
some SU(3) symmetry-breaking effects. At the same time,
we tried to keep the number of model parameters as small
as possible, using additional constraints. The model parame-
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ters for the scalar sector were obtained from the fit [24] to
the KLOE data [2, 4].

As a by-product, we also obtained predictions for vari-
ous transition form factors: γ ∗γ S, SPP , γ ∗V P and γ ∗PP .
These expressions follow directly from the Lagrangian, and
the corresponding parameters are fixed to a large extent.

The numerical results for the differential cross section
dσ/d

√
p2 are given for two cases:

√
s = 1 GeV and

√
s =

Mφ and demonstrate an interplay of the scalar and vector
decay contributions. The influence of the scalar and vector
contributions on the cross section is studied in detail.

The main conclusions of the numerical studies are the
following:

• For the π0ηγ final state the vector contribution is much
smaller than the scalar one at

√
s = Mφ whereas for the

π0π0γ channel the vector and scalar contributions are of
the same size.

• Among the vector contributions to the π0π0γ channel
the leading one comes from the γ ∗(→ (ρ;φ)) → ωπ

mechanism; comparing to the KLOE fit [5] we have con-
cluded that about 85% of this contribution is caused by
the ρ intermediate state, and the rest can be explained ei-
ther by the ρ(1450) or by the G-parity-violating process:
γ ∗ → φ → ωπ . New experimental data at

√
s = 1 GeV

can help to clarify which of these two mechanisms is re-
sponsible for the rest.

• At
√

s = 1 GeV the scalar contribution is suppressed and
the total cross section is determined only by the vector
contribution both for the π0π0γ and π0ηγ channels.

At the end, we would like to emphasize that the devel-
oped approach allows one to obtain the cross section and

branching fraction close to the experimental results. The
main advantage of this approach is a small number of model
parameters.

The proposed framework can be implemented in a Monte
Carlo generator, for the inspection of the completely differ-
ential characteristics of the reaction, and thus is useful for a
data analysis and a detailed comparison of various models.
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Appendix A: Pseudoscalar mesons, scalar multiplet
and the RχT Lagrangian

In chiral theory, the pseudoscalar mesons π , K , η can be
treated as pseudo-Nambu–Goldstone bosons of spontaneous

G = SU(3)L × SU(3)R to H = SU(3)V broken symmetry.
The physical states η, η′ can be introduced using the scheme
with two mixing angles (θ0, θ8), for a review see [30].
The adopted scheme is consistent with chiral theory and
takes into account the effects of U(1) axial anomaly and
SU(3) flavor breaking (ms � mu,d ). In our notation [24] the
pseudoscalar nonet reads

u = exp

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

i√
2fπ

⎛
⎜⎜⎜⎝

π0+Cqη+C′
qη′

√
2

π+ fπ

fK
K+

π− −π0+Cqη+C′
qη′

√
2

fπ

fK
K0

fπ

fK
K− fπ

fK
K̄0 −Csη + C′

sη
′

⎞
⎟⎟⎟⎠

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

, (A.1)

where

Cq ≡ fπ√
3 cos(θ8 − θ0)

(
1

f0
cos θ0 − 1

f8

√
2 sin θ8

)
,

C′
q ≡ fπ√

3 cos(θ8 − θ0)

(
1

f8

√
2 cos θ8 + 1

f0
sin θ0

)
,

(A.2)

Cs ≡ fπ√
3 cos(θ8 − θ0)

(
1

f0

√
2 cos θ0 + 1

f8
sin θ8

)
,

C′
s ≡ fπ√

3 cos(θ8 − θ0)

(
1

f8
cos θ8 − 1

f0

√
2 sin θ0

)
.

The vielbein field which represents the pseudoscalar
mesons is uμ = iu+Dμu+ and χ+ = u+χu+ + uχu is the
explicit symmetry-breaking term, χ ≈ diag(m2

π ,m2
π ,2m2

K −
m2

π ) in the isospin symmetry limit.
The electromagnetic field Bμ is included as an external

source, Fμν = ∂μBν −∂νBμ is the electromagnetic field ten-
sor. It appears in the chiral covariant derivative, which in our
case is reduced to DμU = ∂μU +ieBμ[U,Q] and in the ten-
sor f

μν
+ = eFμν(uQu+ + u+Qu), where the quark charge

matrix Q = diag(2/3,−1/3,−1/3).
For calculations in the even-intrinsic-parity sector, the

leading-order RχT Lagrangian for pseudoscalar, scalar, vec-
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tor mesons and photons was derived by Ecker et al. [20]. The
spin-1 mesons are described by antisymmetric matrix tensor
fields V νμ and this Lagrangian is equivalent to the ChPT
Lagrangian at order O(p4) (see [20, 25] for details). In our
application we have somewhat released the rigor of RχT
and use different masses of resonances (Mρ �= Mω �= Mφ

and Mσ �= Ma0 �= Mf0 ) without specifying a pattern of fla-
vor symmetry breaking (cf. Ref. [31]).

Interaction terms for the pseudoscalar and vector mesons
read

Lvector = f 2

4

〈
uμuμ + χ+

〉
+ FV

2
√

2

〈
Vμνf

μν
+

〉 + iGV√
2

〈
Vμνu

μuν
〉
, (A.3)

here 〈· · · 〉 stands for the trace in flavor space.
For scalar mesons we assume the nonet symmetry of the

interaction terms and multiplet decomposition⎧⎨
⎩

a0 = S3,

f0 = S0 cos θ − S8 sin θ,

σ = S0 sin θ + S8 cos θ,

(A.4)

where S3 is the neutral isospin-one, S8 is the isospin-zero
member of the flavor octet. The angle θ is the octet-singlet
mixing parameter, and σ ≡ f0(600). The interaction La-
grangian for scalars takes the form

Lscalar = cd

〈
Suμuμ

〉 + cm〈Sχ+〉. (A.5)

There are known problems with a rigorous inclusion of σ

and f0(980) into any RχT multiplet [31]. However, there
is also a number of successful applications [32, 33] of a
scheme similar to (A.4). In studies of φ radiative decays this
scheme was also applied in [24, 26].

Due to nonet symmetry, the relation for scalar sin-
glet S0 and octet Soct coupling constants holds, cm,dS =
cm,d(Soct + S0/

√
3). In nomenclature of Ref. [20] this rela-

tion implies c̃m,d = cm,d/
√

3.
In the odd-intrinsic-parity sector the flavor SU(3) sym-

metric Lagrangian [27, 28] reads

Lodd = hV εμναβ

〈
V μ

(
uνf

αβ
+ + f

αβ
+ uν

)〉
+ σV εμναβ

〈
V μ

(
uν∂αV β + ∂αV βuν

)〉
. (A.6)

Appendix B: Model parameters

Masses

The following values for the meson masses are used in
our numerical calculations [1]: Mρ = 775.49 MeV, Mω =
782.65 MeV, Mφ = 1019.456 MeV, mπ = mπ± =
139.57 MeV, mπ0 = 134.98 MeV, mK = 493.68 MeV,
mη = 547.75 MeV.

Mixing parameters

The values of the η mixing angles θ0 = −9.2◦ ± 1.7◦ and
θ8 = −21.2◦±1.6◦ are used [35], thus f8 = (1.26±0.04)fπ

and f0 = (1.17±0.03)fπ , where fπ ≈ 92.4 MeV. Thus, one
obtains Cq ≈ 0.738 and Cs ≈ 0.535.

The ωφ mixing is given by one parameter εωφ =
0.058 [36]. The states of “ideal mixing” ωid = (uū +
dd̄)/

√
2 and φid = ss̄ are expressed in terms of the phys-

ical ones (mass eigenstates) as

ωid = ω + εωφφ,

φid = φ − εωφω.
(B.1)

In order to include a G-parity-violating φωπ0 vertex we de-
termine the parameter ε′ from the φ → ωπ decay width:

Γ (φ → ωπ) = |gφωπ |2p3
π

12π
, (B.2)

where pπ =
√

(M2
φ + m2

π − M2
ω)2/(4M2

φ) − m2
π , the effec-

tive coupling in our formalism is gφωπ = 4σV ε′/fπ . Using
the experimental value for the φ → ωπ decay branching ra-
tio B = (4.4 ± 0.6) × 10−5 [34] and σV = 0.34 one obtains
|ε′| = 0.0026.

Couplings in the even-intrinsic-parity sector

The condition FV = 2GV for the model couplings is used in
our calculation to make the one-loop amplitude finite [12]
without use of counter-terms. This relation has been ad-
dressed in [25] in a different context, namely it has been
shown that the constraints imposed by the high-energy be-
havior of the vector and axial-vector FF’s lead to it, in ad-
dition to the relation FV GV = f 2

π . Note that FV = 2GV

also appears in alternative models, e.g., Hidden Local Gauge
Symmetry Model and massive Yang-Mills theory for vec-
tor mesons, see a discussion in [25]. For numerical calcu-
lations we use GV = fπ/

√
2 = 65.34 MeV, FV = 2GV =

130.68 MeV.
Alternatively, respecting phenomenology, one may fix

FV and GV by means of fitting the measured partial decay
widths of the vector mesons (see, e.g., [20]) at tree level. In
particular, for ρ → e+e− one has

Γρ→e+e− = e4F 2
V

12πMρ

(B.3)

and for the ρ → ππ the tree-level width is given by

Γρ→π+π− = G2
V

48πf 4
π

(
m2

ρ − 4m2
π

)3/2
. (B.4)

The experimental data are the following [1]: Γ (ρ →
π+π−) = 146.2 ± 0.7 MeV and Γρ→e+e− = 7.04 ±
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0.06 keV. Values obtained in this way are GV = 65.14 ±
0.16 MeV and FV = 156.41 ± 0.67 MeV. The estimated
values support the FV ≈ 2GV conjecture.

Couplings in the odd-intrinsic-parity sector

The coupling constant fV is given by fV = FV /Mρ ≈ 0.17.
The parameter hV can be fixed from the V → Pγ decay
width, in particular, the ρ → πγ width

Γ (ρ → πγ ) = 4αM3
ρh2

V

27f 2
π

(
1 − m2

π

M2
ρ

)3

(B.5)

leads to hV = 0.041 ± 0.003.
One can use a special short-distance constraint of RχT

in order to relate σV to fV and hV . Namely, one can require
the form factors (46) to vanish at Q2 → −∞ as expected
from QCD. In this connection we refer to [37, 38], where in
the framework of RχT high-energy behavior of three-point
Green functions V V P , V AP , AAP has been studied.

At Q2 → −∞ the propagators (42) DV (Q2) → 1/Q2

and we obtain the following relation (neglecting mixing)

√
2hV − σV fV = 0. (B.6)

This constraint reduces the number of independent parame-
ters in the model, in particular, expresses the poorly known
parameter σV via hV and fV , which can be fixed from data.
Thus we obtain σV ≈ 0.34.

Notice, an additional constraint on the parameters σV ,
hV and fV follows from the short-distance behavior of the
γ ∗γ ∗π0 form factor (see a discussion in Ref. [38]):

− Nc

4π2
+ 16

√
2hV fV − 8σV f 2

V = 0. (B.7)

It allows us to further reduce the number of independent pa-
rameters. For example, one can leave fV to be the only in-
dependent parameter and deduce from (B.6) and (B.7)

σV = Nc

32π2f 2
V

,

hV = Nc

32
√

2π2fV

,

(B.8)

which results in the numerical values σV = 0.329 and hV =
0.0395—fairly close to those obtained with the use of (B.5).

In favor of broken flavor SU(3) symmetry, one may intro-
duce separate couplings for each vector meson, i.e. replace
fV by fρ , fω, fφ , and further hV by hγρπ , hγωπ , hγρη, . . .

(γV P transition), and also σV by σωρπ , σρρη, . . . .

Parameters for scalar mesons

The widths for a0 → γ γ and f0 → γ γ decays are expressed
in terms of (29)–(30), for example:

Γa0→γ γ = e4p4

64π
√

p2

∣∣G(K)
a0γ γ

(
p2,0

)∣∣2
. (B.9)

The strong decay widths of the scalar mesons in the lowest
order (tree level) are

Γa0→πη

(
p2) = |Ga0πη(p

2)|2
8πp2

×
√

(p2 + m2
π − m2

η)
2

4p2
− m2

π ,

Γf0→ππ

(
p2) =

(
1 + 1

2

) |Gf0ππ (p2)|2
8πp2

(B.10)

×
√

p2/4 − m2
π ,

Γa0→KK̄

(
p2) = 2

|Ga0KK(p2)|2
8πp2

√
p2/4 − m2

K,

Γf0→KK̄

(
p2) = 2

|Gf0KK(p2)|2
8πp2

√
p2/4 − m2

K,

where p2 is the invariant mass squared of the scalar meson;
see also definition (31), (32). For discussion of momentum-
dependent couplings GSPP (p2) and constant SPP cou-
plings of other models (e.g., [10]) see Ref. [26].

The finite-width effects for scalar resonances are very
important and expressions (B.9), (B.10) do not have phys-
ical meaning of decay width, when evaluated at the res-
onance peak value of p2. Nevertheless, in several papers,
e.g., [12, 20, 39], the tree-level expressions of a similar form
were used to find the model parameters (cd , cm and θ )
from measured widths. It was observed [24, 26, 40] that
the coupling constants could be better determined from fit-
ting the ππ and πη invariant mass distributions in e+e− →
φ → γππ and e+e− → φ → γπη reactions. The fit re-
sults [24] are shown in Table 4 and these values are used in
our numerical calculations. Notice that for this fit we used
data from [4] (π0π0γ ) and [2] (π0ηγ ). Recently, a new
KLOE result for the latter appeared [3], and we find rea-
sonable agreement with it without refitting, see a discussion
in Sect. 5.

Table 4 Scalar meson parameters [24]. Couplings and mass parame-
ters are given in MeV

cd cm Ma0 Mf0 Mσ θ

93+11
−5 46+9

−2 1150+50
−23 986.1+0.4

−0.5 504+242
−53 36o ± 2o
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Appendix C: Example of the factorization
of the γ ∗ → γf0 → γπ0π0 transition
amplitude

In this Appendix we sketch the general structure of the scalar
meson contribution f S

1 giving emphasis on the appearance
of the electromagnetic form factors of the pseudoscalars in
the formulae (33) and (34).

Consider the part of the Mμν amplitude (7) of γ ∗ →
γf0 → γπ0π0 with a pion-loop transition, Mμν

π loop. Figure 4
is of help and one observes two terms

M
μν
π loop = M

μν
γ→π loop + M

μν
γ→V →π loop, (C.1)

the former with the contact γ ∗ → π+π− coupling and the
latter with an intermediate vector resonance. They read

M
μν
γ→π loop = −4e2i

(4π)2
τ

μν
1 Gf0ππ

(
p2) 2

m2
π

I

(
Q2

m2
π

,
p2

m2
π

)

× Df0

(
p2)

Gf0ππ

(
p2)

, (C.2)

M
μν
γ→V →π loop = −4e2i

(4π)2
τ

μν
1 Gf0ππ

(
p2) 2

m2
π

I

(
Q2

m2
π

,
p2

m2
π

)

× Df0

(
p2)

Gf0ππ

(
p2)

× 1

f 2
π

FV GV Q2Dρ

(
Q2)

. (C.3)

The ρ meson propagator Dρ(Q2) is given in (42). The form
factor Gf0ππ (p2) is given by (31). The loop integral I (a, b)

can be found, e.g., in [11] and [14], and reads

I (a, b) = 1

2(a − b)
− 2

(a − b)2

[
f

(
1

b

)
− f

(
1

a

)]

+ a

(a − b)2

[
g

(
1

b

)
− g

(
1

a

)]
, (C.4)

with

f (x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−[arcsin( 1
2
√

x
)]2, x > 1

4 ,

1
4 [log n+(x)

n−(x)
− iπ]2, 0 < x < 1

4 ,

[log 1+√
1−4x

2
√−x

]2, x < 0,

g(x) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
4x − 1 arcsin( 1

2
√

x
), x > 1

4 ,

1
2

√
1 − 4x[log n+(x)

n−(x)
− iπ], 0 < x < 1

4 ,

√
1 − 4x log 1+√

1−4x

2
√−x

, x < 0,

n±(x) = 1

2x
(1 ± √

1 − 4x).

(C.5)

Fig. 12 The O(p2) electromagnetic vertex of a (off-mass-shell)
pseudoscalar meson in RχT. All possible intermediate vector reso-
nances V = ρ0,ω,φ, . . . in general contribute. For real photons only
the first term on the r.h.s. is non-zero

For a reference, we remind the alternative notation of [12]:

Ψ
(
m2,p2,Q2) = (a − b)I (a, b),

1/(Q · k) = 2/
(
Q2 − p2)

,
(C.6)

with a = Q2/m2 and b = p2/m2.
Combining (C.2) and (C.3), one finds

M
μν
π loop = −4e2i

(4π)2
τ

μν
1 Gf0ππ

(
p2) 2

m2
π

I

(
Q2

m2
π

,
p2

m2
π

)

× Df0

(
p2)

Gf0ππ

(
p2)

Fπ
em

(
Q2)

≡ −ie2τ
μν
1 Df0

(
p2)

Gf0ππ

(
p2)

G
(π)
f0γ

∗γ
(
p2,Q2)

,

where the two-photon form factor of a scalar meson
G

(π)
f0γ

∗γ (p2,Q2) is given in (29). The pion electromagnetic

form factor Fπ
em(Q2) in RχT is given by

Fπ
em

(
Q2) = 1 − FV GV

f 2
π

Q2Dρ

(
Q2)

. (C.7)

Factorization in the part of the Mμν amplitude (7) with a
kaon-loop transition, M

μν
K loop, is analogous. The kaon form

factor in RχT is

FK
em

(
Q2) = 1 − FV GV

f 2
K

Q2
(

1

2
Dρ

(
Q2)

+ 1

6
Dω

(
Q2) + 1

3
Dφ

(
Q2))

, (C.8)

The vector-meson V = ρ,ω,φ propagators are given
by (42). The form factors in form (C.7) and (C.8) include
contributions from the photon–vector transition (vector-
meson dominance, VMD) and the direct γPP interaction,
see Fig. 12. The detailed discussion of two versions of VMD
(VMD1 and VMD2) is given in the review [41]. It turns out
that the RχT corresponds to the VMD1 version.

For discussion of the one-loop modification of the elec-
tromagnetic vertex and RχT-motivated calculation of the
kaon form factor see [42].
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TAUOLA is a Monte Carlo generator dedicated to generating tau-lepton decays and it is used in the analysis
of experimental data both at B-factories and LHC. TAUOLA is a long-term project that started in the 1990s
and has been under development up to now. In this note we discuss the status of the predominant hadronic
tau-lepton decays into two (Br ≃ 25.52%) and three (Br ≃ 18.67%) pions.
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1. INTRODUCTION
The precise experimental data for tau-lepton

decays collected at B-factories (both BELLE [1] and
BABAR [2]) provide an opportunity to measure the
Standard Model (SM) parameters, such as the strong
coupling constant, the quark-mixing matrix, the
strange quark mass etc., and for searching new physics
beyond SM. The leptonic decay modes of the tau-lep-
ton allow to test the universality of the lepton cou-
plings to the gauge bosons. Its hadronic decays (the
tau-lepton, due to its high mass, is the only one that
can decay into hadrons) give information about the
hadronization mechanism and resonance dynamics in
the energy region where the methods of the perturba-
tive QCD cannot be applied. Also hadronic f lavor-
violating and CP violating decays of tau-lepton allow
to search for new physics scenarios.

Hadronic tau-lepton decays are also a tool in high-
energy physics. In the last two years tau physics has
received great attention after the discovery of the
Higgs boson by the CMS and ATLAS Collaborations
[3, 4]. While this particle resembles in most features
the SM Higgs boson, the data, showing an enhance-
ment of the two-photon event rates, as well as a
reduced rate into tau and W pairs, could indicate
extended symmetries. Another yet unsolved question
is related to the origin and precise nature of violation
of symmetry under charge and parity transformations,
the so-called CP violation problem.

Since the 1990s TAUOLA is the main Monte Carlo
(MC) generator to simulate tau-lepton decays [5]. It
has been used by the Collaborations ALEPH [6],
CLEO [7], at both B-factories (BABAR [2] and

BELLE [1]) as well at LHC [3, 4] experiments2 for tau
decay data analysis. The library TAUOLA can be eas-
ily attached to any MC describing the production
mechanism like KORALB, KORALZ, and KKMC
[8–10]. The code provides the full topology of the
final particles including their spin.

In view of the forthcoming BELLE-II project [11],
it is important to revise the TAUOLA context in detail
and we start our discussion by reviewing the models
describing the tau-lepton decays into two (Br ≃
25.52%) and three (Br ≃ 18.67%) pions.

2. TWO- AND THREE-PION
HADRONIC CURRENTS

For τ decay channels with two mesons, h1(p1) and
h2(p2), the hadronic current reads

, (1)
where s = (p1 + p2)2, FV(s) and FS(s) are the vector and
scalar form factors, respectively.

In the general case, a hadronic current of a two-
meson tau-lepton decay mode depends on both vector
(FV) and scalar (FS) form factors. However, in the iso-
spin symmetry limit, , the scalar form factor
vanishes for the two-pion decay mode and the current
is described by the vector form factor only. The nor-
malization coefficient (N) depends on the mode and
equals 1 for the two-pion mode.

1 The article is published in the original.

2 At LHC, at the moment, tau decays are only used for identifica-
tion and are not used for studying their dynamics. However, the
dynamics of tau decays are important for both modeling the
decays (and therefore the reconstruction and identification) and
for measuring the decay polarization.

1 2 1 2[( ) ( ) ( ) ( )]V SJ N p p F s p p F sμ μ μ= − + +

0m m−π π=
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Currently MC TAUOLA includes four parametri-
zations for the vector form factor of two pions :

• Kuhn–Santamaria (KS) parametrization [12]:

,

where M is a resonance mass and Γππ(s) is the reso-
nance energy-dependent width that takes into account
two-pion loops;

• Gounaris–Sakurai (GS) parametrization used by
BELLE [1], ALEPH, and CLEO Collaborations:

,

where f(s) includes the real part of the two-pion loop
function;

• parametrization based on the Resonance Chiral
Lagrangian (RChL) [13]:

where B22 is the two-meson loop function.3 For the
physical meaning of the model parameters  and ,
see [13, 14];

• combined parametrization (combRChL) that
applies dispersion approximation at low energy and
modified RChL result at high energy [15]:

3 Comparing the imaginary part of the loop function ,
Eq. (A.3) in [13], and Eq. (13) in [1] one gets  =

 for s > , where Mi and Γi

are the resonance mass and width, respectively.
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where s0 is the high energy limit of the dispersion rep-
resentation applicability. It is supposed to satisfy
1.0 GeV2 < s0 < 1.5 GeV2 [15] and we leave it to be fitted.

In all the above parametrizations, except for the
RChL one, the pion form factor is given by interfering
amplitudes from the known isovector meson reso-
nances ρ(770), ρ'(1450), and ρ''(1700) with relative
strengths 1, β, and γ. Although one could expect from
the quark model that β and γ are real, we allow the
parameters to be complex (following the BELLE,
CLEO, and ALEPH analysis) and their phases are left
free in the fits. In the case of the RChL parametriza-
tion we restrict ourselves to the ρ(700) and ρ'(1450)
contributions, with the relative ρ' strength (that is a
combination of the model parameters , , and F)
being a real parameter.

For the energy-dependent width of ρ(770)-meson
two-pion and two-kaon loop contributions are
included for both RChL and combRChl parametriza-
tions through the loop functions  and , whereas
in the case of KS and GS the ρ width is approximated
only by the two-pion loops through Γππ. The ρ'(1450)
and ρ''(1700) widths include only two-pion loops for
all parametrizations except for the RChL one. In the
case of the RChL one both two-pion and two-kaon
loops are included.

Results of the fit to the BELLE data [1] are pre-
sented in Figs. 1 and 2. The best fit is with the GS pion
form factor (χ2 = 95.65) and the worst one is with the
RChL one (χ2 = 156.93), which is not able to repro-
duce the high energy tail. As it was mentioned above,
the two main differences of the RChL parametrization
compared to the others are: (1) the ρ''-meson absence,
(2) a real value of the ρ'(1450)-meson strength. To
check the influence of the ρ''(1700) on the RChL
result, the ρ''(1700) resonance has been included in
the same way as it was done for ρ'(1450); however, this
inclusion has not improved the result (see Fig. 2, the
right panel).

In an effective field theory, like RChL, complex
values come only from loops. Therefore, we conclude
that missing loop contributions could be responsible
for the disagreement and that the complex value of the
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Fig. 1. (Color online) Pion form factor fit to Belle data [1] with (left panel) the GS parametrization and (right panel) the RChL
parametrization. At the bottom of the figure, the ratio of a theoretical prediction to the data is given.

Fig. 2. (Color online) Pion form factor within the comRChL parametrization is fitted to BELLE data [1]: the fit without (left
panel) and with (right panel) ρ''(1700). At the bottom of the figure, the ratio of a theoretical prediction to the data is given.

β and γ parameters might mimic missing multiparticle
loop contributions. The same conclusion was reached
in [13] where it was stressed that the two-pseudoscalar

loops cannot incorporate all the inelasticity needed to
describe the data and other multiparticle intermediate
states can play a role. We are going to check this point
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by adding first a four-pion loop contribution to the
ρ'-resonance propagator.

In spite of the fact that the GS parametrization is
able to reproduce the BELLE data, it has at least two
misleading points. One of them is the complex
strengths mentioned above, the other is the neglect of
the two-kaon loops even for the ρ-resonance propaga-
tor. The last point will be the object of the further
investigation.

In the case of the combRChL parametrization the
fitting curvature demonstrates not a smooth behavior
near s = s0. Therefore more sophisticated fitting tech-
niques will have to be implemented.

When the τ-lepton decays into three hadrons and a
neutrino, the predominant decay mode involves three
pions. In the general case Lorentz invariance deter-
mines the decomposition of the hadronic current for a
three-hadron final state in terms of five Lorentz
invariant structures [16] multiplied by hadronic form
factors (Fi)

 (2)

where as usual Tμν = gμν –qμqν/q2 denotes the trans-
verse projector, and qμ = (p1 + p2 + p3)μ is the total
momentum of the hadronic system with four-
momenta p1, p2, and p3 and the two-pion invariant
mass squared is si = (pj + pk) 2.

The scalar functions Fi (q2, s1, s2) are the three-pion
form factors. The vector form factor vanishes for the
three-pion modes due to the G-parity conservation
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F5 = 0. Among the three hadronic form factors Fi, i =
1, 2, 3 which correspond to the axial-vector part of the
hadronic tensor, only two are independent. The pseu-
doscalar form factor F4 is proportional to  [16],
thus it is suppressed with respect to Fi, i = 1, 2, 3.

In TAUOLA, the following three-pion form factors
are available:

• CPC version [5], which includes only the
dominant a1 → ρπ mechanism production. The form
factor is a product of the Breit–Wigner for the a1 and
ρ meson;

• CLEO parametrization. It is based on the Dalitz
plot analysis carried out by the CLEO Collaboration
and includes the following intermediate states: a1 →
(ρ; ρ')π (where (ρ; ρ') can be either in S- or in
D-wave), a1 → σπ, a1 → f2(1270)π, a1 → f0(1370)π. In
fact, there are two variants of this parametrization.
The former is based on the CLEO π0π0π– analysis [7]
and applies the same current for the π–π–π+ mode.
The later uses the π0π0π– current from [7] and the
π‒π–π+ current from the unpublished CLEO analysis
[17]. It is interesting to point out that a difference
between these variants of the CLEO parametrization
is related with the scalar and tensor resonance contri-
butions. All resonances are modeled by Breit–Wigner
functions and the hadronic current is a weighted sum
of their product.4 The model parameters are reso-
nance masses and widths as well as the weights;

• modified RChL parametrization [19]. It was
based on the RChl results for the three-pion currents
[20] and an additional scalar resonance contribution.
The RChL current is a sum of the chiral contribution

4 This approach was contested in [18] where it was demonstrated
that the corresponding hadronic form factors reproduced the
leading-order chiral result and failed to reproduce the next-to-
leading-order one.

2 2/m qπ

Fig. 3. (Color online) The τ– → π–π–π+ντ decay invariant mass distribution of (left panel) the three-pion system and (middle
and right panels) the two-pion system. The BABAR data [2] are represented by the data points, with the results from the modified
RChL current as described in the text (blue line) and the old tune from CLEO [7] (red-dashed line) overlaid.

c c c
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corresponding to the direct vertex W– → πππ, single-
resonance contributions, e.g., W– → ρπ, double-reso-
nance contributions, as W– →  → ρπ. Only vector
and axial-vector are included in the RChL hadronic
currents. More details about the parametrization can
be found in [16]. The scalar resonance contribution
was included phenomenologically by requiring the
RChL structure for the currents and modeling the σ-
resonance by a Breit–Wigner function.

The CLEO parametrization for the π–π–π+ mode
has not yet been fitted to the BABAR preliminary data
[2], so we used the old numerical values of the param-
eters fitted to the CLEO data [7]. The fit to the
BABAR data will be a task for future work.

The one-dimensional distributions of the two- and
three-pion invariant mass spectra calculated on the
base of the modified RChL parametrization have been
fitted to the BABAR preliminary data [2]. It must be
pointed out that without the scalar resonance contri-
bution the RChL parametrization provides a slightly
better result than the CLEO parametrization whereas
the scalar resonance inclusion strongly improves the
low two-pion mass invariant spectrum. Discrepancy
between theoretical spectra and experimental data can
be explained by missing resonances in the model, such
as the axial-vector resonance (1600), the scalar res-
onance f0(980), and the tensor resonance f2(1270).
Inclusion of these resonances in the RChL framework
will be a future task.

Comparison of the π–π–π+ current in the frame-
work of the modified RChL with the ChPT result has
demonstrated that the scalar resonance contribution
has to be corrected to reproduce the low energy ChPT
limit. The corresponding calculation is in progress.

3. CONCLUSIONS
In this note we have reviewed the physical frame of

the Monte Carlo generator TAUOLA for the part
related with two- and three-pion decay modes. We
have briefly described the models used for the
hadronic currents as well as the results of the prelimi-
nary fits to the experimental data.

In the case of the two-pion modes we have made a
fit to the BELLE data for the three parametrizations of
the pion form factor. We have reproduced the data
with the Gounaris–Sakurai pion form factor parame-
trizations while have failed with the RChL parametri-
zation. We have concluded that the complex value of
the resonance strength, used in the Gounaris–Sakurai
parametrization, could mimic the missing multiparti-
cle loops. This idea will be tested by adding the four-
pion loops to the ρ'-resonance propagator that will be
the object of future study.

In the case of the three-pion mode TAUOLA has
two parametrizations for the hadronic current. At
present we have fitted the modified Resonance Chiral

1a−

1'a

current, which includes the σ-meson contribution in
addition to the Resonance Chiral Lagrangian current,
to the preliminary BABAR data. We have demon-
strated that the difference between the model and the
data is within 5–7% at the high-tail of the two- and
three-pion spectra. This discrepancy is related to the

neglect of the resonances, like f0(980), (1600), and
f2(1270), in the model. The incorporation of these res-
onances is in progress.

The same type of comparison will have to be done
for the CLEO π–π–π+ current.

One of the key points of the BELLE-II project
mentioned in Introduction is tau physics [11, 21]. The
first physics run is planned in the fall of 2018. Both
allowed and forbidden tau decay modes in Standard
Model will be measured. It should record a 50 times
larger data sample than the BELLE experiment until
2022. Indeed, the two- and three-pion decay modes
will be used for measuring resonance parameters on
one side and on the other these processes constitute an
ever present background to the hadronic decay modes,
forbidden in the Standard Model, for example the lep-
ton flavor violated modes, like τ → lππ [22]. All these
considerations underline the importance of a precise
theoretical description of the two- and three-pion
decay modes.

This work was supported in part by the Foundation
of Polish Science (grant no. POMOST/2013-7/12),
which is co-financed by the European Union,
Regional Development Fund, and by the Polish
National Science Centre under decisions DEC-
2011/03/B/ST2/00107.
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1 1. INTRODUCTION

Ongoing experiments on precise measurements of
the cross section of e+e– annihilation into hadrons aim
for a precision level of 0.5–1.0% [1–3]. Such an accu-
racy is crucial for various tests of the Standard Model
[4], e.g., by comparing the experimentally measured
value of the muon anomalous magnetic moment aµ [5]
with the theoretical prediction. The accuracy of the the-
oretical calculation of aµ is currently limited by the had-

ronic contribution . This contribution cannot be
reliably calculated in the framework of perturbative
QCD, because the low-energy region dominates. Fortu-

nately, its leading-order part  can be estimated
from the dispersion relation using the experimental
cross sections of e+e– annihilation as an input [4],

(1)

where σh(q2) is the total hadronic cross section, σµ(q2)
is the total cross section of the process e+e–  γ 
µ+µ–, and K(q2) is a smooth function that increases from

1 The text was submitted by the authors in English.
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—Final-state radiation in the process 
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 is considered for the cuts used in the analysis of
KLOE data at large angles. By means of the Monte Carlo event generator FEVA, effects of nonpointlike behav-
ior of pions are estimated in the framework of resonance perturbation theory. An additional complication related
to the 
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-meson intermediate state is taken into account and the corresponding contributions (the direct decay
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) are added to FEVA. A method is pro-
posed to test effects of nonpointlike behavior of pions in a model-independent way.
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can be written as

(3)

where the hadronic cross section 

 

σ

 

ππ

 

 is taken at a
reduced CM energy. This factorization is valid only for
photon radiation from the initial leptons (initial state
radiation, ISR). This is not possible for final-state (FS)
radiation (FSR), which is an irreducible background in
radiative return measurements of the hadronic cross
section [2, 15].
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 Indeed, the FSR cross section calcula-
tion has an additional complication compared to the
ISR case. In principle, RC caused by initial-state radia-
tion, i.e., the function 
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), can be calcu-
lated in QED, although the accuracy is technically lim-
ited. However, the situation is different for the FSR
cross section because its evaluation relies on models
describing the pion–photon interaction. Usually, the
combined sQED VMD (scalar QED Vector meson
dominance) model is assumed as a model for calculat-
ing the FS bremsstrahlung process [12, 17]. In this case,
the pions are treated as pointlike particles (the sQED
model) and the total FSR amplitude is multiplied by the
pion formfactor estimated in the VMD model. Unfortu-
nately, the sQED VMD model is an approximation
that is valid for relatively soft photons and it can fail for
high-energy photons, i.e., near the 

 

π

 

+

 

π

 

–

 

 threshold. In
this energy region, the contributions to FSR beyond the
sQED VMD model become important. As shown in
[18], resonance perturbation theory (RPT) is an appro-
priate model to describe photon–meson interactions in
the energy region of about 1 GeV, and we apply this
model to estimate the bremmstrahlung FS contributions
beyond sQED.

At the Φ-factory DAΦNE, there is an additional
complication related to the possible intermediate
φ-meson state and the corresponding contributions
should be included in the Monte Carlo event generator.

In this paper, we present the results obtained by the
Monte Carlo event generator FEVA that simulates pro-
cess (2) for the DAΦNE accelerator setup. Our com-
puter code FEVA was inspired by MC EVA [12]. The
previous version of FEVA was described in [19], where
the bremsstrahlung process (in the framework of both
RPT and sQED) and the φ direct decay (only the f0
parameterization) were considered. In addition, the cur-

2 In fact, the process of FSR cannot be excluded from the analysis.
It can be suppressed by choosing the small-angle kinematics
(θγ < θmax � 1), but for large angles, this contribution increases
to 40% of the ISR and should be estimated very carefully.
(For some advantages of the large-angle analysis compared to the
small-angle one, see [16].)
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*

rent version of FEVA includes the double resonance
contribution and a more sophisticated parameterization
for the φ direct decay.

This paper is organized as follows. In Section 2, we
give a general description of the FSR process and
present the FSR models that are already included in our
FEVA program. In Sections 3, the numerical results for
the KLOE large-angle analysis are presented. Because
most of the effects arising in the FSR are model-depen-
dent, we conclude this paper by suggesting a way to test
possible effects beyond sQED, in a model-independent
way (see Sections 4). Section 5 concludes the paper.

2. FINAL-STATE RADIATION MODELS

The cross section of the FSR process can be written
as

(4)

where Q = p1 + p2, s = Q2, and

(5)

and where the FS tensor Mµν describes the transition

It is convenient to parameterize the FS tensor in terms
of three gauge invariant tensors (see [20] and references
[21, 22] therein):

(6)

We emphasize that this expansion is totally model-
independent. The model dependence is related only to
the explicit form of the scalar functions fi (we call them
structure functions).

dσF
1

2s 2π( )5
------------------- δ4 Q p+– p–– k–( )∫=

×
d3 p+d3 p–d3k

8E+E–ω
------------------------------- M FSR( ) 2

,

M FSR( ) e
s
--Mµνu p1–( )γ µu p2( )�ν*=

γ * Q( ) π+ p+( )π– p–( )γ k( ).

Mµν Q k l, ,( ) ie2MF
µν Q k l, ,( )–≡

=  ie2 τ1
µν f 1 τ2

µν f 2 τ3
µν f 3+ +( ),–

τ1
µν kµQν gµνkQ, l– p+ p–,–= =

τ2
µν kl lµQν gµνkl–( ) lν kµkl lµkQ–( ),+=

τ3
µν Q2 gµνkl kµlν–( ) Qµ lνkQ Qνkl–( ).+=

*
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Here is the list of the FSR processes included in
FEVA MC:

e+ + e–  π+ + π– + γ, bremsstrahlung process, (7)

(8)

(9)

(10)

In the next sections, we present the models describing
these processes. The presence of (8) and (9) is due to

the energy at which KLOE is running (s = ).

2.1. Bremsstrahlung Process

As mentioned in the Introduction, the sQED VMD
model is an approximation for describing soft photon
radiation by pions. To estimate the contributions
beyond the sQED VMD model, we use the RPT. The
model is based on the chiral perturbation theory (χPT)
with the explicit inclusion of the vector and axial-vector
mesons ρ0(770) and a1(1260). The χPT gives correct
predictions for the pion formfactor at very low energy,
and RPT is the appropriate framework to describe the
pion formfactor at intermediate energies (E ~ mρ) [18]3

and satisfies the QCD high-energy behavior.

Using the result in [20], we write the contribution to
the functions fi (see Eq. (6)) caused by the bremsstrahl-
ung FS process as

(11)

(12)

(13)

where

3 It was shown in [20] that the coupling constants of the effective
chiral Lagrangian at the order p4 are substantially saturated by the
meson resonance exchange.

e+ e– φ f 0; f 0 σ+( )γ π+ π– γ ,+ + +

φ direct decay,

e+ e– φ ρ±π+− π+ π– γ ,+ + +

VMD contribution,

e+ e– ρ±π+− π+ π– γ .+ + +

mφ
2

*

*

f i f i
sQED ∆ f i

RPT,+=

f 1
sQED 2kQFπ Q2( )

kQ( )2 kl( )2–
-------------------------------,=

f 2
sQED 2Fπ Q2( )–

kQ( )2 kl( )2–
-------------------------------,=

f 3
sQED 0,=

∆ f 1
RPT FV

2 2FVGV–

f π
2

-----------------------------=

(14)

(15)

(16)

For the notation and the details of the calculation, we
refer the reader to [20]. FV, GV, and FA are parameters of
the model. According to the RPT model, the pion form-
factor that includes the ρ–ω mixing can be written as

(17)

where

(18)

q2 is the virtuality of the photon, fπ = 92.4 MeV, and the
parameter Πρω describes the ρ–ω mixing. An energy-
dependent width is considered for the ρ meson,

(19)

and a constant width is used for the ω meson, Γω =
8.68 MeV and mω = 782.7 MeV. We assume that the
parameter Πρω that determines the ρ–ω mixing is a con-
stant related to the branching fraction Br(ω  π+π–) as

(20)

The values of FV and GV , as well as the mass of the ρ
meson (mρ) and the parameter of the ρ–ω mixing Πρω,
were estimated by the fit of Novosibirsk CMD-2 data
for the pion formfactor [1]:

mρ = 774.9 ± 1.4 MeV, Πρω = –2774 ± 291 MeV2,

Γρ = 145.2 ± 2.6 MeV, FV = 154.2 ± 0.5 MeV.

× 1

mρ
2

------ 1

mρ
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-------------------------------------------+⎝ ⎠
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------------–

× 2
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4
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3q2
---------Bω q2( )–⎝ ⎠
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-----------------------------------------------,=
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Then GV = 64.6 ± 0.3 MeV and Br(ω  π+π–) =
(0.96 ± 0.19)%.

For the a1 meson, we take ma = 1.23 GeV and FA =
0.122 GeV, which corresponds to the mean value of the
experimental decay width Γ(a1  πγ) = 640 ±
246 keV [23].

We note that the contribution of any model describ-
ing the bremsstrahlung FS process can be conveniently
rewritten as in Eq. (11), and in the soft-photon limit, the
results should coincide with the prediction of the
sQED VMD model.

2.2. φ Direct Decay

For DAΦNE energy (s = ), there are contribu-

tions to the final state π+π–γ related to the intermediate
φ meson state. In this section, we consider the direct
rare decay φ  π+π–γ.

The φ direct decay is assumed to proceed through
the intermediate scalar meson state (either f0 or f0 + σ):
φ (f0; f0 + σ)γ  π+π–γ, and its mechanism is
described by a single formfactor fφ(Q2). As shown in
[21, 24], this process affects the formfactor f1 in Eq. (6):

(21)

First, we consider the case of the f0 intermediate
state. To estimate this contribution, we apply the Acha-
sov four-quark model described in [22]: the φ  f0γ
decay amplitude is generated dynamically through the
loop of charged kaons. The formfactor fφ is given by

(22)

where I(., .) is a function known in analytic form [24,

25] and δB(Q2) = b , with b = 75 deg/GeV.

The term Re  –  takes the finite-width

corrections to the f0 propagator into account [22]. A fit

*

mφ
2

f 1
scal gφγ f φ Q2( )

s mφ
2– imφΓφ+

-----------------------------------.=

f φ
K

+
K

–

Q2( )
g

φK
+
K

–

2π2mK
2

----------------=

×
g

f 0π+π–g
f 0K
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–e
iδB Q

2( )

m f 0

2 Q2– ReΠ f 0
m f 0

2( ) Π f 0
Q2( )–+

---------------------------------------------------------------------------------

× I
mφ

2

mK
2

------- Q2

mK
2

-------,
⎝ ⎠
⎜ ⎟
⎛ ⎞

,

Q2 4mπ
2–

Π f 0
m f 0

2( ) Π f 0
Q2( )

to the KLOE data φ π0π0γ 4 gives the following val-
ues of the parameters [26]:

(23)

In a refined version of this model, which includes
the σ meson in the intermediate state [27], the formfac-
tor fφ can be written as

where GRR' is the matrix of inverse propagators [27].
Such an extension of the model improves the descrip-
tion of the data at low Q2 (see Fig. 1a) and gives the fol-
lowing value of the model parameters [28]:

(24)

(25)

2.3. VMD Contribution

Another contribution producing the intermediate φ
meson state is the double resonance contribution (9). In

this case, the off-shell φ meson decays to ρ± and ,
which is followed by ρ  πγ. The explicit value of the

functions  for this decay can be found in [21]. To
maintain correspondence with the KLOE analysis in
[28], we also added an additional phase between VMD
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and φ direct contributions, the factor 5 and the
phase of the ω–φ meson mixing βωφ:

(26)

where

(27)

with

5 Including , we rescale the coupling constant. In our opin-

ion, this rescales the constant , which cannot be directly
determined from any experimental decay width.

Πρ
VMD

Πρ
VMD

gρπ
φ

f 1
VMD 1

4παs
------------- 1–

3
2
---x σ+ +⎝ ⎠

⎛ ⎞ g x1( ) g x2( )+( )⎝
⎛–=

+
1
4
--- x1 x2–( ) g x1( ) g x2( )–( )⎠

⎞ ,

f 2
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4παs2
--------------- g x1( ) g x2( )+( ),–=

f 3
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egρπ

φ gπγ
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4Fφ
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mφ
2e

iβρe
iβωφ
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2– imφΓφ+

-----------------------------------=
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s2Πρ
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1 x–( )s mρ
2– imρΓρ 1 x–( )s( )+

-------------------------------------------------------------------------------

x1 2,
2 p+ –, p1 p2+( )

s
-----------------------------------, x 2 x1– x2.–= =

The quantities  and  are the respective coupling
constants determining the φ  ρπ and ρ  πγ ver-
tices,

and e = . A fit to the KLOE data for φ  π0π0γ
[28] gives

(28)

2.4. Other Contributions

We included the channel γ*  ρ±   π+π–γ,6

whose amplitude has been evaluated in the RPT model
in our program. To write this part of the FSR, we used

the results in [20] for the function :

6 In the energy region s ≤ , this direct transition γ*  ρ±

can be regarded as the tail of the double resonance contribution of

the ρ' meson decay: γ*  ρ'  ρπ for s = .

gρπ
φ gπγ

ρ
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αmφ
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Fig. 1. (a) Dependence of the branching ratio of the φ direct decay on the intermediate scalar states; (b) contribution to the FSR

cross section dσF/dQ2 in the region 0 ≤ θγ ≤ 180°, 0 ≤ θπ ≤ 180° at s = . RPT is represented by circles, sQEO by crosses, φ by

triangles, and the difference between RPT and sQED, by squares.
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(29)

(30)

(31)

where

with

The value of the constant HV is determined by the width
of the ρ  πγ decay

and can be related to the constant  as

This gives HV = 0.0144. In agreement with the calcula-
tion in [20], we found a negligible contribution of this
channel; for simplicity, we discard its effects on the
numerical results presented in the next section.

3. NUMERICAL RESULTS

In this section, we present the results for the differ-
ential cross section and the forward–backward asym-
metry [12, 29] for the reaction e+e–  π+π–γ, where
the FSR amplitude (MFSR) receives contributions from
both RPT (MRPT) and the φ  π+π–γ decay (Mφ). The

latter is the sum of the φ direct decay ( ) and VMD

( ) contributions. Thus, the total contribution dσT

of process (2) can be written as

(32)
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3 f πgπγ
ρ

4 2
----------------.=
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scal

Mφ
VMD

dσT dσI dσF dσIF+ + MISR MFSR+ 2,∼=

dσI MISR
2,∼

dσF MRPT
2 Mφ

2 2Re MRPTMφ*{ },+ +∼

dσIF 2Re MISR MRPT Mφ+( )*{ },∼

where dσI corresponds to the ISR cross section, and
dσF , to the FSR one. The interference term dσIF is equal
to zero for symmetric cuts on the polar angle of the
pions [7].

The different contributions to the FSR differential

cross section dσF, evaluated at s = , are shown in
Fig. 1b for the full angular range 0 ≤ θγ ≤ 180°, 0 ≤ θπ ≤
180°. Good agreement between the results of the Monte
Carlo simulation (points) and the analytic prediction
(solid line) is found. It can be noted that at low Q2, the
contribution from the direct φ decay (i.e., the term pro-

portional to  in Eq. (32)) is quite large and,
therefore, the additional contribution beyond sQED can
be revealed only in the case of destructive interference
between the two amplitudes (Re(MRPT ) < 0). Pub-
lished data from the KLOE experiment [30] are in favor
of this assumption, which we use in what follows.

We first consider the case s = . In Fig. 2, we show
the values of the differential cross section dσT/dσI cuts
of the KLOE large-angle analysis [16, 30]:

(33)

for the bremsstrahlung FS process in the framework of
the sQED VMD model and with the φ decay contribu-
tions (VMD and the φ direct decay), for a hard photon
radiation with energies Eγ > 20 MeV.

Figure 3 shows the effects of RPT and φ direct decay
terms on the total differential cross section and their
contribution to the FSR cross section for angular cuts
(33). Several distinctive features can be noted: (1) the
peak at about 1 GeV2 corresponds to the f0 intermediate
state for the direct φ  ππγ amplitude; (2) the pres-
ence of RPT terms in the FSR is relevant at low Q2,
where they make an additional contribution up to 40%
to the ratio dσRPT + φ/dσsQED + φ (as shown in Figs. 3a, 3b);
(3) the destructive interference between the φ decay and
the bremsstrahlung FS process reduces the visible cross
section in the entire Q2 range and its dependence on the
FS bremsstrahlung model at low Q2 (see Fig. 2b). We
also draw attention to the VMD contribution. As we can
see from Fig. 2, the VMD contribution leaves the value
of the differential cross section almost unchanged
(Figs. 2a, 2b), but it substantially changes the value of
the forward–backward asymmetry (Fig. 2c) and fol-
lows the experimental data for it. Last but not least, all
contributions beyond sQED are large enough near the
threshold to make analysis difficult.

To reduce the background from the φ decay in the
measurement of the pion formfactor at the threshold,
KLOE has taken more than 200 pb–1 of data at 1 GeV
[31]. In this case, the φ meson intermediate contribu-
tions are suppressed (in Fig. 4c), the values of dσT with
and without the φ decay almost coincide) and the main
contribution to FSR comes from the bremsstrahlung

mφ
2

Mφ
scal 2
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2

50° θγ 130°,≤ ≤
50° θπ 130°≤ ≤

*



476

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS      Vol. 106      No. 3      2008

PANCHERI et al.

process (see Section 2.1), allowing a model for it to be
studied.

4. MODEL-INDEPENDENT TEST
OF FSR MODELS

Contributions to the bremsstrahlung FS process
beyond sQED, as in the case of RPT, can lead to size-
able effects on the cross section and asymmetry at the
threshold, as shown in Figs. 2–4. Precise measurement
of the pion formfactor in this region is needed to control
them at the required level of accuracy. This looks like a
rather difficult task, considering that effects beyond
sQED, as well as the contribution from φ  π+π–γ, are
model-dependent.

One can think of constructing a general amplitude
for the e+e–  π+π–γ in accordance with some under-
lying theory and trying to determine the free parameters
by a constrained fit on specific variables (like the mass
spectrum, charge and forward–backward asymmetry,
angular distribution, etc.). In particular, the charge
asymmetry has proved to be a powerful tool to discrim-
inate between different models of φ  π+π–γ [29].
However, when the number of the parameters is large,
correlations between the parameters of the model can
arise and spoil the effective power of these fits. The sit-
uation becomes even worse if the pion formfactor also
has to be extracted from the same data. As an example,
if we consider only the ρ and ω contribution to the pion

formfactor and the ρ and a1 contribution to FSR in the
case of the RPT model, there are already six free
parameters. The presence of the φ direct and VMD
decays results in additional free parameters.

The possibility of determining some of the parame-
ters by external data can be a big help, as in the case of
the φ  π+π–γ amplitude, which can be determined by
the π0π0γ channel copiously produced at DAΦNE. An
additional source of information that should be used for
determining the contributions to FSR beyond sQED in
a model-dependent way is the dependence of the FSR
amplitude on the e+e– invariant mass squared s.

We write the differential cross section for the emis-
sion of one photon in the process e+e–  π+π–γ as a
function of the invariant mass of the two pions:

(34)

where  is the differential cross section for the

emission of a photon in the final state and the ISR func-
tion Hs(Q2) was defined in the Introduction. We use a
subscript s to indicate the dependence of each quantity
on the e+e– invariant mass s. Because we consider only
symmetric angular cuts for pions, the interference term
between the initial- and final-state radiation is
neglected.
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Fig. 2. Ratio dσT/dσI of the total cross section to the ISR one (a, b) and the forward–backward asymmetry (b, c) as a function of
the invariant mass of the two pions, when the φ contribution is taken into account and the bremsstrahlung process is in the framework

of the sQED VMD model. The angular region is 50° ≤ θγ ≤ 130°, 50° ≤ θπ ≤ 130° and s = .* mφ
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At relatively high Q2, the FSR differential cross sec-

tion  is dominated by the contribution coming

from sQED (MsQED) and φ direct decay (Mφ):

dσF

dQ2
---------⎝ ⎠

⎛ ⎞
s

(35)

Contributions beyond sQED (∆M) are expected to be
important at low Q2. They introduce an additional term
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Fig. 3. The ratio dσT/dσI (a, b) as a function of the invariant mass of the two pions for different models describing the bremsstrahlung
FS process (either RPT or sQED VMD) and the ratio of the FSR cross section in the framework of RPT to the sQED cross section,
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Fig. 4. The same ratio as in Fig. 3 at s = 1 GeV2.
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(∆M) in the above expression:

(36)

We now consider the quantity

(37)

where

If no contribution beyond sQED is present (∆M = 0),
Ys(Q2) coincides with the square of the pion formfactor,
independently of the energy s at which it is evaluated,

while any dependence on  is only due to an addi-
tional contribution to FSR beyond sQED. In particular,
the difference of Ys(Q2) computed at two beam energies
s1 and s2 can only come from FSR beyond sQED:

(38)

dσF

dQ2
---------⎝ ⎠

⎛ ⎞
s

MsQED ∆M Mφ+ + 2∼

=  MsQED Mφ+ 2 ∆M 2+

+ 2Re ∆M MsQED Mφ+( )*{ }.

Ys Q2( )

dσF

dQ2
---------⎝ ⎠

⎛ ⎞
s

dσsQED φ+

dQ2
----------------------⎝ ⎠

⎛ ⎞
s

–

Hs Q2( )
-----------------------------------------------------=

=  Fπ Q2( ) 2 ∆Fs Q2( ),+

∆Fs ∆M 2 2Re ∆M MsQED Mφ+( )*{ }+( )s
1
Hs

------.∼

s

∆Y Q2( ) Ys1
Q2( ) Ys2

Q2( )–=

=  ∆Fs1
Q2( ) ∆Fs2

Q2( ).–

Therefore, before extracting the pion formfactor at the
threshold, we suggest looking at the difference
∆Y(Q2), which can be used to estimate the contribu-
tion beyond sQED to the FSR amplitude in a model-
independent way.

As a realistic application of this procedure, we con-
sider the case of DAΦNE where KLOE has already col-

lected more than 200 pb–1 at 1 GeV2 and 2.5 fb–1 at ,
which, in the range Q2 < 0.35 GeV2, respectively, cor-
respond to O(103) and O(104) events, in the region
50° ≤ θγ ≤ 130°, 50° ≤ θπ ≤ 130°. We consider RPT as a
model for the effects beyond sQED.

Figure 5a shows the quantity Ys(Q2) at s1 = 1 GeV2

and at s2 =  when no additional RPT term is included
in the FSR. As expected, each of these quantities coin-
cides with the square of the pion formfactor |Fπ(Q2)|2,
shown by a solid line. The difference ∆Y(Q2) is shown
in Fig. 5b, which is consistent with zero as expected. In
the region s < 0.35 GeV2, we can expand the pion form-
factor as in [4]:

(39)

Using the same experimental data for the pion formfac-
tor [1] as before, we have p1 = 1.15 ± 0.06 GeV–2, p2 =
9.06 ± 0.25 GeV–4, and χ2/ν ≈ 0.13. A combined fit of
Ys(Q2) to the pion formfactor gives the values p1 =
1.4 ± 0.2 GeV–2, p2 = 8.8 ± 0.7 GeV–4, χ2/ν = 0.25,
which are in reasonable agreement with the results
in (39).

mφ
2

mφ
2

Fπ q2( ) 1 p1q2 p2q4.+ +≈
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Fig. 5. (a) Ys(Q
2) at s = 1 GeV2 (�) and at s = (�), when FSR includes only the sQEO and φ contribution. The pion formfactor

|Fπ(Q2)|2 is shown by a solid line. (b) The difference ∆Y(Q2).
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2

0
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The situation is different as soon as the bremsstrahl-
ung FS process is modeled by RPT. In this case, as
shown in Fig. 6b, the difference ∆Y(Q2) ≠ 0 and the
quantities Ys(Q2) can no longer be identified with

|Fπ(Q2)|2 (see Fig. 6a).7

Before concluding, we list the main points of our
method.

(1) The quantity  is an input parameter

of our procedure and can be computed numerically by
Monte Carlo simulations.

(2) The amplitude for φ  π+π–γ is taken from the
π0π0γ channel.

(3) The missing ISR multi-photon radiative correc-
tion can be added to Hs and does not spoil the effective
power of the method.

(4) A clear advantage of the procedure based on a
Monte Carlo event generator is that it allows keeping
control over the efficiency and resolution of the detec-
tor and fine tuning of the parameters.

Even if the main limitation of the method could
come from the uncertainty on the parameters of the
φ π+π–γ amplitude, especially at low Q2, we
believe that the KLOE data on φ  π0π0γ will allow a
precise description of this amplitude. In any case, in
agreement with [29], we strongly recommend checking

7 Destructive interference between the RPT and φ π+π–γ
amplitudes tends to cancel the effects beyond sQED at s = 

(see Figs. 3a and 3b). Therefore, the quantity Ys(Q
2) almost coin-

cides with the pion formfactor.

mφ
2

dσsQED φ+

dQ2
----------------------⎝ ⎠

⎛ ⎞
s

the amplitude with the use of charge asymmetry and
comparing it with the spectrum of the π+π–γ, at least at
high Q2, where the pointlike approximation is safe
(as done in [30]).

5. CONCLUSIONS

A test of FSR at the threshold in the process
e+e−  π+π–γ is a rather important issue, not only for
the role of FSR as a background for measuring the pion
formfactor, but also for obtaining information about
pion–photon interactions when the intermediate had-

rons are far from the mass shell. At s = , an addi-
tional complication arises: the presence of the decay
φ π+π–γ, which occurs either through the interme-
diate scalar (direct decay) or the vector state (VMD
contribution), whose amplitude and relative phase can
be described according to some model. By means of the
Monte Carlo event generator FEVA, which also
includes the contribution of the rare φ  π+π–γ decay,
we estimate the effects beyond sQED in the framework
of RPT for angular cuts used in the KLOE analysis of
the pion formfactor at the threshold. We show that the
low-Q2 region is sensitive both to the inclusion of addi-
tional terms in the FSR amplitude given by the RPT
model and to the φ decay contribution (especially its
VMD part).

We also propose a method that allows estimating the
effects beyond sQED in a model-independent way. We
found that the deviation from sQED predicted by RPT
can be observed within the current KLOE statistics.

We emphasize once again that this work was moti-
vated by the ongoing experiment on precise measure-
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Fig. 6. (a) Ys(Q
2) at s = 1 GeV2 (�) and at s = (�), when FSR includes the RPT and φ contributions. The pion formfactor

|Fπ(Q2)|2 is shown by a solid line. (b) The difference ∆Y(Q2).
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ments of the muon anomalous magnetic moment [32],
which makes it possible to perform tests on the Stan-
dard Model with fabulous precision.
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Abstract

Effects due to non-pointlike behavior of pions in the process e+e− → π+π−γ can arise for hard photons in the final state. By means of a
Monte Carlo event generator, which also includes the contribution of the direct decay φ → π+π−γ , we estimate these effects in the framework
of resonance perturbation theory. We consider angular cuts used in the KLOE analysis of the pion form factor at threshold. A method to reveal the
effects of non-pointlike behavior of pions in a model-independent way is proposed.
© 2006 Elsevier B.V. All rights reserved.
1. Introduction

Final state radiation (FSR) is an irreducible background to
the measurement of the hadronic cross section with initial state
radiation (ISR) events [1,2]. Differently from ISR, whose ac-
curacy is limited by the numerical precision on the evaluation
of high order QED diagrams (see, for example, [3,4] and dis-
cussion there), the FSR evaluation relies on specific models for
the coupling of hadrons to photons. Usually the FSR ampli-
tude in the process e+e− → π+π−γ is evaluated in scalar QED
(sQED), where the pions are treated as point-like particles and
the total FSR amplitude is multiplied by the pion form factor
computed in the VMD model [4,5]. While this assumption is
generally valid for relatively soft photons, it can fail for low
values of the invariant mass of the hadronic system, i.e. when
the intermediate hadrons are far off shell. In this case possible
extensions for FSR, beyond sQED, can be considered.

As we will show in the following, the most general form
for FSR consistent with gauge invariance, charge conjugation

* Corresponding author.
E-mail addresses: giulia.pancheri@lnf.infn.it (G. Pancheri),

shekhovtsova@kipt.kharkov.ua (O. Shekhovtsova),
graziano.venanzoni@lnf.infn.it (G. Venanzoni).
0370-2693/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2006.09.053
symmetry and photon crossing symmetry can be expressed in
term of three form factors, fi , each depending on three inde-
pendent variables [6,7]. While such a decomposition is general,
fi are model-dependent. In the paper [6] the prediction for fi in
the framework of the resonance perturbation theory (RPT) was
considered. RPT is a model based on chiral perturbation theory
(χPT) with the explicit inclusion of the vector and axial-vector
mesons, ρ0(770) and a1(1260) [8]. Whereas χPT gives correct
predictions on the pion form factor at very low energy, RPT is
the appropriate framework to describe the pion form factor, and
to satisfy QCD high energy behavior, at intermediate energies
(E ∼ mρ ) [8].1

We point out that the FSR process, besides being of interest
as an important background source, is of interest by itself, since
it allows to get information about pion–photon interaction at
low energies.

In this Letter we will present the results obtained by im-
plementing the RPT amplitude for FSR into the Monte Carlo
event generator for the process e+e− → π+π−γ [1]. We also
included the rare decay φ → π+π−γ [9] in our generator.

1 In that paper it was shown that the coupling constants of the effective chi-

ral Lagrangian at the order p4 are essentially saturated by meson resonance
exchange.

http://www.elsevier.com/locate/physletb
mailto:giulia.pancheri@lnf.infn.it
mailto:shekhovtsova@kipt.kharkov.ua
mailto:graziano.venanzoni@lnf.infn.it
http://dx.doi.org/10.1016/j.physletb.2006.09.053
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Since most of the effects arising in the FSR are model-
dependent, we conclude this Letter by suggesting a way, based
on Monte Carlo, to test possible effects beyond sQED, in a
model-independent way.

2. General parametrization for π+π−γ final state

The cross section of the reaction

e+(p1) + e−(p2) → π+(p+)π−(p−)γ (k)

with the photon emitted in the final state, can be written as

(1)

dσ = 1

2s(2π)5

∫
δ4(P − p+ − p− − k)

d3p+d3p−d3k

8E+E−ω
|M|2,

where P = p1 + p2, s = P 2 and

(2)M = e

s
Mμνū(−p1)γμu(p2)ε


ν .

The tensor M
μν
F describing the process γ ∗(P ) → π+(p+)

π−(p−)γ (k) is model-dependent. However, based on charge-
conjugation symmetry, photon crossing symmetry and gauge
invariance it can be expressed by three gauge invariant tensors
(see Appendix A in Ref. [6]):

Mμν(P, k, l) = −ie2(τμν
1 f1 + τ

μν
2 f2 + τ

μν
3 f3

)
≡ −ie2M

μν
F (P, k, l), l = p+ − p−,

τ
μν
1 = kμP ν − gμνk · P,

τ
μν
2 = k · l(lμP ν − gμνk · l) + lν

(
kμk · l − lμk · P )

,

(3)τ
μν
3 = P 2(gμνk · l − kμlν

) + P μ
(
lνk · P − P νk · l).

While the decomposition (3) is general, the exact value of
the scalar functions fi (form factors), each depending on three
independent variables, are determined by the specific FSR mod-
els.

In sQED for the functions fi we have [5]

f
sQED
1 = 2k · P

(k · P)2 − (k · l)2
,

f
sQED
2 = −2

(k · P)2 − (k · l)2
,

(4)f
sQED
3 = 0.

Because of Low’s theorem, these equations imply that for
k → 0 we have

lim
k→0

f1 = 2k · PFπ(P 2)

(k · P)2 − (k · l)2
,

lim
k→0

f2 = −2Fπ(P 2)

(k · P)2 − (k · l)2
,

(5)lim
k→0

f3 = 0,

where Fπ is the pion form factor describing the interaction
γ ∗ → π+π−. Thus, for soft photon radiation, the FSR tensor
is expressed in term of one form factor Fπ(P 2), but in gen-
eral we have three independent form factors describing the FSR
process.
It is convenient to rewrite the form factors fi as

(6)fi = f
sQED
i + �fi,

where the functions �fi are the contributions to the form fac-
tors beyond sQED, and are determined by FSR model.

2.1. RPT contribution to FSR

The functions �fi have been calculated in the framework of
RPT in [6]:

�f1 = F 2
V − 2FV GV

f 2
π

(
1

m2
ρ

+ 1

m2
ρ − P 2 − imρΓρ(P 2)

)

− F 2
A

f 2
πm2

a

[
2 + (k · l)2

D(l)D(−l)

(7)+ (P 2 + k · P)[4m2
a − (P 2 + l2 + 2k · P)]

8D(l)D(−l)

]
,

(8)�f2 = − F 2
A

f 2
πm2

a

4m2
a − (P 2 + l2 + 2k · P)

8D(l)D(−l)
,

�f3 = F 2
A

f 2
πm2

a

k · l
2D(l)D(−l)

,

(9)D(l) = m2
a − (

Q2 + l2 + 2kQ + 4kl
)
/4.

For notations and details of the calculation we refer a reader
to [6]. FV , GV and FA are parameters of the model. The para-
meters FV , GV as well as mρ have been estimated by a fit to the
pion form factor from e+e− → π+π− data (see next section).
For a1 meson we take ma = 1.23 GeV and FA = 0.122 GeV
that corresponds to the mean value of the experimental decay
width Γ (a1 → πγ ) = 640 ± 246 keV [10].

2.2. Pion form factor in RPT

The pion form factor, that describes ρ–ω mixing and in-
cludes also the first excited ρ′-meson state, can be written as:

Fπ

(
q2) = 1 + FV GV

f 2
π

Bρ

(
q2)(1 − Πρω

3q2
Bω

(
q2))

(10)+ FV 1GV 1

f 2
π

Bρ′
(
q2),

where

(11)Br

(
q2) = q2

m2
r − q2 − imrΓr(q2)

,

q2 is the virtuality of the photon, fπ = 92.4 MeV and the value
Πρω describes ρ–ω mixing (see below). More detailed descrip-
tion of the pion form factor can be found elsewhere [11,12].

An energy-dependent width is considered for the ρ and ρ′
mesons:

(12)Γρ

(
q2) = Γρ

√
m2

ρ

q2

(
q2 − 4m2

π

m2
ρ − 4m2

π

)3/2

· Θ(
q2 − 4m2

π

)
,

while for the ω-meson a constant width is used, Γω = 8.68 MeV
and mω = 782.7 MeV. We assume the parameter Πρω , that
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determines ρ–ω mixing, is a constant and we relate it to the
branching fraction Br(ω → π+π−):

(13)Br
(
ω → π+π−) = |Πρω|2

ΓρΓωm2
ρ

.

The fit of our parametrization to the pion form factor from
the CMD-2 data [13] gives [12]:

mρ = 774.97 ± 1.4 MeV, Πρω = −2774 ± 291.2 MeV2,

Γρ = 145.21 ± 2.6 MeV, FV = 154.22 ± 0.5 MeV

and

m′
ρ = 1.2 ± 0.2 GeV, Γρ′ = 400 ± 160 MeV,

FV 1 = 13.19 ± 18.59 MeV,

χ2/ν = 0.853. Then GV = 64.6 ± 0.3 MeV and Br(ω →
π+π−) = (0.96 ± 0.19)%. Expanding the pion form factor in
the region s < 0.35 GeV2 as in [14]:

(14)Fπ

(
q2) � 1 + p1 · q2 + p2 · q4,

gives the following values: p1 = 1.15 ± 0.06 GeV−2, p2 =
9.06 ± 0.25 GeV−4, χ2/ν � 0.13.

2.3. Scalar contribution to FSR

At s = m2
φ an additional contribution to the final state

π+π−γ is given by the direct rare decay φ → π+π−γ . As it
was shown in [9,15] this process affects the form factor f1 of
Eq. (3):

Mφ = ie3

s
Fφ

(
Q2)ū(−p1)γμu(p2)ε

∗
ν τ

μν
1 ,

(15)Fφ

(
Q2) = gφγ fφ

s − m2
φ + imφΓφ

, Q = p+ + p−.

The φ direct decay is assumed to proceed through the f0
intermediate state: φ → f0γ → π+π−γ , and its mechanism is
described by a single form factor fφ(Q2).

We consider the model described in [16] where the φ → f0γ

decay amplitude is generated dynamically through the loop of
charged kaons. The form factor fφ reads:

f K+K−
φ

(
Q2)

= gφK+K−gf0π
+π−gf0K

+K−

2π2m2
K(m2

f0
− Q2 + ReΠf0(m

2
f0

) − Πf0(Q
2))

(16)× I

(
m2

φ

m2
K

,
Q2

m2
K

)
eiδB(Q2),

where I (.,.) is a function known in analytic form [9,17]
and δB(Q2) = b

√
Q2 − 4m2

π , b = 75◦/GeV [18]. The term
ReΠf0(m

2
f0

) − Πf0(Q
2) takes into account the finite width

corrections to the f0 propagator [16]. A fit to the KLOE data
φ → π0π0γ 2 gives the following values of the parameters [19]:

mf0 = 0.962 GeV,

2 Γ (f0 → π+π−) = 2
3 Γ (f0 → ππ).
g2
f0K

+K−

4π
= 1.29 GeV2,

(17)
g2

f0K
+K−

g2
f0π

+π−
= 3.22.

A refined version of this model includes the presence of the
σ meson in the intermediate state [18–20]. Such an extension
of the model improves the description of the data at low Q2 and
will be considered in a forthcoming paper [12]. Therefore, for
the following results, we will only consider the presence of the
f0 meson. This will not affect our proposal, to be discussed in
Section 4.

2.4. Other contributions

We included in our program the channel γ ∗ → ρ±π∓ →
π+π−γ , whose amplitude has been evaluated in RPT model.
However, in agreement with the calculation given in [6], we
found a negligible contribution of this channel and, for the sake
of simplicity, we discard the effects on the following results.
We also did not include the contribution due to two-resonance
intermediate states as, for example, φ → ρπ , which was found
to be negligible in the π0π0γ final state [19].

3. Numerical results

The differential cross section for the reaction e+e− →
π+π−γ , where the FSR amplitude (MFSR) receives contribu-
tions both from RPT (MRPT) and the φ → π+π−γ decay (Mφ)
can be written as:

dσT ∼ |MISR + MFSR|2 = dσI + dσF + dσIF ,

dσI ∼ |MISR|2,
dσF ∼ |MRPT|2 + |Mφ |2 + 2 Re

{
MRPT · M∗

φ

}
,

(18)dσIF ∼ 2 Re
{
MISR · (MRPT + Mφ)∗

}
.

The interference term dσIF is equal to zero for symmetric cuts
on the polar angle of the pions [1].

The different contributions to the FSR differential cross sec-
tion dσF , evaluated at s = m2

φ , are shown for in Fig. 1(left), for
the full angular range 0◦ � θγ � 180◦, 0◦ � θπ � 180◦. A good
agreement between the results of the Monte Carlo simulation
(points), with the analytic prediction (solid line) is found. It can
be noted that at low Q2 the φ resonant contribution (i.e. the
term proportional to |Mφ |2 in Eq. (18)) is quite large and, there-
fore, the additional contribution beyond sQED, can be revealed
only in the case of destructive interference between the two
amplitudes (Re(MRPT · M∗

φ) < 0). Published data from KLOE
experiment [2] are in favor of this assumption, which we will
use in the following.

In Fig. 2 we show the values of dσT /dσI for the angular
cuts of the KLOE large angle analysis 50◦ � θγ � 130◦, 50◦ �
θπ � 130◦ [21], with and without contributions from RPT and
φ direct decay, for a hard photon radiation with energies Eγ >

20 MeV.
Three distinctive features can be noted: (1) the peak at

about 1 GeV2 corresponds to the f0 intermediate state for the
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Fig. 1. Contribution to the FSR cross section dσF /dQ2 in the region 0◦ � θγ � 180◦ , 0◦ � θπ � 180◦ . RPT is represented by circles, sQED by crosses, φ by

triangles, while the difference between RPT and sQED is indicated by squares. (Left) corresponds to s = m2
φ , (right) to s = 1 GeV2 (i.e. below the φ resonance),

where the φ resonant contribution has been amplified by a factor 100. In (left) the results from our event generator are compared with the analytic calculation, shown
by solid line.

Fig. 2. The ratio dσT /dσI as function of the invariant mass of the two pions, in the region 50◦ � θγ � 130◦ , 50◦ � θπ � 130◦ , for different models of FSR. (Left)

refers to s = m2
φ , (right) to s = 1 GeV2.
φ → ππγ amplitude; (2) the presence of RPT terms in the FSR
are relevant at low Q2, where they give an additional contribu-
tion up to 40% on the ratio dσRPT+φ/dσsQED+φ (as shown in
Fig. 3(left)); (3) the negative interference with the φ direct de-
cay amplitude reduces dσF and its dependence on FSR model
at low Q2 (see Fig. 2(left), down, and Fig. 3(left)).

Fig. 4(left), shows the effects of RPT and φ terms in the
forward–backward asymmetry. As expected the presence of
RPT gives relevant effects at low Q2 region, while the pres-
ence of a bump at high Q2 is due to the φ direct decay.

In order to reduce the background from φ → 3π decay on
the measurement of the pion form factor at threshold, KLOE
has taken more than 200 pb−1 of data at 1 GeV [22]. In this
case, as shown in Fig. 1(right), the φ resonant contribution is
suppressed (dσT with and without the φ direct decay almost
coincide), see also Figs. 2 and 3(right). Therefore the main
contribution beyond sQED to the FSR cross section and the
asymmetry (see Fig. 4(right)) comes from RPT.

4. Model-independent test of FSR and extraction of pion
form factor at threshold

Contributions to FSR beyond sQED, as in the case of RPT,
can lead to sizeable effects on the cross section and asymmetry
at threshold, as shown in Figs. 3 and 4. Precise measurement of
the pion form factor in this region needs to control them at the
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Fig. 3. Ratio of FSR cross section in the framework of RPT, respect to sQED, when the φ contribution is (or not) taken account. The angular region is
50◦ � θγ � 130◦ , 50◦ � θπ � 130◦ . (Left) is for s = m2

φ , (right) is for s = 1 GeV2.

Fig. 4. Forward–backward asymmetry, in the kinematical region 50◦ � θγ � 130◦ , 50◦ � θπ � 130◦ , when RPT and φ contributions are included, compared with

the asymmetry calculated in sQED. (Left) is for s = m2
φ , (right) is for s = 1 GeV2.
required level of accuracy. This looks like a rather difficult task,
if one thinks that effects beyond sQED, as well as the contribu-
tion from φ → π+π−γ , are model-dependent.

One can think to construct a general amplitude for the
e+e− → π+π−γ , according to some underlying theory, and
try to determine the free parameters by a constrained fit on
specific variables (like mass spectrum, charge and forward–
backward asymmetry, angular distribution, etc.). Particularly
for the charge asymmetry, it has been proved to be a powerful
tool to discriminate between different models of φ → π+π−γ

[20]. However when the number of the parameters is large, cor-
relations between the parameters of the model can arise and
spoil the effective power of these fits. The situation becomes
even worse if also the pion form factor has to be extracted with
the same data. As an example, in the case of RPT model, if
we consider only ρ and ω contribution to the pion form factor
and the ρ and a1 contribution to FSR the number of free para-
meters is already six. The presence of the φ direct decay adds
additional free parameters.

The possibility to determine some of the parameters by ex-
ternal data can strongly help, as in the case of the φ → π+π−γ

amplitude, which can be determined by the π0π0γ channel
copiously produced at DA�NE. An additional source of in-
formation which will be used to determine the contributions to
FSR beyond sQED in a model-dependent way, is the energy de-
pendence of the FSR amplitude on the e+e− invariant mass s.

Let us write the differential cross section for the emission of
one photon in the process e+e− → π+π−γ as function of the
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Fig. 5. (Left) Ys(Q
2) at s = 1 GeV2 (triangles), and at s = m2

φ (circles), when FSR includes only sQED and φ contribution. The pion form factor |Fπ (Q2)|2 is

shown by solid line. (Right) the difference �Y(Q2).
invariant mass of the two pions:

(19)

(
dσT

dQ2

)
s

= ∣∣Fπ

(
Q2)∣∣2

Hs

(
Q2) +

(
dσF

dQ2

)
s

,

where Hs(Q
2) is the so-called radiation function, which ac-

counts for ISR emission, and
(

dσF

dQ2

)
s

is the differential cross
section for the emission of a photon in the final state. We ex-
plicitly put in evidence the dependence of each quantity on the
e+e− invariant mass (s). Since we will consider only symmet-
ric angular cuts for pions, the interference term between initial
and final state radiation has been neglected.

The FSR differential cross section,
(

dσF

dQ2

)
s
, is dominated

at relatively high Q2 by the contribution coming from sQED
(MsQED) and φ direct decay (Mφ):

(20)

(
dσsQED+φ

dQ2

)
s

∼ |MsQED + Mφ |2.
Contributions beyond sQED (�M) are expected to be impor-
tant at low Q2. They introduce an additional term (�M) in the
above expression:

(21)

(
dσF

dQ2

)
s

∼ |MsQED + �M + Mφ |2

= |MsQED + Mφ |2 + |�M|2

(22)+ 2 Re
{
�M · (MsQED + Mφ)∗

}
.

We will now consider the following quantity:

Ys

(
Q2) =

(
dσT

dQ2

)
s
− ( dσsQED+φ

dQ2

)
s

Hs(Q2)

(23)= ∣∣Fπ

(
Q2)∣∣2 + �Fs

(
Q2),

where �Fs ∼ (|�M|2 + 2 Re{�M · (MsQED + Mφ)∗})s/Hs .
If no contribution beyond sQED is present (�M = 0),

Ys(Q
2) coincides with the square of the pion form factor, inde-

pendently of the energy
√

s at which it is evaluated, while any
dependence on s is only due to additional contribution to FSR
beyond sQED. In particular, the difference of Ys(Q

2) computed
at two beam energies (s1 and s2), can only come from FSR be-
yond sQED:

�Y
(
Q2) = Ys1

(
Q2) − Ys2

(
Q2)

(24)= �Fs1

(
Q2) − �Fs2

(
Q2).

Therefore, before extracting the pion form factor at threshold,
we suggest to look at the difference �Y(Q2), which can be used
to estimate the contribution beyond sQED to FSR amplitude in
a model independent way.

As realistic application of this procedure, we consider the
case of DA�NE, where KLOE has already collected more than
200 pb−1 at 1 GeV2 and 2.5 fb−1 at m2

φ , which, in the range

Q2 < 0.35 GeV2, correspond to O(103) and O(104) events re-
spectively in the region 50◦ � θγ � 130◦, 50◦ � θπ � 130◦. We
will consider RPT as model for the effects beyond sQED.

Fig. 5(left), shows the quantity Ys(Q
2) at s1 = 1 GeV2 and

at s2 = m2
φ when no additional RPT term is included in FSR.

As expected, each of these quantities coincides with the square
of the pion form factor |Fπ(Q2)|2, shown by solid line. The
difference �Y(Q2) is shown in Fig. 5(right), which is consis-
tent with zero as expected. A combined fit of Ys(Q

2) to the
pion form factor (see Eq. (14)) gives the following values: p1 =
1.4 ± 0.186 GeV−2, p2 = 8.8 ± 0.73 GeV−4, χ2/ν = 0.25, in
agreement with our results at the end of Section 2.2.

A different situation appears if FSR emission from pions is
modeled by RPT. In this case, as shown in Fig. 6(right), the
difference �Y(Q2) �= 0 and the quantities Ys(Q

2) cannot be
anymore identified with |Fπ(Q2)|2 (see Fig. 6(left)).3 Prior to

3 Destructive interference between RPT and φ → π+π−γ amplitudes tends

to cancel out the effects beyond sQED at s = m2
φ (see Fig. 2(left)). Therefore

for this energy the quantity Ys(Q
2) almost coincides with the pion form factor.
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Fig. 6. (Left) Ys(Q
2) at s = 1 GeV2 (triangles), and at s = m2

φ (circles), when FSR includes RPT and φ contribution. The pion form factor |Fπ (Q2)|2 is shown by

solid line. (Right) the difference �Y(Q2).
the fit of the pion form factor, in this case, such additional con-
tribution must be understood.

Before concluding, we would like to point out the main ad-
vantages of our proposal:

• NLO correction to ISR (as multi-photon emission) can be
computed by Monte Carlo and included in Hs ;

• The quantity
( dσsQED+φ

dQ2

)
s

is an input parameter of our pro-
cedure, and can be computed numerically by Monte Carlo;

• The amplitude for φ → π+π−γ is taken from the π0π0γ

channel, therefore its description is not restricted to the
presence of f0 only, as in our simulation;

• A clear advantage of procedure based on a Monte Carlo
event generator is that it allows to keep control over effi-
ciencies and resolutions of the detector and fine tuning of
the parameters.

Even if the main limitation of the method could come by the
uncertainty on the parameters of φ → π+π−γ amplitude, espe-
cially at low Q2, we believe that the new data on φ → π0π0γ

from KLOE will allow a precise description of this amplitude.
In any case, in agreement with [20] we strongly recommend to
check the amplitude by using charge asymmetry and to com-
pare with spectrum of the π+π−γ , at least at high Q2, where
the pointlike approximation is safe (as done in [23]).

5. Conclusion

Test of FSR at threshold in the process e+e− → π+π−γ

is a rather important issue, not only for the role of FSR as
background to the measurement of the pion form factor, but
also to get information about pion–photon interaction when
the intermediate hadrons are far off shell. At s = m2

φ an ad-
ditional complication arises: the presence of the direct decay
φ → π+π−γ whose amplitude and relative phase can be de-
scribed according to some model. By means of a Monte Carlo
event generator, which also includes the contribution of the di-
rect decay φ → π+π−γ , we estimate the effects beyond sQED
in the framework of resonance perturbation theory (RPT) for
angular cuts used in the KLOE analysis of the pion form fac-
tor at threshold. We show that the low Q2 region is sensitive
to the inclusion of additional terms in the FSR amplitude given
by the RPT model. We propose a method which allows to es-
timate the effects beyond sQED in a model-independent way.
We found that the deviation from sQED predicted by RPT can
be observed with the current KLOE statistics.
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We have developed a phenomenological approach which describes very well the �0, � and �0 meson

production in the two-photon interactions. The simultaneous description of the �0, � and �0 meson two-

photon form factors is consistent with data in the spacelike region, with the exception of the �0 BABAR

data. The obtained form factors are implemented in the event generator EKHARA and the simulated cross

sections are presented. Uncertainties in the measured form factors coming from the model dependence in

Monte Carlo simulations are studied. The model predictions for the form factor slopes at the origin are

given and the high-Q2 limit is also discussed.
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I. INTRODUCTION

The two-photon transition form factors of the pseudo-
scalar mesons �0, � and �0 have received a great deal of
attention lately—both from the experimental and the theo-
retical side. The recent BABAR experiments [1,2] have
provided us with important information in the high-Q2

region of the photon virtuality and have triggered new in-
sight into the structure of mesons [3–17]. Hopefully, results
from Belle experiment will soon be available, and will
provide a very important cross-check of the BABAR data
and boost a progress in the form factor phenomenology.
A new experiment KLOE-2 at Frascati [18,19] will soon
be able to provide us with the information on the pion
two-photon form factor at low Q2—in a region where no
measurements were available [19]. Also, the transition
form factors of P ¼ �0, �, �0 (and other) mesons will be
measured in BES-III [20] experiment at Beijing with high
statistics.

TheMonte Carlo generators based on reliable models are
needed for data analysis and feasibility studies. One of the
tools in this field is the Monte Carlo generator EKHARA

[21,22], which is already in use by KLOE-2 Collaboration
[19]. A reliable simulation has to account for both photon
virtualities in the form factor even for a ‘‘single-tag’’ ex-
periment. Therefore, the formulas for the form factors as
functions of two photon virtualities are needed. This crite-
rion considerably reduces the choice for the form factor,
because the majority of the published formulas within
different theoretical approaches hold only for the case
with one photon being real and the other—spacelike and
virtual.

It is worthwhile to stress that the knowledge of the
transition form factors is important in itself, but it is also
required for the calculation of the hadronic light-by-light

scattering part of the anomalous magnetic moment of the

muon (aLbyL� ); see, e.g., [23–26].
In order to take full advantage of the newly planned g�

2 experiments at Fermilab [27] and J-PARC [28], it is
mandatory to improve the accuracy of the hadronic light-
by-light contribution. This subject has been recently dis-
cussed in detail during the dedicated workshop in Seattle
(http://www.int.washington.edu/PROGRAMS/11-47w/).
Many important issues related to the ����P interaction
have recently been discussed in [29].
It has not been feasible so far to develop a rigorous

QED/QCD-based theoretical description of the two-
photon interaction of mesons, which would be applicable
at an arbitrary energy scale. Various methods have been
used, depending on the aim of a research: the Brodsky-
Lepage (BL) high-Q2 limit and interpolation formula
[30]; the operator product expansion approach to
vector-vector-pseudoscalar and vector-vector-axial three-
point functions of QCD [31]; the vector meson domi-
nance models [11,32]; the holographic approaches
[5,12–14]; the sum rules [7–9,33,34]; the modified per-
turbative approach [4]; the Regge models [35]; the
Dyson-Schwinger equation [36]; the Nambu-Jona-Lasinio
model [15,37], the constituent quark models [3,38]; the
resonance chiral theory approach [39,40]; and others
[16,17]. The research in this field is mainly dedicated
to the high-Q2 region of the form factor with one real
and one virtual photon. When one needs to cover a wide
range of the photon virtuality, both high-energy and low-
energy methods have to be merged in some appropriate
way.
The purpose of this paper is twofold: to develop a

reliable model able to describe the two-photon form factors
of �0, � and �0 mesons with a very small number of
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parameters and, then, to implement these form factors in
the generator EKHARA.

Our approach is described in Sec. II. We start from
the formalism of chiral effective theory with resonances
[41–43] as a phenomenological model. The masses of the
particles are taken from PDG [44], and the �-�0 mixing is
accounted for according to Ref. [45,46]. We require that
the form factors vanish at high jtj. The formulas for the
form factors are given in Sec. II A. In Secs. II B and II C we
compare the calculated form factors with the experimental
results of CELLO [47], CLEO [48] and BABAR [1,2]
experiments. Furthermore, in Sec. II D, we discuss the
implementation of the calculated form factors in the
Monte Carlo generator EKHARA [21,22] and simulate
the single-tag visible cross section, under conditions simi-
lar to those of the CLEO and BABAR experiments. The
derived formulas allow us to study the high-Q2 behavior of
the form factor (Sec. III A) and the slope of the form factor
at the origin (Sec. III B). Finally, in Sec. IV the main
conclusions of the paper are drawn.

II. OUR APPROACH AND THE RESULTS

A. Formulas for F����P

The two-photon form factor F����P ðt1; t2Þ for the meson

of type P ¼ �0, �, �0, encodes the dependence of the
amplitude Mð���� ! P Þ on the virtuality of the photons
(q21 ¼ t1, q

2
2 ¼ t2):

M ½��ðq1;�Þ��ðq2;�Þ!P �
¼e2�����q

�
1 q

�
2F����P ðt1;t2Þ; (1)

where ����� is the totally antisymmetric Levi-Civita ten-

sor. Note that F����P ðt1; t2Þ ¼ F����P ðt2; t1Þ due to Bose

symmetry of the photons. We obtain the formulas for the
form factors F����P ðt1; t2Þ on the basis of the effective

chiral Lagrangian [41–43] extended to multioctet reso-
nance contributions, with the �-�0 mixing accounted for
as in [45,46]. A brief summary of the model is given in
Appendix A. We would like to remark that a similar
approach was applied in the context of other processes in
[49–51].
For simplicity, we neglect the mixing between the octets,

which can be added if required by the data. The diagrams
describing ����P transition are presented in Fig. 1. The
form factors read

F�����0ðt1; t2Þ ¼ � Nc

12�2f�
þXn

i¼1

4
ffiffiffi
2

p
hVi

fVi

3f�
t1ðD	i

ðt1Þ þD!i
ðt1ÞÞ þ

Xn
i¼1

4
ffiffiffi
2

p
hVi

fVi

3f�
t2ðD	i

ðt2Þ þD!i
ðt2ÞÞ

�Xn
i¼1

4
Vi
f2Vi

3f�
t2t1ðD	i

ðt2ÞD!i
ðt1Þ þD	i

ðt1ÞD!i
ðt2ÞÞ; (2)

F�����ðt1; t2Þ ¼ � Nc

12�2f�

�
5

3
Cq �

ffiffiffi
2

p
3

Cs

�
þXn
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hVi
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ffiffiffi
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CsD�i
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�

�Xn
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Vi
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t2t1

�
1

2
CqD	i

ðt2ÞD	i
ðt1Þ þ 1

18
CqD!i

ðt2ÞD!i
ðt1Þ �

ffiffiffi
2

p
9

CsD�i
ðt2ÞD�i

ðt1Þ
�
; (3)

F�����0 ðt1; t2Þ ¼ F�����ðt1; t2Þ��������
Cq ! C0

q

Cs ! �C0
s

; (4)

where n is a number of the vector meson resonance octets. The definitions of all couplings can be found in the Appendix A.
The vector meson propagators DV are

FIG. 1. Diagrams for the ����P transition. Dashed lines cor-
respond to the pseudoscalar meson P , solid lines—to the vector
mesons and wavy lines to (virtual) photons. Va � Vb for �

0 and
Va ¼ Vb for � and �0 form factors.
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DVðQ2Þ ¼ ½Q2 �M2
V þ i

ffiffiffiffiffiffi
Q2

q
�tot;VðQ2Þ��1: (5)

In this paper, we consider only the data in the spacelike
region of photon virtuality, thus the modeling of the vector-
resonance-energy-dependent widths �tot;VðQ2Þ is not rele-
vant as the widths are equal to zero. We take the values of
the masses of all particles according to PDG [44].

We require that the form factors F����P ðt1; t2Þ given in

(2)–(4) vanish when the photon virtuality t1 goes to infinity
for any value of t2

lim
t1!�1F����P ðt1; t2Þjt2¼const ¼ 0: (6)

Notice that in this case the conditions

lim
t!�1F����P ðt; tÞ ¼ 0; (7)

lim
t!�1F����P ðt; 0Þ ¼ 0 (8)

are automatically satisfied, which is considered a correct
short-distance behavior of the form factors (see, for ex-
ample, discussion in [31]). The constraint (6) leads to the
following relations for the couplings:

ffiffiffi
2

p
hVi

fVi
� 
Vi

f2Vi
¼ 0; i ¼ 1; . . . ; n; (9)

� Nc

4�2
þ 8

ffiffiffi
2

p Xn
i¼1

hVi
fVi

¼ 0: (10)

Therefore, for an ansatz with n vector resonance octets, the
two-photon form factors F����P ðt1; t2Þ are determined by

2n parameters (i.e., the products of the couplings: fVi
hVi

and 
Vi
f2Vi

, i ¼ 1; . . . ; n), from which n� 1 are to be

determined by experiment and the rest nþ 1 are fixed by
(9) and (10). For the one-octet ansatz, there are no free
parameters and, in the case of the two-octet ansatz, there is
one free parameter.

One of the main objectives of this paper was to develop a
reliable model for the ����P (P ¼ �0, �, �0) transition
form factors in the spacelike region, reflecting the experi-
mental data and theoretical constrains and at the same time
being as simple as possible. Even if we know that the
SUð3Þ flavor symmetry is broken, we start our investiga-
tions using an SUð3Þ-symmetric model (apart from the
masses of the mesons, which are fixed at their PDG [44]
values) and try to see how many resonance octets we have
to include in order to describe the data well. The existing
data for the transition form factors in spacelike region
[1,2,47,48] come from single tag experiments, where one
of the invariants is very close to zero (the one associated
with the ‘‘untagged’’ lepton), thus we have information
only about F����P ðt; 0Þ. It is common to define the ���P
form factor FP ðQ2; 0Þ � F����P ðt; 0Þ with Q2 � �t (asso-

ciated with the ‘‘tagged’’ lepton). From Eqs. (2)–(4) we see
that FP ðQ2; 0Þ is driven by n parameters (i.e., the products

of the couplings: fVi
hVi

, i ¼ 1; . . . ; n) and there is always

only one constraint (10) for any n. Therefore, the number
of parameters in FP ðQ2; 0Þ to be determined by experiment
(‘‘free parameters’’) equals n� 1 (similarly to the case of
the F����P ðt1; t2Þ). In case of the one-octet ansatz there are

no free parameters and in the two-octet case there is one
free parameter.

B. The one-octet ansatz for the form factors

Let us consider first the one-octet ansatz. In this case,

fV1
hV1

¼ 3

32�2
ffiffiffi
2

p ; (11)

and the model gives a prediction for the form factors
FP ðQ2; 0Þ without any possibility for adjustment. The
predictions of this model are compared with experimental
data in Figs. 2–4 (dotted line). To quantify the quality of
the agreement of the model predictions, we have calculated
the �2 values for each data set. For the pion transition form
factor, the model agrees with CELLO [47] and CLEO [48]
and disagrees with the BABAR data [1], as can be seen from
Table I, which shows the �2 values per experiment. For the
� and �0 transition form factor, the model is in a perfect
agreement with CELLO; however for CLEO and BABAR,
the �2 is not good. In total, for the one-octet ansatz we
obtain �2 � 358 for 116 experimental points.
Even though the overall agreement of this simple model

with the data is not bad, there is a way to improve it, as will
be discussed below.

FIG. 2 (color online). Transition form factor ����0 compared
to the data. The Brodsky-Lepage [30] high-Q2 limit (BL) is
shown as a bold solid straight line at 2� f� ¼ 2� 0:0924 GeV.
The high-Q2 limit in our 1-octet ansatz and and 2-octet ansatz
are marked as (1) and (2), respectively.
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C. The two-octet ansatz for the form factors

In order to make the model more flexible, we include the
second vector meson multiplet contributions. We would
like to note that there are many known cases when, in order

to improve the model predictions, one needs to account for
the excited vector resonances, the charged form factor of
the pion is among the most famous examples.
In the two-octet ansatz we chose hV1

as a free parameter

and determined the value of fV1
¼ 0:20173ð86Þ using the

PDG [44] value for the width

�ð	 ! eeÞ ¼ e4M	f
2
V1

12�
: (12)

The fit to the data gives �2 � 140 for 116 experimental
points. The obtained value of hV1

is

hV1
¼ 0:03121ð14Þ; (13)

where the error is the parabolic error given by the MINOS

package from the MINUIT CERNLIB program. The remaining
coupling is given by

hV2
fV2

¼ 3

32�2
ffiffiffi
2

p � hV1
fV1

¼ 0:42ð5Þ � 10�3: (14)

The comparison of the two-octet ansatz with the data is
also shown in Figs. 2–4 (solid line) and the �2 values per
experiment are given in Table I. The only data sample
which is not in consistency with the model is the BABAR
data for �0 [1] (however, for the � and �0 transition form
factors there is a perfect agreement with BABAR data [2]).
From the plots in Figs. 2–4 and given the numbers in
Table I we conclude that the two-octet calculation is con-
sistent with the bulk of available data.
In principle, the parameter hV1

can be estimated by

experiment via the value of the width

FIG. 4 (color online). Transition form factor ����0 compared
to the data. The high-Q2 limit is shown as a bold solid straight
line at 2� f�0 ¼ 2� 0:0744 GeV, according to [3,48] (BL).

The limit according to the two-angle �-�0 mixing scheme
[4,45,46] (FK) is shown as a shaded box (green online) at
0:29 . . . 0:31 GeV, accounting for the parameter ambiguities
(A3). The high-Q2 limit in our 1-octet ansatz and 2-octet ansatz
are marked as (1) and (2), respectively.

FIG. 3 (color online). Transition form factor ���� compared
to the data. The high-Q2 limit is shown as a bold solid straight
line at 2� f� ¼ 2� 0:0975 GeV, according to [3,48] (BL). The

limit according to the two-angle �-�0 mixing scheme [4,45,46]
(FK) is shown as a shaded box (green online) at
0:1705 . . . 0:1931 GeV, accounting for the parameter ambigu-
ities (A3). The high-Q2 limit in our 1-octet ansatz and and 2-
octet ansatz are marked as (1) and (2), respectively.

TABLE I. The �2 per experiment and the total �2. Number of
data points (n.d.p.) is also given for each experiment. In all given
experiments the pseudoscalar meson is produced in a two-photon
process eþe� ! eþe�P , but the decay channels for P identi-
fication vary. The ‘‘2 octets’’ column is calculated with the
parameter values given by the global fit.

Experiment 1 octet �2=n:d:p. 2 octets �2=n:d:p.

CELLO (�0 ! ��) 0:29=5 0:47=5
CLEO (�0 ! ��) 6:27=15 20:96=15
BABAR (�0 ! ��) 124:83=17 55:85=17

CELLO (� ! ��) 0:24=4 0:13=4
CLEO (� ! �þ���0) 19:28=6 11:13=6
CLEO (� ! ��) 8:55=8 2:10=8
CLEO (� ! �0�0�0) 10:91=5 5:63=5

BABAR (� ! ��) 89:02=11 9:34=11
CELLO (�0 ! ��) 0:11=5 0:29=5
CLEO (�0 ! ���þ��) 19:90=6 7:48=6

CLEO (�0 ! ���þ���þ��) 2:61=5 1:44=5
CLEO (�0 ! ��þ��) 14:01=6 4:64=6
CLEO (�0 ! 6�) 21:54=5 12:62=5

CLEO (�0 ! 10�) 0:49=2 0:23=2
CLEO (�0 ! �þ��6�) 5:93=5 4:80=5
BABAR (�0 ! ��) 33:87=11 3:10=11
total 357:87=116 140:22=116
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�ð	0 ! �0�Þ ¼ 4�M3
	h

2
V1

27f2�

�
1� m2

�

M2
	

�
3
: (15)

Using the PDG [44] values for the width (15), one obtains

hV1
¼ 0:041ð3Þ; (16)

which is in tension with the value given by fit (13). This
might be a result of neglecting the higher octets or omis-
sion of the SUð3Þ flavor-breaking effects. In order to check
this, we have added the third octet to the model and fitted
two free parameters: hV1

and hV2
fV2

. The fit to the experi-

mental data gives �2 � 136 for 116 experimental points,
so there is no essential improvement in the description of
data by the model. The fit gives hV1

¼ 0:03279ð75Þ and
hV2

fV2
¼ �0:73ð54Þ � 10�3. Finally, for the couplings of

the third octet, one gets hV3
fV3

¼ 3
32�2

ffiffi
2

p � hV1
fV1

�
hV2

fV2
� 7:45� 10�3. In this fit, we observe a very high

correlation between the parameters hV1
and hV2

fV2
with the

off-diagonal correlation coefficient equal to�0:99. Notice
that hV1

is almost unchanged as compared to (13) and we

conclude that in order to accommodate the value (16) in
this model we would need to allow for couplings which
break the SUð3Þ flavor symmetry. This is, however, beyond
the scope of the present paper. We leave the possible
refinements of the model for further investigations.

In context of the discrepancy between (13) and (16), we
would like to illustrate the actual experimental uncertainty
in the 	meson decay width. In Table II we show the values
of hV1

, which are deduced from different experimental

values of the width: the PDG constrained fit [44] for
�ð	0 ! �0�Þ; the SND measurement [52] for �ð	0 !
�0�Þ; the PDG constrained fit and average [44] for
�ð	þ ! ���Þ.

D. The Monte Carlo simulation

We have implemented the transition form factors ob-
tained within the two-octet model described above into the
Monte Carlo generator EKHARA (http://prac.us.edu.pl/\%
7Eekhara). From the technical point of view of the event
generation, it is a straightforward generalization because
the mappings used in [21] for �0 work similarly well also
for � and �0.
We simulate the cross sections d
=dQ2 for the process

eþe� ! eþe�P and compare the results with existing
‘‘single-tag’’ data from the CELLO [47], CLEO [48] and
BABAR [1,2] experiments. In a single-tag experiment, the
tagged lepton fixes the value of Q2 ¼ �t1 and the 4-
momentum squared of the untagged lepton t2 ¼ �q22 is

kinematically restricted to near zero. For example, in the
BABAR experiment, the actual thresholds for q22 are

0:18 GeV2 for pions [1] and 0:38 GeV2 for � and �0 [2],
due to the imposed event selection. The experimental
d
=dQ2 is given within these cuts, and, therefore, the
simulated d
=dQ2 is computed within the similar event
selection. As expected, a good agreement between the
generator predictions and the data [2,48] is observed; see
Figs. 5 and 6. The tension between the �0 BABAR data [1]
and the results of simulations is similar to the one observed
for the form factor in Fig. 2.

TABLE II. The 	 ! �� decay width uncertainty and the
corresponding values of hV1

.

Decay Width Reference hV1

	0 ! �0� 89(12) keV PDG [44] 0.041(3)

	0 ! �0� 77(20) keV SND [52] 0.038(5)

	þ ! �þ� 68(7) keV PDG [44] 0.036(2)
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FIG. 5 (color online). The cross section d
=dQ2 for the process eþe� ! eþe��0 compared to BABAR [1] (left) and CLEO [48]
(right).
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An important note is in order here. The values of the
d
=dQ2 are the primary results of the experiment. The
form factor FP ðQ2; 0Þ is calculated then on the basis of
the measured d
=dQ2 and the simulation. It is known that
the model dependence in the simulation leads to the un-
certainty in the form factor, which is ‘‘measured’’ in this
way. In the BABAR analyses, the corresponding uncertain-
ties in cross section are estimated to be at the level of 3.5%
for pions [1] and 4.6% for � and �0 [2] (based on the
simulation with the q22-dependent and q

2
2-independent form

factors). As stressed in [1], this uncertainty is very sensitive
to the actual q22 cut.

Recently, the effects of the q22 cut were emphasized on
the level of the form factor considerations [11]. The
Monte Carlo generator in hand allows us to perform a
more conclusive study, namely, to investigate the magni-
tude of the cross section uncertainties, discussed above.
Similarly to the method used in the BABAR [1,2] analyses
we perform two simulations: the first (d
½full�=dQ2) with
the exact form factor F����P ðt1; t2Þ and the second

(d
½approx�=dQ2) with the approximated form factor
F����P ðt1; t2Þ � F���P ðt1; 0Þ, i.e., neglecting the momen-

tum transfer to the untagged lepton in the form factor. The
relative difference of the corresponding cross sections is
then plotted in Fig. 7. Our estimations for the uncertainty
are in a rough agreement with that of BABAR [1,2].
However, in contrast to the estimate of BABAR, a
dependence of this uncertainty on Q2 is observed in our
simulation. If this effect is not accounted for in the data it
might result in inducing a fake Q2 dependence of the form
factor.
In order to investigate the impact of the event selection

on the error estimate, we perform the simulation for � and
�0 mesons with the direct cut on the second (untagged)
invariant (q22) and separately with the cut on the angle
between the initial and final untagged lepton (j cos�eP j>
0:99), which effectively induces the cut on q22 [1,2]. From
Fig. 7 we see that the error estimate and itsQ2 dependence
is very sensitive to the event selection.

III. THE LIMITS OF THE FORM FACTORS

A. The high-Q2 limit of the form factors

The issue of the asymptotic behavior of the form factors
usually deserves an attention. In our approach, the high-Q2

limits (t ! �1) are the following. In case of the one-octet
ansatz, we obtain from Eqs. (2)–(4)

 0.01

 0.1

 1

 10

 100

 1000

 5  10  15  20  25  30  35  40

d
σ /

dQ
2   [

fb
/G

eV
2 ]

Q2  [GeV2]

CLEO 98,      2 γ
CLEO 98, π0π+π-

CLEO 98,    3 π0

BaBar 2011
EKHARA MC

 0.01

 0.1

 1

 10

 100

 1000

 5  10  15  20  25  30  35  40

d
σ/

dQ
2   [

fb
/G

eV
2 ]

Q2  [GeV2]

BaBar 2011
CLEO 98, π+π- 6γ
CLEO 98,        10 γ
CLEO 98,          6 γ
CLEO 98, π+ π- γ
CLEO 98, 2π+2π-2γ
CLEO 98, π+ π- 2γ

EKHARA MC

FIG. 6 (color online). The cross section d
=dQ2 for the process eþe� ! eþe�� (left) and eþe� ! eþe��0 (right) compared to
CLEO [48] and BABAR [2] data.

FIG. 7 (color online). The relative difference of the cross
sections ðd
½full� � d
½approx�Þ=d
½full� for the process
eþe� ! eþe��0 (A) and eþe� ! eþe��ð0Þ (B). The approxi-
mate simulation (d
½approx�) ignores the form factor depen-
dence on the momentum transfer (q22) to the untagged lepton.

The full simulation (d
½full�) accounts for the virtuality of both
photons in the form factor. The following cuts are used in the
simulation: (1) jq22j< 0:18 GeV2 [1]; (2) j cos�eP j> 0:99 and

jq22j< 0:6 GeV2 [2]; (3) jq22j< 0:38 GeV2 [2]. The lines de-

noted by (BABAR) show estimates for the relative difference, as
given in the BABAR papers: for �0—in [1], for � and �0—in [2].
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F����0ðt; 0Þ ¼ 1
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; (17)

F�����0ðt; tÞ ¼ 1
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8�2f�
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!
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ffiffiffi
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CsM
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�

�
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�
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�
: (20)

In case of the two-octet ansatz, we obtain

F����0ðt; 0Þ ¼ 4
ffiffiffi
2

p
3f�

1

t
½hV1

fV1
ðM2

	 þM2
!Þ

þ hV2
fV2

ðM2
	0 þM2

!0 Þ� þO
�
1

t2

�
; (21)

F�����0ðt; tÞ ¼ 8
ffiffiffi
2

p
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1
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fV1
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	M
2
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	0M2
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þO
�
1

t3

�
; (22)
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F�����ðt;tÞ¼8
ffiffiffi
2
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: (24)

The limits for the �0 form factor can be obtained from the
above formulas according to (4).

The expressions (21) and (23) guide the high-Q2 behav-
ior of the form factors measured in single-tag experiments
(shown in Figs. 2–4). We see that, in our approach, the
asymptotic value of Q2jFP ðQ2; 0Þj depends not only on
the mixing parameters and decay constants but also on the
masses of the vector resonances. Numerically, for �0 tran-
sition form factor, the value of Q2jF�0ðQ2; 0Þj in our

approach with two octets is very close to that of the
Brodsky-Lepage [30] high-Q2 limit Q2jF�0ðQ2; 0Þj !
2f�, shown as a bold solid line (BL) in Fig. 2.
The perturbative QCD prediction for the asymptotic of

the � and �0 form factors is often given in a simple
approach in terms of the parameters f� ¼ 0:0975 GeV

and f�0 ¼ 0:0744 GeV [3,48]: Q2jF�ð0Þ ðQ2; 0Þj ! 2f�ð0Þ .

These values are shown as bold solid line (BL) in Figs. 3
and 4 and in this case one can notice no coincidence with
the values given by (23). Sometimes it is also called the
Brodsky-Lepage limit, with a reference to [53]. However,
we would like to remark that in [53] the SUð3Þ flavor-
breaking effects are not considered and the assumed �-�0
mixing may be not consistent with modern data. An at-
tempt to interpret the results of [53] by means of f�0 ¼
0:0744 GeV is in tension with the data for �0 form factor,
as one can see in Fig. 4 and as noticed in [3].
In principle, there are other ways to apply the formu-

las of [53] to the form factors of physical states � and �0
[54]. For example, the limit for the � and �0 transition
form factors can be calculated according to the Feldman-
Kroll (FK) two-angle �-�0 mixing scheme [4,46]. The
latter values are shown as a shaded box (FK) in Figs. 3
and 4 (green online). Notice that numerically this limit
for � meson is very close to that of BL approach and
also to the value given by our model; however, for �0 all
the three values are different.

B. The slope of the form factor at the origin

Sometimes it is convenient to define the so-called slope
of the transition form factor at the origin aP (‘‘slope
parameter’’)

aP � 1

F����P ð0; 0Þ
dF����P ðt; 0Þ

dx

��������t¼0
; (25)

where x � t=m2
P . Notice that being defined this way, aP

is a dimensionless quantity, which is related to the effec-
tive region of the ���P interaction hr2P i ¼ 6aP=m

2
P . The

average experimental value for a� listed in PDG [44]
(linear coefficients of the �0 electromagnetic form factor)
is mainly driven not by a direct measurement, but by an
extrapolation done in Ref. [47]. The direct measurements
of a� are less precise [55,56]. The experimental knowl-
edge of a� is much better and recently the new experi-

ments contributed: MAMI-C [57] and NA60 [58,59]. For
a�0 , we were not able to find a result of a direct

measurement.
From Eqs. (2)–(4) one obtains the following model

prediction for the slope parameters:

a� ¼ 16
ffiffiffi
2

p
�2m2

�

NC

Xn
i¼1

hVi
fVi

�
1

M2
	i

þ 1

M2
!i

�
; (26)
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a� ¼ 16
ffiffiffi
2

p
�2m2

�

NC

�
5

3
Cq �

ffiffiffi
2

p
3

Cs

��1

�Xn
i¼1

hVi
fVi

�
3Cq

M2
	i

þ Cq

3M2
!i

� 2
ffiffiffi
2

p
Cs

3M2
�i

�
; (27)

a�0 ¼ 16
ffiffiffi
2

p
�2m2

�0

NC

�
5

3
C0
q þ

ffiffiffi
2

p
3

C0
s

��1

�Xn
i¼1

hVi
fVi

�
3C0

q

M2
	i

þ C0
q

3M2
!i

þ 2
ffiffiffi
2

p
C0
s

3M2
�i

�
: (28)

The numerical values for aP are listed in Table III. On its
basis, we conclude that there is a reasonable agreement
between model predictions and experiments.

We would like to remark that in the limit of the
equal masses for vector resonances within the octet,
Eqs. (26)–(28) lead to the following relation between the
slope parameters: a�=m

2
� ¼ a�=m

2
� ¼ a�0=m2

�0 .

IV. SUMMARY

Using the scheme of the �-�0 mixing with two decay
parameters (f0 and f8) and two mixing angles ð0; 8Þ
[45,46] and following the approach of chiral effective
theory with resonances [41–43], we derive the expres-
sions for the two-photon transition form factors of the
P ¼ �0, �, �0 mesons. The tree-level contributions
within this effective field theory approach are considered.
For the case of the one-octet ansatz, there are no free
parameters and we obtain the model prediction for the
form factors. For the case of the two-octet ansatz, the
model parameter is fitted to the data. We find that
the two-octet calculation is consistent with the bulk of
available data but cannot accommodate the �0 BABAR
data [1]. The high-Q2 limits of the form factors in our
approach are compared to those of the Brodsky and
Lepage [3,30,48] and to those of Feldmann and Kroll
[4,46]. The slope of the transition form factor at the
origin, aP , is calculated and compared to available
data. A reasonable agreement between model predictions
and experiments is found.

The obtained form factors are implemented in the
EKHARA Monte Carlo generator. As a test of the generator,

the cross section d
=dQ2 is simulated for the process

eþe� ! eþe�P and compared to data using the event
selections, which mimic the ‘‘single-tag’’ experimental
conditions.
Using the Monte Carlo simulation, we investigate the

impact of neglecting the momentum transfer to the un-
tagged lepton (t2) on the cross section and form factor
measurements. The uncertainty in the visible cross section
due to the simplification of the form factor F����P ðt1; t2Þ �
F����P ðt1; 0Þ is estimated for the phase space cuts similar to

the experimental ones.
Because of very small number of free parameters and

good agreement with data, the approach presented in this
work is a good starting point for further model adjustments,
e.g., for including the SUð3Þ flavor symmetry-breaking in
the couplings. Using the developed generator one will be
able to study, e.g., a possible manifestation of such effects
in the cross section d
=dQ2 within a realistic phase space
cuts.
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TABLE III. Model prediction for the slope parameters aP and two most recent experimental values. The ‘‘2 octets’’ column is
calculated with the parameter values given by our global fit. The first error in experimental value is due to statistics and the second one
is systematics.

1 octet 2 octets Experiments

a� 0.03003(1) 0.02870(9) 0.026(24) (48) [55] 0.025(14) (26) [56]

a� 0.546(9) 0.521(2) 0.576(105) (39) [57] 0.585(18) (13) [59]

a�0 1.384(3) 1.323(4) � � � � � �
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APPENDIX A: FORMALISM

The lightest pseudoscalar mesons are supposed to play the role of the (pseudo-)Nambu-Goldstone boson fields of
spontaneously G ¼ SUð3ÞL � SUð3ÞR to H ¼ SUð3ÞV broken symmetry. To introduce the physical states � and �0 we
choose the scheme with two mixing angles ð0; 8Þ; see [45,46]. The nonet of the pseudoscalar mesons reads

u ¼ exp

8>>>>>><
>>>>>>:

iffiffiffi
2

p
f�

�0þCq�þC0
q�

0ffiffi
2

p �þ f�
fK
Kþ

�� ��0þCq�þC0
q�

0ffiffi
2

p f�
fK
K0

f�
fK
K� f�

fK
�K0 �Cs�þ C0

s�
0

0
BBBBB@

1
CCCCCA

9>>>>>>=
>>>>>>;
;

(A1)
where f� and fK are the pion and kaon decay constants and the following notation is used

Cq � f�ffiffiffi
3

p
cosð8 � 0Þ

�
1

f8
cos0 � 1

f0

ffiffiffi
2

p
sin8

�
; C0

q � f�ffiffiffi
3

p
cosð8 � 0Þ

�
1

f0

ffiffiffi
2

p
cos8 þ 1

f8
sin0

�
;

Cs � f�ffiffiffi
3

p
cosð8 � 0Þ

�
1

f8

ffiffiffi
2

p
cos0 þ 1

f0
sin8

�
; C0

s � f�ffiffiffi
3

p
cosð8 � 0Þ

�
1

f0
cos8 � 1

f8

ffiffiffi
2

p
sin0

�
:

(A2)

Fixing the angles 0, 8 and constants f0, f8 [45,46],

8 ¼ �21:2� 	 1:6�; 0 ¼ �9:2� 	 1:7�; f8 ¼ ð1:26	 0:04Þf�; f0 ¼ ð1:17	 0:03Þf�; (A3)

and taking f� ¼ 92:4 MeV, one obtains Cq � 0:720, Cs � 0:471, C0
q � 0:590 and C0

s � 0:576. Notice that, according to
notation (A1), the couplings of the �0 are easily related to those of the � meson by means of substitution

Cq ! C0
q; Cs ! �C0

s: (A4)

Obviously, this pattern also holds in the expressions for the form factors in our approach.
At the lowest order, the Wess-Zumino-Witten Lagrangian [60,61], which describes the interaction of pseudoscalar

mesons with two photons, can be written down in the terms of the physical fields as

L ��P ¼ � e2Nc

24�2f�
�����@�B�@�B�

�
�0 þ �

�
5

3
Cq �

ffiffiffi
2

p
3

Cs

�
þ �0

�
5

3
C0
q þ

ffiffiffi
2

p
3

C0
s

��
; (A5)

where Nc ¼ 3 is the number of quark colors and the electromagnetic field is denoted by B�.
Assuming the SUð3Þ symmetry for the coupling constants of the vector mesons, the �V interaction is written as

L �V ¼ �e
Xn
i¼1

fVi
@�B�

�
~	
��
i þ 1

3
~!
��
i �

ffiffiffi
2

p
3

~�
��
i

�
; (A6)

where we have summed over octets of the vector mesons, ~V�� � @�V� � @�V�, fVi
is the (dimensionless) coupling for the

vector representation of the spin-1 fields for a fixed octet.
The Lagrangians that describe vector-photon-pseudoscalar and two vector mesons interactions with pseudoscalar [43] in

the terms of the physical fields read

LV�P ¼ �Xn
i¼1

4
ffiffiffi
2

p
ehVi

3f�
�����@

�B�½ð	�
i þ 3!

�
i Þ@��0 þ ½ð3	�

i þ!
�
i ÞCq þ 2�

�
i Cs�@��

þ ½ð3	�
i þ!�

i ÞC0
q � 2��

i C
0
s�@��0�; (A7)

L VVP ¼ �Xn
i¼1

4
Vi

f�
�����

�
�0@�!�

i @
�	�

i þ �

�
ð@�	�

i @
�	�
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i @

�!�
i Þ

1

2
Cq � @���

i @
���
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1ffiffiffi
2

p Cs
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�	�

i þ @�!�
i @

�!�
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1

2
C0
q þ @���

i @
���

i

1ffiffiffi
2

p C0
s

��
; (A8)

where hVi
and
Vi

are the corresponding (dimensionless) coupling constants for a given ith octet. For simplicity we neglect
any mixing between the octets.
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In the present paper we describe the set of form factors for hadronic � decays based on Resonance

Chiral Theory. The technical implementation of the form factors in FORTRAN code is also explained. It is

shown how it can be installed into the TAUOLA Monte Carlo program. Then it is rather easy to implement

into software environments of not only Belle and BABAR collaborations but also for FORTRAN and Cþþ
applications of LHC. The description of the current for each � decay mode is complemented with

technical numerical tests. The set is ready for fits, paramxers to be used in fits are explained.

Arrangements to work with the experimental data not requiring unfolding are prepared. Hadronic currents,

ready for confrontation with the � decay data, but not yet ready for the general use, cover more than 88%

of hadronic � decay width.
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I. INTRODUCTION

Measurements of � lepton, because of its long lifetime,
large mass and parity sensitive couplings, lead to broad
physics interest. From the perspective of high-energy
experiments such as at LHC, knowledge of � lepton prop-
erties offers an important ingredient of new physics sig-
natures. From the perspective of lower energies, � lepton
decays constitute an excellent laboratory for hadronic
interactions. At present, hundreds of millions of � decays
have been amassed by both Belle and BABAR experiments.
It is of utmost importance to represent such data in a form
as useful for general applications as possible. In itself,
the � lepton decays constitute an excellent laboratory for
studies of hadronic interactions at the energy scale of about
1 GeV, where neither perturbative QCD methods nor chiral
Lagrangians are expected to work to a good precision
[1–5]. At present, hundreds of millions of � decays are
amassed by both Belle and BABAR experiments. It is of
utmost importance to represent such data in a form as
useful for general applications as possible.

Most of these data samples are not yet analyzed. For
example, in Ref. [6] only 10% of the collected sample,
which means 5.4 M events for �� ! ���

��0, was used.
Future samples at the Belle II or Frascati Super B facilities
will be even larger [7,8]. That means that already now the
statistical error for the collected samples of � ! 3��� is of

the order of 0.03%. For � ! K���� it is about 0.1% and
for � ! KK��� at the level of 0.2%. To exploit such
valuable data sets, theoretical predictions need to be prop-
erly prepared. As typically several millions of events per
channel are collected, that means that the statistical error
can reach �0:03%. To match it, parametrizations of had-
ronic currents resulting from theoretical models must be
controlled to technical precision better than 0.03% in
Monte Carlo, combining theoretical aspects and full detec-
tor response. Only then, one can be sure that the compari-
son of the data with theoretical predictions exploits in full
the statistical impact of the data, and one can concentrate
on systematic effects both for theory and experiment. One
should stress that the above technical precision is required
not only for signal distribution, but for background as well.
Sophisticated techniques allowing proper comparisons of
the data and models are also needed.
A review of the status of available tools for such studies

of � decays can be found in Ref. [9]. It was concluded in
Ref. [9] that the appropriate choice of hadronic current
parametrization was the most essential missing step to
perform. It was also found that, for the decays involving
more than two pseudoscalars in the final state, the appro-
priate use of hadronic currents in fits is important too.
At present, standards of precision are at 2% level. This
is a factor of 100 less than what is required. For many �
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decay modes even this 2% precision level is far to be
reached [10].

The original version of TAUOLA [11] uses the results of
Refs. [12,13] and their extensions to other decay channels.1

In that model each three-pseudoscalar current is con-
structed as a weighted sum of products of Breit-Wigner
functions [5,12,15,16]. This approach was contested in
Ref. [17] where it was demonstrated that the corresponding
hadronic form factors, which were written to reproduce the
leading-order (LO) �PT result [18], fail to reproduce the
next-to-leading-order one (NLO) [19,20]. The correspond-
ing parametrization based on Breit-Wigner functions was
not able to reproduce CLEO �� ! ðKK�Þ��� decays data
[21]. This resulted in the CLEO collaboration reshaping
the model by the introduction of two ad hoc paremeters
that spoilt the QCD normalization of the Wess-Zumino
part. This shows that, although the approach of weighted
products of Breit-Wigner functions was sufficient and very
successful twenty years ago now, with the massively
increased experimental data samples, it is pressing to
upgrade. As an alternative, an approach based on the
Resonance Chiral Theory [22,23] was proposed. Its appli-
cation to hadronic tau decays is supposed to be consistent
and theoretically well founded (see Sec. VII for the related
discussion). However, its results have to be confronted with
the experimental data before actual improvement will be
confirmed. The hadronic currents for the two and three
pseudoscalar final states that we consider here have been
calculated in the framework of R�T [17,24–27] and have
been prepared for TAUOLA.

Section II is devoted to a general presentation of the
form hadronic currents must fulfill to be installed into the
TAUOLA generator [11]. In each subsection analytic forms

of currents calculated within Resonance Chiral Theory are
given channel by channel. In Sec. III energy-dependent
widths as used in the parametrization of intermediate reso-
nances are presented. Section IV is dedicated to technical
tests of the channel � ! 3���. For channels involving
kaons, only overall benchmark distributions are collected.
The details of technical tests are left to the project Web
page [28]. For all decay channels numerical results, which
are of more physical interest, are collected in Sec. V.
Within it, the three-meson channels, which have been
worked out in more depth, are first presented and then,
the two meson channels are discussed. In both cases tech-
nical aspects are worked out to precision better than 0.1%.

The organization of the hadronic currents and how they
can be integrated into the TAUOLA library is explained in
Sec. VI and in Appendix B. Section VII is prepared for a
reader who is oriented towards the theoretical details of

calculation and estimation of theoretical uncertainties of
the approach. It provides arguments necessary for discus-
sion of the range of parameters allowed for fits. The
summary in Sec. VIII closes the paper. Further technical
appendices are also given. Appendix A lists analytic func-
tions used in the parametrization of hadronic currents.
Appendix C provides numerical values of the model
parameters used all over the paper. It is explained which
parameters and in which range can be modified without
breaking assumptions of the model and where in the code
they are defined. Appendix D collects branching ratios of
the newly prepared � decay channels as calculated by
Monte Carlo simulation. It contains explicit references to
the definition of the hadronic current in each decay chan-
nel, which are spread all over the paper. In the future,
however, these definitions can be replaced by the new
references.
The implementation of final state interactions (FSI) in

the two-meson � decay modes is discussed in Appendix E.
An improvement of the latter and the scalar form factor in
� ! K��� decays will be addressed in a forthcoming
publication [29].
Finally, let us stress that our paper aims at explaining

how this new set of hadronic currents can be installed
in TAUOLA, independently of whether it is a standalone
version, part of Belle/BABAR software, or a different con-
figuration, which is another purpose of Appendix B.

II. HADRONIC CURRENT FOR
TWO AND THREE HADRONS

Before discussing in detail the implementation of the
currents into the program and resulting distributions, let us
first collect here all necessary formulas. In general we
will follow conventions for normalizations as used in
Ref. [11]. We will not recall here relations between had-
ronic distributions and decay product distributions though.
They are rather simple and we assume that the reader
is familiar with the necessary parts of Ref. [11]. Let us
recall the matrix element M for the � decay into hadronic

state X and a neutrino: �ðPÞ ! X��ðNÞ. It reads M ¼
GFffiffi
2

p �uðNÞ��ð1� �5ÞuðPÞJ�. All dynamics of hadronic

interactions is encapsulated in a current J�, which is a

function of hadronic � decay products only.
Contrary to TAUOLA, as documented in Ref. [11] or [14],

now hadronic currents for all two-pseudoscalar final states
are defined in separate routines and the constraint that the
scalar form factor must be set to 0 is removed.
For � decay channels with two mesons [h1ðp1Þ and

h2ðp2Þ], the hadronic current reads

J� ¼ N

��
p1 � p2 ��12

s
ðp1 þ p2Þ

�
�
FVðsÞ

þ �12

s
ðp1 þ p2Þ�FPðsÞ

�
; (1)

1With time, due to pressure from the experimental community,
many other parametrizations were introduced, but not in a
systematic way. Some of those found its way to TAUOLA later,
Ref. [14], and are used as a starting reference point for our
present project as seen from the computing side.
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where s ¼ ðp1 þ p2Þ2 and �12 ¼ m2
1 �m2

2. The formulas
for vector, FVðsÞ, and pseudoscalar, FPðsÞ, form factors
depend on the particular decay channel2 and are given,
respectively, for the���0, ðK�Þ� andK�K0 decay modes
in Sec. II D and the following ones.3 SUð3Þ symmetry
relates all four normalization factors by the appropriate
Clebsch-Gordan coefficient:

N���0 ¼ 1; NK�K0 ¼ 1ffiffiffi
2

p ;

N�� �K0 ¼ 1ffiffiffi
2

p ; N�0K� ¼ 1

2
:

(2)

For the final state of three pseudoscalars, with momenta
p1, p2, and p3, Lorentz invariance determines the decom-
position of the hadronic current to be

J� ¼ N

�
T�
� ½c1ðp2 � p3Þ�F1 þ c2ðp3 � p1Þ�F2

þ c3ðp1 � p2Þ�F3� þ c4q
�F4

� i

4�2F2
c5�

�
: ��	p

�
1p

�
2p

	
3F5

�
; (3)

where T�� ¼ g�� � q�q�=q
2 denotes the transverse pro-

jector, and q� ¼ ðp1 þ p2 þ p3Þ� is the momentum of the
hadronic system. The decay products are ordered and their
four-momenta are denoted, respectively, as p1, p2, and p3.
Here and afterward in the paper, F stands for the pion
decay constant in the chiral limit.

Functions Fi (hadronic form factors) depend in general
on three independent invariant masses that can be con-
structed from the three meson four-vectors. We chose
q2 ¼ ðp1 þ p2 þ p3Þ2 and two invariant masses s1 ¼
ðp2 þ p3Þ2, s2 ¼ ðp1 þ p3Þ2 built from pairs of momenta.
Then s3 ¼ ðp1 þ p2Þ2 can be calculated from the other
three invariants, s3 ¼ q2 � s1 � s2 þm2

1 þm2
2 þm2

3,

and Fi written explicitly with its dependencies reads
as Fiðq2; s1; s2Þ. This form of the hadronic current is the
most general one and constrained only by Lorentz invari-
ance. For modes with an even number of kaons the nor-
malization factor reads as N ¼ cos
Cabibbo=F, otherwise
N ¼ sin
Cabibbo=F.

We leave the F4 contribution in the basis, even though
it is of the order �m2

�=q
2 [15,17,25] for the three-

pseudoscalar channels that we consider in this work. It
plays a role in the low q2 region for the three-pion modes.
We will neglect the corresponding contribution for the

modes with kaons, i.e., c4 ¼ 0. Among the three hadronic
form factors which correspond to the axial-vector part of
the hadronic tensor, ðF1; F2; F3Þ, only two are independent.
We will keep the definition of F1, F2, or F3 exactly as
shown in Eq. (4), which is the form used in TAUOLA since
the beginning. However, linear combinations constructed
from only two of these functions are in principle equally
good. The decay channel dependent constants ci are given
in Table I.
The theoretical assumptions behind the hadronic cur-

rents that we use are discussed in Sec. VII. In the model
the results for all hadronic currents, with the exception of
two-pion and two-kaon modes, are calculated in the isospin
limit, therefore the corresponding hadronic form factors
depend only on the average pion [m�¼ðm�0 þ2 �m�þÞ=3]
and kaon [mK ¼ ðmK0 þmKþÞ=2] masses, we relax the
assumption later.4 For the three-pseudoscalar modes every
hadronic form factor consists of 3 parts: a chiral contribu-
tion (direct decay, without production of any intermediate
resonance), one-resonance, and double-resonance medi-
ated processes. The results for the hadronic form factors
are taken from Refs. [24,25].
The channels we will present (together with the trivial

decay—from the Monte Carlo point of view—into
��� and K��) represent more than 88% of the hadronic
width of � [31]. The dominant missing channels � !
�þ�����0�� and � ! ���0�0�0��, which are
together about 9.7% of the hadronic width of �, are more
difficult to control theoretically.5 Also attempts to describe
� ! �þ�����0�� are relatively recent. They are techni-
cally compatible with our solution for TAUOLA currents
and can be used simultaneously. It is documented in
Ref. [33].
Let us now describe hadronic currents for each particular

channel.

TABLE I. Coefficients for formula (4) in the isospin symmetry
limit. Note that in Ref. [11] different conventions were used and
coefficients were affecting normalization too.

Decay mode ðp1; p2; p3Þ c1 c2 c3 c4 c5

�����þ 1 �1 0 1 0

�0�0�� 1 �1 0 1 0

K���Kþ 1 �1 0 0 1

K0�� �K0 1 �1 0 0 1

K��0K0 0 1 �1 0 �1

2The vector form factor of both two pions and two kaons is
expected to be fixed at zero momentum transfer by gauge
invariance in the SUð2Þ symmetry limit [30]: FVð0Þ ¼ 1, see
Sec. II D.

3Two-meson � decays involving an � meson, � ! �ð0ÞP���,
P ¼ �, K have a negligible branching fraction [31,32].

4At first step we will take such an assumption for our phase
space generator as well. Later in the paper we will nonetheless
return to proper masses, distinct for charged and neutral pseu-
doscalars. We will evaluate the numerical consequences, see
Table II.

5Several older options developed for these channels are pro-
vided for user convenience, but they will not be documented
here. Please see the README files stored in directory
NEW-CURRENTS/OTHER-CURRENTS for details.
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A. �����þ�� and �0�0����

Hadronic form factors for the three-pion modes have
been calculated assuming the isospin symmetry,6 as a
consequence, m�� ¼ m�0 . The code for the current is
given in NEW-CURRENTS/RCHL-CURRENTS/F3PI_RCHT.F.

The independent set of hadronic form factors Fi, i ¼
1; . . . ; 5 is chosen as F1, F2, and F4 (F3 ¼ 0 then). The
vector form factor vanishes for the three-pion modes due to
the G-parity conservation [16,43]: F5 ¼ 0. It is convenient
to present the functions as

Fi ¼ ðF�
i þ FR

i þ FRR
i Þ � R3�; i ¼ 1; 2; 4; (4)

where F
�
i is the chiral contribution, FR

i is the one reso-
nance contribution, and FRR

i is the double-resonance part.
The R3� constant equals �1 for �0�0�� and 1 for
�����þ.
For the convention defined by Eq. (4), the form factors

Fi can be obtained from Ref. [24] with the replacements:

FiðQ2; s; tÞ ! Fiðq2; s1; s2Þ=F; i ¼ 1; 2; 4; (5)

where F was defined after Eq. (4). The form factors read

F�
1 ðq2; s1; s2Þ ¼ � 2

ffiffiffi
2

p
3

;

FR
1 ðq2; s1; s2Þ ¼

ffiffiffi
2

p
FVGV

3F2

"
3s1

s1 �M2
� � iM���ðs1Þ

�
 
2GV

FV

� 1

! 
2q2 � 2s1 � s3

s1 �M2
� � iM���ðs1Þ

þ s3 � s1
s2 �M2

� � iM���ðs2Þ
!#

;

FRR
1 ðq2; s1; s2Þ ¼ 4FAGV

3F2

q2

q2 �M2
A � iMA�Aðq2Þ

"
�ð�0 þ �00Þ 3s1

s1 �M2
� � iM���ðs1Þ

þH

 
s1
q2

;
m2

�

q2

!
2q2 þ s1 � s3

s1 �M2
� � iM���ðs1Þ

þH

 
s2
q2

;
m2

�

q2

!
s3 � s1

s2 �M2
� � iM���ðs2Þ

#
; (6)

where

Hðx; yÞ ¼ ��0yþ �0xþ �00; (7)

and

�0 ¼ F2

2
ffiffiffi
2

p
FAGV

;

�00 ¼ �
�
1� 2

G2
V

F2

�
�0;

4�0 ¼ �0 þ �00:

(8)

Bose symmetry implies that the form factors F1 and F2

are related F2ðq2; s2; s1Þ ¼ F1ðq2; s1; s2Þ [the minus sign
that comes from the definition of the hadronic current,
Eq. (4), is included in c2].

The pseudoscalar form factor, F4 ¼ F
�
4 þ FR

4 , carries
the contribution from both the direct vertex and the one-
resonance mechanism of production:

F
�
4 ðq2;s1;s2Þ¼

2
ffiffiffi
2

p
3

m2
�½3ðs3�m2

�Þ�q2ð1þ2R3�Þ�
2q2ðq2�m2

�Þ
;

FR
4 ðq2;s1;s2Þ¼�

ffiffiffi
2

p
FVGV

3F2
½�2ðq2;s2;s1Þþ�2ðq2;s1;s2Þ�;

(9)

where  ¼ 1 for �� ! �����þ��,  ¼ 1=2 for �� !
�0�0����, and

�2ðq2; s1; s2Þ ¼ 3GV

FV

s1
q2

m2
�

q2 �m2
�

s3 � s2
s1 �M2

� � iM���ðs1Þ
:

(10)

The pseudoscalar form factor F4 is proportional to m2
�=q

2

[24], thus it is suppressed with respect to F1 and F2.
However, the pseudoscalar contribution can affect the q2

spectrum near the threshold.7

Besides the pion decay constant F, the results for the
form factors Fi depend on some coupling constants of the
model: FV (we impose GV ¼ F2=FV), FA and the masses
of the nonets of vector and axial-vector resonances (MV

and MA) in the chiral and large-NC limits. We follow
Refs. [24,25] and replace the masses used in the resonance

6The inclusion of the complete first-order corrections to SUð2Þ
symmetry is beyond our present scope. In particular, electro-
magnetic corrections arising at this order are neglected. We
restrict ourselves, for the moment, to the ones given by the
mass splittings between members of the same SUð2Þ multiplet.
These enter the kinematical factors and phase-space integrals.
The model-independent electromagnetic corrections can be
handled with PHOTOS [34,35], while the structure-dependent
corrections have been computed only for the one- and two-
meson � decay modes (with only pions and kaons) in
Refs. [36–39]. Its implementation in generation with PHOTOS

will follow the work of Refs. [40–42].

7Numerical results with and without F4 are presented in
Sec. IVB.
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Lagrangian with the masses of the corresponding physical
states: MV ! M� and8 MA ! Ma1 .

To include the �0 meson we follow Ref. [24], its
Eq. (32). We insert Eq. (11) of the combined � and �0
propagators into our Eqs. (6) and (10):

1

M2
� � q2 � iM���ðq2Þ
! 1

1þ ��0

�
1

M2
� � q2 � iM���ðq2Þ

þ ��0

M2
�0 � q2 � iM�0��0 ðq2Þ

�
: (11)

Impact9 of the �0 meson on the d�=dq2 spectrum can be
seen from Fig. 3 of Ref. [24].

In the file NEW-CURRENTS/RCHL-CURRENTS/F3PI_RCHT.F

the form factors F1, F2, F4 given by Eqs. (6)–(9) and with
substitution (11) are coded. For completeness, let us
remember that form factors F3 and F5 are equal to zero.

The only eventual isospin breaking will result from
m�� � m�0 used in the phase space generator embedded
in TAUOLA.F.

B. K���Kþ�� and K0�� �K0��

Again isospin symmetry is assumed, therefore m�� ¼
m�0 and mK0 ¼ mK� . The code for the currents is given in
NEW-CURRENTS/RCHL-CURRENTS/FKKPI.F.

We will neglect the contribution from the pseudoscalar
form factor F4 as it is proportional again to m2

�=q
2 [25].

We present the result for the nonzero form factors Fi in the
same way as before:

Fi ¼ F
�
i þ FR

i þ FRR
i ; i ¼ 1; 2; 5: (12)

Taking into account the convention for the current, Eq. (4),
and the values of the ci coefficients in Table I, the result for
the form factor can be obtained from Ref. [25] with the
replacements: F1ðQ2;s;tÞ!F2ðq2;s2;s1Þ=F, F2ðQ2;s;tÞ!
F1ðq2;s2;s1Þ=F. Therefore, the form factor F1 reads

F�
1 ðq2;s2;s1Þ¼�

ffiffiffi
2

p
3
; FR

1 ðq2;s2;s1Þ¼�
ffiffiffi
2

p
6

FVGV

F2

"
BRðs1;s3;m2

K;m
2
KÞ

M2
��s2� iM���ðs2Þ

þARðq2;s1;s3;m2
K;m

2
K;m

2
�Þ

M2
K� �s1� iMK��K� ðs1Þ

#
;

FRR
1 ðq2;s2;s1Þ¼2

3

FAGV

F2

q2

M2
A�q2� iMA�Aðq2Þ

"
BRRðq2;s1;s3;s2;m2

K;m
2
K;m

2
�Þ

M2
��s2� iM���ðs2Þ

þARRðq2;s1;s3;m2
K;m

2
K;m

2
�Þ

M2
K� �s1� iMK��K� ðs1Þ

#
;

(13)

where the functions AR, BR, ARR, and BRR are defined in Appendix A and s3 is calculated from q2, s1, s2 and masses.
The form factor F2 is given by

F
�
2 ðq2;s2;s1Þ¼F

�
1 ; FR

2 ðq2;s2;s1Þ¼�
ffiffiffi
2

p
6

FVGV

F2

"
ARðq2;s2;s3;m2

K;m
2
�;m

2
KÞ

M2
��s2� iM���ðs2Þ

þ BRðs2;s3;m2
K;m

2
�Þ

M2
K� �s1� iMK��K� ðs1Þ

#
;

FRR
2 ðq2;s2;s1Þ¼2

3

FAGV

F2

q2

M2
A�q2� iMA�Aðq2Þ

"
ARRðq2;s2;s3;m2

K;m
2
�;m

2
KÞ

M2
��s2� iM���ðs2Þ

þBRRðq2;s2;s3;s1;m2
K;m

2
�;m

2
KÞ

M2
K� �s1� iMK��K� ðs1Þ

#
:

(14)

The vector form factor, F5, arises from the chiral anomaly [44,45] and the nonanomalous odd-intrinsic-parity amplitude
[46]. It is obtained from Ref. [25] with the replacement F3ðQ2; s; tÞ ! �F5ðq2; s2; s1Þ=ð4�2F3Þ. It reads
F�
5 ðq2; s2; s1Þ ¼

ffiffiffi
2

p
;

FR
5 ðq2; s2; s1Þ ¼

16�2GV

MV

�
CRðq2; s2; m2

K;m
2
K;m

2
�Þ
�
sin2
V

1þ ffiffiffi
2

p
cot
V

M2
! � s2 � iM!�!

þ cos2
V
1� ffiffiffi

2
p

tan
V
M2

� � s2 � iM���

�

þ CRðq2; s1; m2
K;m

2
�;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

� 2FV

GV

DRðq2; s2; s1Þ
M2

� � q2 � iM���ðq2Þ
�
;

FRR
5 ðq2; s2; s1Þ ¼ � 16

ffiffiffi
2

p
�2FVGV

M2
� � q2 � iM���ðq2Þ

�
CRRðq2; s1; m2

KÞ
M2

K� � s1 � iMK��K� ðs1Þ

þ CRRðq2; s2; m2
�Þ
�
sin2
V

1þ ffiffiffi
2

p
cot
V

M2
! � s2 � iM!�!

þ cos2
V
1� ffiffiffi

2
p

tan
V
M2

� � s2 � iM���

��
;

(15)

8In footnote 56 of Appendix C 2 we explain; the parameter MA of the short-distance QCD constraints should not be identified with
Ma1 . Our choice MA ! Ma1 is not well founded, but can be easily changed at the time of fits to experimental data.

9A discussion on the implementation of the second (third) resonance octet to the model can be found in Sec. VII.

RESONANCE CHIRAL LAGRANGIAN CURRENTS AND � . . . PHYSICAL REVIEW D 86, 113008 (2012)

113008-5



where CR, DR, and CRR are defined in Appendix A.
For the widths of the narrow resonances ! and � the

PDG [31] values are taken and the constant width approxi-
mation is followed. The parameter 
V defines the mass
eigenstates !ð782Þ and �ð1020Þ [25] and is the mixing
angle between the octet and singlet vector states !8 and
!0. In our numerical calculation we take the ideal mixing

[
V ¼ tan�1ð1= ffiffiffi
2

p Þ]. In this limit, the contribution of the
�ð1020Þ meson in Eq. (15) vanishes.10 This will be
changed in the future with fits to the data.

The file NEW-CURRENTS/RCHL-CURRENTS/FKKPI.F con-
tains the form factors F1, F2, and F5. The form of
Eqs. (13)–(15) is used. As one can see, the contribution
from the excited states, e.g., �0, �00, is not included in the
KK� case, contrary to the three-pion one. The only even-
tual isospin breaking assumed will result from m�� � m�0

and mK� � mK0 used in the phase space generator
embedded in TAUOLA.F.

C. K��0K0��

The hadronic current of the K��0K0�� decay mode is
again obtained with isospin symmetry; m�� ¼ m�0 and

mK0 ¼ mK� . The code for the currents is given in the file
NEW-CURRENTS/RCHL-CURRENTS/FKK0PI0.F.

If the momenta of the pseudoscalars are attributed as in
Table I, that is K�ðp1Þ�0ðp2ÞK0ðp3Þ, then it is convenient
to choose the independent set of hadronic form factors for
the axial-vector part as F2ðq2; s2; s3Þ and F3ðq2; s2; s3Þ. We
will neglect the contribution due to the pseudoscalar form
factor F4 as it is again proportional to the square of pion
mass over q2 [25]. Taking into account the constants ci of
Table I and Eq. (4), the result of Ref. [25] needs the
replacements

F2ðQ2; s; tÞ ! F3ðq2; s2; s3Þ=F;
F1ðQ2; s; tÞ ! F2ðq2; s2; s3Þ=F;
F3ðQ2; s; tÞ ! �F5ðq2; s2; s3Þ=ð4�2F3Þ:

(16)

As before,

Fi ¼ F
�
i þ FR

i þ FRR
i ; i ¼ 2; 3; 5 (17)

and

F�
2 ðq2; s2; s3Þ ¼ �1;

FR
2 ðq2; s2; s3Þ ¼ � 1

6

FVGV

F2

�
BRðs2; s1; m2

K;m
2
�Þ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
ARðq2; s2; s1; m2

K;m
2
�;m

2
KÞ

M2
� � s2 � iM���ðs2Þ

þ ARðq2; s1; s2; m2
�;m

2
K;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

�
;

FRR
2 ðq2; s2; s3Þ ¼

ffiffiffi
2

p
3

FAGV

F2

q2

M2
A � q2 � iMA�Aðq2Þ

�
BRRðq2; s2; s1; s3; m2

K;m
2
�;m

2
KÞ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
ARRðq2; s2; s1; m2

K;m
2
�;m

2
KÞ

M2
� � s2 � iM���ðs2Þ

þ ARRðq2; s1; s2; m2
�;m

2
K;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

�
; (18)

s3 is calculated from q2, s1, s2 and masses. The contributions to F3 read

F
�
3 ðq2; s2; s3Þ ¼ 0;

FR
3 ðq2; s2; s3Þ ¼ � 1

6

FVGV

F2

�
ARðq2; s3; s1; m2

K;m
2
K;m

2
�Þ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
BRðs3; s1; m2

K;m
2
KÞ

M2
� � s2 � iM���ðs2Þ

� ARðq2; s1; s3; m2
K;m

2
K;m

2
�Þ

M2
K� � s1 � iMK��K� ðs1Þ

�
;

FRR
3 ðq2; s2; s3Þ ¼

ffiffiffi
2

p
3

FAGV

F2

q2

M2
A � q2 � iMA�Aðq2Þ

�
ARRðq2; s3; s1; m2

K;m
2
K;m

2
�Þ

M2
K� � s3 � iMK��K� ðs3Þ

þ 2
BRRðq2; s3; s1; s2; m2

K;m
2
K;m

2
�Þ

M2
� � s2 � iM���ðs2Þ

� ARRðq2; s1; s3; m2
K;m

2
K;m

2
�Þ

M2
K� � s1 � iMK��K� ðs1Þ

�
: (19)

The form factor F5 driven by the vector current is given by the sum of

10On the other hand, one should keep in mind that the decay channel �� ! ����� was observed by BABAR [47] and �� ! �K���
by Belle [48].
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F
�
5 ðq2; s2; s3Þ ¼ 0;

FR
5 ðq2; s2; s3Þ ¼

8
ffiffiffi
2

p
�2GV

MV

�
CRðq2; s3; m2

K;m
2
�;m

2
KÞ

M2
K� � s3 � iMK��K� ðs3Þ

� CRðq2; s1; m2
K;m

2
�;m

2
KÞ

M2
K� � s1 � iMK��K� ðs1Þ

� 2FV

GV

ERðs3; s1Þ
M2

� � q2 � iM���ðq2Þ
�
;

FRR
5 ðq2; s2; s3Þ ¼ � 16�2FVGV

M2
� � q2

�
CRRðq2; s3; m2

KÞ
M2

K� � s3 � iMK��K� ðs3Þ
� CRRðq2; s1; m2

KÞ
M2

K� � s1 � iMK��K� ðs1Þ
�
; (20)

where the new function ER, as the previous ones, is defined
in Appendix A.

The file NEW-CURRENTS/RCHL-CURRENTS/FKK0PI0.F con-
tains the form factors F2, F3, and F5. Equations (18)–(20)
are used. As one can see, the contributions from the excited
states, e.g., �0, K�0, are not included in the form factors of
the � ! KK��� decay channels. This shall be an obvious
future improvement resulting from the confrontation with
the data.

The assumption that the eventual isospin breaking will
result only from m�� � m�0 and mK� � mK0 as used in
the phase space generator embedded in TAUOLA.F is taken.

D. ���0�� , �
0K��� , �

� �K0�� and K�K0��

The two-pseudoscalar final states are simpler. They can
be presented together in one subsection. The code for the
hadronic currents of the ���0��, K

�K0��, and ðK�Þ���

modes is given, respectively, in files

new� currents=RChL� currents=frhopi:f;

new� currents=RChL� currents=fk0k:f;

new� currents=RChL� currents=fkpipl:f:

In the general case there are both vector and scalar form
factors. In the isospin symmetry limit,m�� ¼ m�0 ,mK� ¼
mK0 , for both two-pion and two-kaon modes the scalar
form factor vanishes and the corresponding channel is
described by the vector form factor only.11 Also for the
K� mode we restrict ourselves at first to the vector form
factor only, the scalar form factor will be properly included
in Ref. [29].

For all three channels we use a parametrization for the
vector form factor which is developed starting from the
lowest-lying resonance contribution:

FV
PQðsÞ ¼ FVMDðsÞ exp

�X
P;Q

NPQ
loop

�s

96�2F2
ReAPQðsÞ

�
;

(21)

where FVMD is the contribution from the lightest vector
resonance that can be exchanged in the process, and the
exponentiation resums FSI effects (see Appendix E for a
related discussion). The function APQðsÞ is a loop function

for two pseudoscalars with masses mP and mQ, and is

presented in Appendix A. NPQ
loop is a constant dictated by

chiral symmetry for the different decay channels:

N���0

loop ¼1; NK�K0

loop ¼1

2
; NK�

loop¼N
K�
loop¼

3

4
: (22)

In the case of the two-pion mode, the theoretical calcu-
lation performed in the framework of R�T [49] gives the
following result for the form factor:

FV
��ðsÞ¼

M2
�

M2
��s� iM���ðsÞ

�exp

� �s

96�2F2

�
ReA���0ðsÞþ1

2
ReAK�K0ðsÞ

��
;

(23)

if only � resonance is taken into account. The contribution
of the excited resonances (both �0 and �00) modify the form
factor of formula (23). Following Ref. [49] it takes the
form

FV
��ðsÞ ¼

M2
� þ sð�ei�1 þ �ei�2Þ
M2

� � s� iM���ðsÞ
exp

� �s

96�2F2

�
ReA���0ðsÞ þ 1

2
ReAK�K0ðsÞ

��
� s�ei�1

M2
�0 � s� iM�0��0 ðsÞ

� exp

� �s��0

�M3
�0	3

�ðM2
�0 Þ ½ReA�ðsÞ�

�
� s�ei�2

M2
�00 � s� iM�00��00 ðsÞ exp

� �s��00

�M3
�00	3

�ðM2
�00 Þ ½ReA�ðsÞ�

�
; (24)

where the phase-space factor

	Pðq2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

P=q
2

q
(25)

11The scalar form factor appears only at next-to-leading order in SUð2Þ breaking and it can be safely neglected (see Ref. [36] for
details).
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is used. The function AP is the same loop function APQ

defined in (A3), but in the limit of equal masses. It is
given in Appendix A. In our file NEW-CURRENTS/RCHL-

CURRENTS/FRHO_PI.F the form factor of formula (24) is
used.

The two-kaon vector form factor is written following
Ref. [26] as

FV
KKðsÞ¼

M2
�

M2
��s� iM���ðsÞ

�exp

� �s

96�2F2

�
ReA���0ðsÞþ1

2
ReAK�K0ðsÞ

��
:

(26)

One can see the expression for the kaon vector form factors
coincides with the pion form factor from Eq. (23).

The excited resonances have not been taken into account
in Eq. (26) following Ref. [26]. However, their imple-
mentation along the lines of Eq. (24) is simple. The file
NEW-CURRENTS/RCHL-CURRENTS/FK0K.F contains both12

forms of the two-kaon form factor (24) and (26).
For the K� mode we applied the result of Eq. (5) in

Ref. [18], which reads13

FV
K�ðsÞ¼

�
M2

K� þs�K�

M2
K� �s� iMK��K� ðsÞ

� s�K�

M2
K�0 �s� iMK�0�K�0 ðsÞ

�

�exp

� �s

128�2F2
½ReAK�ðsÞþReAK�ðsÞ�

�
: (27)

Note that due to the FSI effects, the form factor
FV
K�ð0Þ � 1.
The m�� � m�0 and mK� � mK0 used in the phase

space Monte Carlo generator, and discussed numerically
later in the paper, will be the only isospin breaking
assumed. However, we plan to include electromagnetic
corrections to � ! ���0�� decays in the future (see
footnote 6).

III. ENERGY-DEPENDENT WIDTHS
OF RESONANCES

In this section we collect the formulas to calculate the
energy-dependent width of the resonances �, �0, �00, K�,

K�0, and a1. They were used in the previous section as
ingredients for the construction of hadronic currents. From
the technical side their calculation requires integration of
the appropriate matrix elements over the phase space. In
this way, for example, unitarity constraints are taken into
account [24,51,52].
The energy-dependent width of �ð770Þ resonance, cal-

culated in the SUð2Þ limit (m�� ¼ m�0 , mK� ¼ mK0), is
given [51] as

��ðq2Þ ¼
M�q

2

96�F2

�
	3

�ðq2Þ
ðq2 � 4m2
�Þ

þ 1

2
	3

Kðq2Þ
ðq2 � 4m2
KÞ
�
: (28)

The phase-space factor 	� is defined in Eq. (25), the 2�
and 2K loops are included. This form of the �width is used
in modes of three pseudoscalars.
In the two-pion and two-kaon modes SUð2Þ breaking

effects were taken into account in the � off-shell width,

��ðq2Þ ¼
M�q

2

96�F2

�

ðq2 � thr��Þ�3=2

�
1;
m2

�þ

q2
;
m2

�0

q2

�

þ 1

2

ðq2 � thrKKÞ�3=2

�
1;
m2

Kþ

q2
;
m2

K0

q2

��
; (29)

where �ðx;y;zÞ¼ðx�y�zÞ2�4yz, thr��¼ðm�þþm�0Þ2,
and thrKK ¼ ðmKþ þmK0Þ2.
At this stage the widths of the �0ð1465Þ and �00ð1700Þ

mesons are modeled as decays to two pions,

��0 ðq2Þ ¼ ��0
q2

M2
�0

	3
�ðq2Þ

	3
�ðM2

�0 Þ
ðq
2 � 4m2

�Þ; (30)

with ��0 � ��0 ðM2
�0 Þ.

The energy-dependent width of theK�ð892Þ resonance is
given, in the SUð2Þ limit (m�� ¼ m�0 , mK� ¼ mK0), in
Ref. [53]. It is related to ��ðq2Þ by chiral symmetry. It

reads

�K� ðq2Þ ¼ MK�q2

128�F2

�
�3=2

�
1;
m2

K

q2
;
m2

�

q2

�

ðq2 � thrK�Þ

þ �3=2

�
1;
m2

K

q2
;
m2

�

q2

�

ðq2 � thrK�Þ

�
; (31)

with thrK� ¼ ðmK þm�Þ2 and thrK� ¼ ðmK þm�Þ2.
Formula (31) is used for theKK�modes whereas for the

K� modes we use the following result [Eq. (4) from
Ref. [27]]:

12By default, our program runs with the K0K� vector form
factor of Eq. (26). However, changing the value of the parameter
FFKKVEC ¼ 0 to FFKKVEC ¼ 1 in VALUE_PARAMETER.F allows one
to run the code with the form factor of Eq. (24). Numerical
effects due to the inclusion of the excited resonances are given in
Sec. VD.
13By default, our program runs with the K� vector form factor
of Eq. (27). However, changing the value of the parameter
FFKPIVEC ¼ 1 to FFKPIVEC ¼ 0 the code will run with the form
factor given in Eqs. (17) and (18) of Ref. [50]. For discussion,
see Sec. VD.
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�K� ðq2Þ ¼ �K�
q2

M2
K�

�3=2
�
1;

m2
K

q2
; m

2
�

q2

	

ðq2 � thrK�Þ þ �3=2

�
1;

m2
K

q2
;
m2

�

q2

	

ðq2 � thrK�Þ

�3=2

�
1;

m2
K

M2
K�
; m2

�

M2
K�

�
þ �3=2

�
1;

m2
K

M2
K�
;
m2

�

M2
K�

� : (32)

From Eq. (4) of Ref. [27] we have

�K� ��K� ðM2
K� Þ

¼G2
VM

3
K�

64�F4

�
�3=2

�
1;

m2
K

M2
K�
;
m2

�

M2
K�

�
þ�3=2

�
1;

m2
K

M2
K�
;
m2

�

M2
K�

��
;

(33)

however, we prefer to write down Eq. (32) in terms of the
width (�K�), see discussion after Eq. (17) in Ref. [27]. The
width of K�0ð1410Þ is modeled as a decay to K� and reads

�K�0 ðq2Þ ¼ �K�0
q2

M2
K�0

�3=2
�
1;

m2
K

q2
; m

2
�

q2

	

�3=2
�
1;

m2
K

M2

K�0
; m2

�

M2

K�0

	 
ðq2 � thrK�Þ:

(34)

For the energy dependence of the a1 resonance width
14

we use15 [24]

�a1ðq2Þ ¼ 2��
a1ðq2Þ
ðq2 � 9m2

�Þ
þ 2�K�

a1 ðq2Þ
ðq2 � ðm� þ 2mKÞ2Þ
þ �K0

a1 ðq2Þ
ðq2 � ðm� þ 2mKÞ2Þ; (35)

where

��;K
a1 ðq2Þ ¼ �S

192ð2�Þ3F2
AF

2Ma1

�
M2

a1

q2
� 1

�
2

�
Z

dsdtðV�
1 F1 þ V

�
2 F2 þ V

�
3 F3Þ�;K

� ððV1�F1 þ V2�F2 þ V3�F3Þ�;KÞ�

stands for the contribution from the individual three-pion
and (two kaons-one pion) absorptive cuts. Here

V�
i ¼ ciT

��ðpj � pkÞ�; i � j � k ¼ 1; 2; 3; (36)

with the coefficients ci appearing in Table I.
In summary, ��

a1ðq2Þ is the contribution of the �����0

and �0�0�� cuts, �K�
a1 ðq2Þ of the K���Kþ and K0�� �K0

cuts, and finally the K��0K0 contribution gives rise to the

term �K0

a1 ðq2Þ. The form factors Fi are presented in

Secs. II A, II B, and II C. The symmetry factor is defined

as S ¼ 1=n!, where n denotes the number of identical
particles in the final state.
For reference, we include the formula for the spectral

function, the q2 spectrum for the processes � ! 3 pseudo-
scalars �� of this work

16

d�

dq2
¼ G2

FjVudj2
128ð2�Þ5M�F

2

�
M2

�

q2
�1

�
2

�
Z
dsdt

�
WSAþ1

3

�
1þ2

q2

M2
�

�
ðWAþWBÞ

�
; (37)

where

WA ¼ �ðV�
1 F1 þ V�

2 F2 þ V�
3 F3Þ

� ðV1�F1 þ V2�F2 þ V3�F3Þ�;
WB ¼ 1

64�4F4
½stuþ ðm2

K;� �m2
�Þðq2 �m2

K;�Þs
þm2

K;�ð2m2
� � q2Þq2 �m2

K;�m
4
��jF5j2;

WSA ¼ q2jF4j2: (38)

The following phase space integration limits have to be
used:

Z
dsdt ¼

Z ð
ffiffiffiffi
q2

p
�m�Þ2

4m2
K;�

ds
Z tþðsÞ

t�ðsÞ
dt; (39)

where

t�ðsÞ ¼ 1

4s
fðq2 �m2

�Þ2 � ½�1=2ðq2; s; m2
�Þ

	 �1=2ðm2
K;�; m

2
K;�; sÞ�2g: (40)

The necessary functions are located in files
NEW-CURRENTS/RCHL-CURRENTS/FUNCT_RPT.F and NEW-

CURRENTS/RCHL-CURRENTS/WID_A1_FIT.F.

IV. BENCHMARK CALCULATIONS
FOR THREE-PION MODE

Since Ref. [11] has been published, numerical tests of
TAUOLAMonte Carlo functioning have not been repeated in

a systematic way, despite the technical precision require-
ments are much higher now and reach sub-per mil level.
Prior to physics oriented comparisons between analytical

14Calculation of a1 width from Fi was already used in
Refs. [5,12,54].
15There is an additional factor 1=F2 here and in Eq. (37)
compared with the definition, e.g., in Refs. [24,25]. This is
related to the normalization of our form factors F1, F2, and
F3. See the explanation prior to Eqs. (6), (13), and (18).

16Our testing programs feature a calculation of spectral func-
tions, including those of formula (38). However, we will not
elaborate on this point here, even though it is important for future
data analysis [9], where results of Ref. [13] are proposed to be
used. We expect that a Monte Carlo sample will be used instead
of semianalytical Eq. (37).
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(numerical integration) and Monte Carlo calculations, we
need to revisit numerical stability of the generator and of
multiple numerical integration, used in semianalytical cal-
culations accompanying generation and its tests as well.

We will use the decay channel � ! �����þ�� to
demonstrate our tests of Monte Carlo. For other channels,
technical tests will be skipped from documentation17 even
though new issues absent in the � ! �����þ�� case can
appear. A good example is numerical stability at phase
space edges of presamplers for relatively narrow reso-
nances such as K� in � ! K��� decay. In this case, for
long runs, the square root of the negative number may have
appeared because of rounding errors; an appropriate cor-
rection to the code was introduced. Such long runs were
never performed in the past for this channel. Our tests were
indeed long. In some cases, for variables counting crude
events we have even run over the allowed maximum
(� 2� 109) for FORTRAN INTEGER type.

To avoid problems with multidimensional integration of
the a1-meson propagator which is rapidly changing as a
function of its arguments, we first tabulated the �a1ðq2Þ of
Eq. (35). The code for tabulation is located in NEW-

CURRENTS/RCHL-CURRENTS/TABLER.18 Then we use linear

interpolation to get the value of the a1 width at required q
2.

To integrate over s and t variables the Gauss integration
method has been used. The produced distribution has been
checked to be numerically stable.19

A. Technical test

Before we can go to the presentation of simulation
results, where physical currents are used, let us start with
the simplified cases. We will begin with the calculation for
� ! �����þ�� where F1 ¼ F ¼ 0:0924 GeV, other
form factors are set to zero (F2 ¼ 0, F4 ¼ 0) and m�� ¼
m�0 ¼ 0:13804 GeV. It is an important starting point, it
helps to adjust conventions of normalization constants in
TAUOLA Monte Carlo and analytical calculations. Phase

space integration is free from singularities resulting from
the matrix elements. Nonetheless, corresponding presam-
plers can be verified. Numerical integration is rather quick
as there is no need of invoking time consuming functions.
That is why it is important to perform this check with a
precision higher than for later tests.

The total rate we obtained from a Monte Carlo run
of 6� 106 events was ð2:7414� 0:01%Þ � 10�17 GeV.
For semianalytical numerical integration, we obtain
ð2:7410� 0:02%Þ � 10�17 GeV (with 2� 10�4 precision
tag). A difference of 0.015% was found. This technical test
performs better than could be achieved at the time of work
for Ref. [11]. Statistical samples are larger by 3 orders of
magnitude than what could have been used at that time.

For completeness, let us provide a plot of d�
dq2

generated

from Monte Carlo divided by the semianalytical (numeri-
cal integration was used) result for this spectrum.
Reasonable agreement is found; see Fig. 1.
Triple Gaussian integration is used for the analytical

calculation and double Gaussian integration enters as well
into the current calculation to be used in matrix elements of
Monte Carlo generation. That is why pretabulation for the
a1 width, �a1ðq2Þ, is convenient as it speeds generation

enormously. This represents another technical feature being
tested by normalization study and figures like Fig. 1.
Technical tests, as the one we discuss now, belong to

the group of comparison booklets collected in the Web
page [28].

B. Test with semirealistic parameters

Let us now introduce the physical content of the current,
keeping at first m�� ¼ m�0 ¼ 0:13804 GeV and dropping
out statistical factor 1

2 of two identical �’s. Agreement

FIG. 1. An example of a figure included in tests collected in
the project Web page [28]. The ratio of the histogram and
analytical formula is shown for the d�

dq2
in � ! �����þ��

decay mode. Only F1 ¼ F is nonzero. Normalization is not
adjusted. A statistical sample of 6� 106 events was used and
semirealistic initialization as explained in this section.
Agreement within statistical errors is found. Fluctuations at the
ends of the spectra are due to substantially less populated bins of
that region. These tests represent a technical test not only of
Monte Carlo generation but also for semianalytical numerical
integration.

17Directory NEW-CURRENTS/RCHL-CURRENTS/CROSS-CHECK is
devoted to such tests. The README file explains technical details.
18Technical details of the calculations, which are quite inde-
pendent from parts of the code loaded with TAUOLA, are ex-
plained in README files of this directory and its subdirectories.
19The source code of the integration routine GAUSS has been
taken from the CERN program library [55]. Tests are provided in
NEW-CURRENTS/RCHL-CURRENTS/CROSS-CHECKS. Cross-check by
linear interpolation of the q2 distribution from the neighboring
points demonstrates that the fluctuations due to numerical prob-
lems of integration are absent, the results are continuous,
whereas the result produced with the integration method
VEGAS [56] had a tendency to fluctuate.
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between Monte Carlo and semianalytical calculation
should be �0:01% again.

We take F1 as given by Eq. (6), but all other currents are
set to 0. Our numerical results for the rate from numerical
integration, ð1:8721� 0:02%Þ � 10�13 GeV, and from
Monte Carlo generation, ð1:8722� 0:01%Þ � 10�13 GeV
(run with 6� 106 events), agree well. The difference is
only 0.005% thus compatible with statistical error of
the generated sample. Comparison of differential distribu-
tions, analogue to Fig. 1, is available from the Web page
[28]. For the next step we choose the F1 and F2 form
factors according to Eq. (6), F4 ¼ 0. Numerical results
are ð4:2015� 0:02%Þ � 10�13 GeV for semianalytical
calculation and ð4:2023� 0:01%Þ � 10�13 GeV for
Monte Carlo generation. The difference is 0.03%, as
expected. The figures are again available from Ref. [28].

Finally, we consider the result for the total width pre-
dicted by Resonance Chiral Theory, given by the F1, F2,
and F4 contributions in Eqs. (6) and (9). The F4 form factor
does not affect the value of the width at our precision and in
this case it is ð4:2025� 0:01%Þ � 10�13 GeV (run with
6� 106 events).

The above comparisons check also that the differential
distribution d�=dq2 in � ! 3��� is numerically stable
and it is not affected by numerical problems due to double
Gaussian integration. We have also checked that, if the
function value has been obtained from interpolation of
neighboring q2’s, the difference with the value calculated
directly was appropriately small as should be expected.20

V. NUMERICAL RESULTS FOR TWO-AND
THREE-PSEUDOSCALAR CHANNELS

In the previous section we have presented examples of
technical tests. Let us now concentrate on numerical

results, corresponding to the most refined options of the
currents included in our distribution tar-ball21 which are of
physics interest.
In the phase space generation, we will take into account

the differences between neutral and charged pion and kaon
masses, physical values will be taken. This has to be done
to obtain proper kinematic configurations. On the other
hand, this choice breaks constraints resulting from isospin
symmetry (see footnote 6) in a potentially uncontrolled
way. That is why we collect numerical results from
Monte Carlo calculation in the form of Table II, where
the partial widths from Particle Data Group compilation
[31] are compared with our results obtained with isospin-
averaged pseudoscalar masses and with the physical ones.

A. �����þ�� and �0�0����

Let us now turn to numerical results for the � ! 3���

decays obtained with our currents of Sec. II A. From the
semianalytical calculation of partial width we get
ð2:10073� 0:02%Þ � 10�13 GeV for � ! �����þ��

decay, and ð2:10072� 0:02%Þ � 10�13 GeV for � !
�0�0����, practically the same value. The approximation
of the equal masses for �� and �0 has been taken. In
this case the Monte Carlo results are identical for
�����þ and �0�0�� final states22; we have obtained
ð2:1013� 0:016%Þ � 10�13 GeV.
For the physical, i.e., distinct m�� and m�0 , masses

we have obtained ð2:0800� 0:017%Þ � 10�13 GeV
for �����þ and ð2:1256� 0:017%Þ � 10�13 GeV for
�0�0�� mode. The difference for the distributions is too

TABLE II. The � decay partial widths. For each channel, the PDG value [31] is compared with numerical results of Monte Carlo
integration of our currents. The third column includes results with isospin averaged masses, whereas for the last column physical
masses were used. Comparison of the last two columns enumerates the numerical effect of physical masses, breaking the assumption of
isospin symmetry in a potentially uncontrolled way. Further results for individual decay channels are given in subsections of Sec. V.

Width, [GeV]

Channel PDG Equal masses Phase space with masses

���0 ð5:778� 0:35%Þ � 10�13 ð5:2283� 0:005%Þ � 10�13 ð5:2441� 0:005%Þ � 10�13

�0K� ð9:72� 3:5%Þ � 10�15 ð8:3981� 0:005%Þ � 10�15 ð8:5810� 0:005%Þ � 10�15

�� �K0 ð1:9� 5%Þ � 10�14 ð1:6798� 0:006%Þ � 10�14 ð1:6512� 0:006%Þ � 10�14

K�K0 ð3:60� 10%Þ � 10�15 ð2:0864� 0:007%Þ � 10�15 ð2:0864� 0:007%Þ � 10�15

�����þ ð2:11� 0:8%Þ � 10�13 ð2:1013� 0:016%Þ � 10�13 ð2:0800� 0:017%Þ � 10�13

�0�0�� ð2:10� 1:2%Þ � 10�13 ð2:1013� 0:016%Þ � 10�13 ð2:1256� 0:017%Þ � 10�13

K���Kþ ð3:17� 4%Þ � 10�15 ð3:7379� 0:024%Þ � 10�15 ð3:8460� 0:024%Þ � 10�15

K0�� �K0 ð3:9� 24%Þ � 10�15 ð3:7385� 0:024%Þ � 10�15 ð3:5917� 0:024%Þ � 10�15

K��0K0 ð3:60� 12:6%Þ � 10�15 ð2:7367� 0:025%Þ � 10�15 ð2:7711� 0:024%Þ � 10�15

20The appropriate program for a test is available in the
directory NEW-CURRENTS/RCHL-CURRENTS/CROSS-CHECK/CHECK_

ANALYTICITY /CHECK_ANALYT_3PI.

21For the convenience of updates, we have prepared
Appendix D, to be modified in the versions of the present paper
to be included in the tar-ball. It summarizes elementary installa-
tion benchmark results, that is the branching ratios calculated by
the Monte Carlo.
22The chiral contribution F

�
4 ðq2; s1; s2Þ, Eq. (9), differs for

�����þ and �0�0��. However, F4ðq2; s2; s1Þ does not affect
sizably the width.
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small to be seen and we present plots for the�0�0�� case.
Only two example plots are given in Fig. 2. We point the
reader to theWeb page [28], for the booklet of comparisons
obtained with MC-TESTER [57]. The figures for d�=dq2

spectrum from Monte Carlo and analytical calculations
are also available from the plots of the Web page [28].

From the technical point of view to separate generation
of the two 3� subchannels one has to set the BRA1 ¼ 0 for
the �0�0�� mode, and BRA1 ¼ 1 for the �����þ, (e.g.,
in routine INITDK, which is defined in our demonstration
program NEW-CURRENTS/INSTALLATION/DEMO-STANDALONE/

TAUMAIN.F).

An attempt on comparisons of the new model distribu-
tions and experimental data is also given later in the paper,
in Sec. VE.

B. K���Kþ�� and K0�� �K0��

As in the case of 3� decay modes, the Monte Carlo
generated distributions are relegated to the project Web
page [28]. In particular successful checks with the analytic
function for d�=dq2 taken from Ref. [25] are shown there.
In the following, we present Figs. 3 and 4 comparing the
two histograms obtained with our new and CLEO versions
of TAUOLA currents. The differences are substantial. CLEO

Collaboration [21,58] introduced an ad hoc parameter
violating a property stemming directly from QCD, the
normalization of the vector form factor given by the chiral
anomaly [59]. Of course, in our new current we are not
taking into account excited resonances. In the past, two
couplings could only be estimated because of unavailabil-
ity of data to determine them from a fit. These aspects can
(and should) be improved at the time of confronting with
the data.23

Let us now turn to the decay widths. The result for
SUð2Þ symmetric masses from TAUOLA with a sample of
2� 106 events is � ¼ ð3:7379� 0:024%Þ � 10�15 GeV for
K���Kþ and � ¼ ð3:7385� 0:024%Þ � 10�15 GeV for
K0�� �K0. The difference for the partial width of the two
channels is within statistical error. The analytical result
is the same for both channels and was found to be
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FIG. 3 (color online). The � ! K���Kþ�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, the plot of K���Kþ invariant mass is shown and on the right-hand side Kþ�� invariant mass is given.
Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.
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FIG. 2 (color online). The � ! �����þ�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, the plot of �����þ invariant mass is shown and on the right-hand side �þ�� invariant mass is given.
Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO. Distributions for the � ! �0�0����

decay coincide with the ones for � ! �����þ��.

23Whenever possible, the agreement with the data should not be
achieved by straightforward violation of the theoretical assump-
tions. Discrepancies may point to faulty background subtraction,
or call for improvements or replacement of the model used in
currents calculation. In practice, this may be difficult and require
significant and simultaneous effort on both theoretical and
experimental sides. That is why one may have to accept tempo-
rary introduction of ad hoc factors into the currents now as well.
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ð3:7383� 0:02%Þ � 10�15 GeV. It agrees with the ones of
Monte Carlo.

For physical masses of the pseudoscalars, the
Monte Carlo results for K���Kþ and K0�� �K0 are,
respectively, � ¼ ð3:8460� 0:024%Þ � 10�15 GeV and
� ¼ ð3:5917� 0:024%Þ � 10�15 GeV. The effect of the
mass adjustment in phase space gives an effect of the order
of 3%. Agreement with PDG results (see Table II) is
acceptable, but improvements from fits are envisaged.

C. K��0K0��

Again, Monte Carlo generated distributions are rele-
gated to the project Web page [28]. In particular, successful
checks with analytic function for d�=dq2 taken from
Ref. [25] are shown there. Figure 5 presents comparison
between histograms obtained with present and CLEO ver-
sions of TAUOLA initialization. As we can see, the differ-
ences are substantial. Explanations of the previous
subsection for the K���Kþ case apply.

Let us now turn our attention to the partial width for
K��0K0. The SUð2Þ symmetric result from TAUOLA

and a sample of 2� 106 events, ð2:7367� 0:025%Þ �
10�15 GeV, agrees well with the analytical result
ð2:7370� 0:02%Þ � 10�15 GeV. The effects of realistic

masses in phase space are of the order of 1% and the
Monte Carlo result is ð2:7711� 0:024%Þ � 10�15 GeV.
Agreement with the PDG result (Table II) is not good.
Analytical results for K���Kþ and K��0K0, which

are obtained in the SUð2Þ limit �ð��!K���Kþ�Þ=
�ð��!K��0K0�Þ¼3:7383=2:7370’1:366’4=3, com-
pare well with the result of Ref. [25].
With this subsection, we complete a presentation of

results for � decays into three pseudoscalars. Let us now
turn to the case of the decays into two pseudoscalars, which
are simpler from a technical point of view.

D. ���0�� , �
0K��� , �

� �K0�� , and K�K0��

In this case, there is only one nontrivial invariant mass
distribution, d�=ds, which can be constructed from the
decay products. This distribution and its ratio to semian-
alytical result is given for all two pseudoscalar final states
in the Web page [28]. For all two-pseudoscalar modes we
use samples of 2� 107 events.24
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FIG. 4 (color online). The � ! K0�� �K0�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, the plot of K0

SK
0
S�

� invariant mass is shown and on the right-hand side K0
S�

� invariant mass is given.

Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.
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FIG. 5 (color online). The � ! K��0K0�� decay: comparison of distributions for TAUOLA CLEO current [14] and for our new
current. On the left-hand side, plot of K��0K0

L invariant mass is shown and on the right-hand side K��0 invariant mass is given.

Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.

24By default, we include the FSI effects, the parameter
FFVEC ¼ 1. FSI can be switched off if FFVEC ¼ 0 is set in the
file NEW-CURRENTS/RCHL-CURRENTS/VALUE_PARAMETER.F.
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The analytical result for �� ! ���
��0 equals

ð5:2431� 0:02%Þ � 10�13 GeV, and for �� ! ��K
�K0

is ð2:0863� 0:02%Þ � 10�15 GeV. The Monte Carlo
results are respectively ð5:2441�0:005%Þ�10�13GeV
and ð2:0864� 0:007%Þ � 10�15 GeV. In both channels
the physical values of pion and kaon masses are used. As
one can see, the obtained K�K0 width is only �58% of
the PDG value. Since the mass of the � resonance is less
than the two-kaon threshold, a significant contribution
has to be expected from both �0 and �00. To check this
assumption, we used the parametrization (24) for the
two-kaon form factor FV

KK. For the moment, we use
the same numerical value of the parameters � and �
as in the two-pion case, an assumption which holds in
the SUð3Þ symmetry limit.25 The result for the partial
width of �� ! ��K

�K0 is ð2:6502� 0:008%Þ �
10�15 GeV. However, in the real world the parameters
for pion and kaon modes are likely not to coincide and
have to be fitted by the experiments. Corrections of
order �30% due to SUð3Þ breaking are expected.26

The Monte Carlo result for the sum of the two chan-
nels �0K��� and �� �K0�� is ð2:5197� 0:008%Þ �
10�14 GeV if the SUð2Þ symmetric masses are used
and a sample of 2� 107 events is generated with
TAUOLA and new currents. A corresponding analytical

result is ð2:5193� 0:02%Þ � 10�14 GeV. The TAUOLA

run with physical pion and kaon masses gives ð2:5092�
0:008%Þ � 10�14 GeV. Separate partial widths for
�0K��� and �� �K0�� channels calculated from the
Monte Carlo are given 27 in Table II. This can be
compared28 with the result 2:1829� 10�14 GeV for the
K��� partial width based on Eqs. (17) and (18) of
Ref. [50]. The numerical values for parameters of our
model are taken from Ref. [50], Table 4, second column.
The difference29 between ours and Ref. [50] is about30

15% for the K� partial width.

In order to test our improvement in the treatment of
FSI,31 we have run the program with the FFVEC ¼ 0.
It corresponds to neglecting the real part of the loop
contributions in FV

��ðsÞ, FV
KKðsÞ, and FV

K�ðsÞ, namely
ReAPQðsÞ ¼ 0, ReAPðsÞ ¼ 0 in Eqs. (24)–(27). In this

case, the results for the partial widths are �ð�� !
���

��0Þ ¼ ð4:0642� 0:005%Þ � 10�13 GeV, �ð�� !
��K

�K0Þ ¼ ð1:2201� 0:007%Þ � 10�15 GeV (note that
only the � meson exchange is included, namely
FFKKVEC ¼ 0), �ð�� ! ���

0K�Þ ¼ ð7:4275� 0:004%Þ�
10�15 GeV, �ð�� ! ���

� �K0Þ ¼ ð1:4276� 0:006%Þ�
10�14 GeV.
Comparison with the data is technically simpler and

further phenomenological efforts should be delegated to
that stage of the work. In fits, one has to work with the
single one-dimensional d�=ds spectrum and current as a
function of single argument s as well. We present
comparisons of d�=ds spectra from CLEO current and the
present parametrization of TAUOLA, for ���0��, K

�K0
S��

in Fig. 6, and for �0K��� and ��K0
S�� in Fig. 7,

respectively.

E. Attempt at comparison with the data

Let us stress once again that our parametrization for all
new currents is based on Resonance Chiral Theory and is
thus self-consistent. However, only minimal attempts on
adjusting to the data have been performed. Only one-
dimensional q2 distributions have been used in case of
3� [24] and KK� [25] decays, to fit parameters such as
FV , FA, etc. For the 3� channel, relatively good agreement
with ALEPH data is shown in Fig. 3 of Ref. [24], but it
represents a consistency check of the input. The proper
work on fits is only to start now. The computing and
theoretical framework is ready. It is not surprising that,
for example, agreement with the unfolded BABAR data, see
Fig. 8 of Ref. [61], is not satisfactory.

VI. PROGRAM ORGANIZATION

The reference version of the TAUOLA library that we used
as a starting point for the present work is the TAUOLA CLEO

documented in Ref. [14]. The choice is not accidental. This
version is used as a starting point for Belle and BABAR
software as well. Also Cþþ implementation of TAUOLA

[62], installed in the library of Ref. [63], uses this initial-
ization. Porting into collaboration software is thus techni-
cally prepared. This means the solution will be convenient
for many users.
Hadronic current represents a rather compact segment of

the simulation package. That is why, only minor changes
need to be introduced to TAUOLA CLEO code and the make-
file. Only several lines will be necessary to modify in the

25The parameters�1 and�2 are subleading and their values are
unsubstantial for this check.
26For the two-kaon mode one can include a contribution from
excited resonances by setting FFKKVEC ¼ 1. To run with only
�ð770Þ exchange, Eq. (26), set FFKKVEC ¼ 0. Our default is
FFKKVEC ¼ 0 and FFVEC ¼ 1.
27To separate submodes one has to set BRKS ¼ 0 for �0K� or

BRKS ¼ 1 for �� �K0 in routine INITDK residing, e.g., in our
example NEW-CURRENTS/INSTALLATION/DEMO-STANDALONE/

TAUMAIN.F.
28To run the K� mode with the vector form factor of Eq. (27),

FFKPIVEC ¼ 1 should be set in NEW-CURRENTS/RCHL-CURRENTS/

VALUE_PARAMETER.F. To use Eqs. (17) and (18) of Ref. [50]
FFKPIVEC has to be set to 0. For the default we take
FFKPIVEC ¼ 1.
29We are thankful to Jorge Portolés for the discussion on the
differences between the models.
30The reason for this difference of 15% is because we are
not using Eq. (19) of Ref. [50]. The difference between the
results of Refs. [27,50] for the vector form factor contribution
is only �4%. See Sec. VII and Appendix E for a related
discussion.

31Even a simple Breit-Wigner includes a crude description of
FSI [60], where, e.g., off-shell effects are neglected in the
resummation of loops.
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FIG. 6 (color online). � ! ���0�� and � ! K�K0�� decays: Comparison of distributions for TAUOLA current [14] and for our new
current. On the left-hand side, the plot of ���0 invariant mass is shown and on the right-hand side K�K0

S are for new current, red

(darker grey) are for TAUOLA CLEO.
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FIG. 7 (color online). � ! �0K��� and � ! �� �K0�� decays: Comparison of distributions for TAUOLA CLEO current [14] and for
our new current. On the left-hand side, the plot of �0K� invariant mass is shown and on the right-hand side ��K0

S invariant mass is

given. Green histograms (light grey) are for the new current, red (darker grey) are for TAUOLA CLEO.
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collaboration software. All the rest is included in TAR-BALL

to be expanded in the TAUOLA directory. See Appendix B
for details.

The user will be able to switch to the new current
invoking simply CALL INIRCHL(1) prior to TAUOLA initial-
ization, still retaining the possibility to use the old ones
with CALL INIRCHL(0) as well.

An algorithm for working with auxiliary weights to
implement simultaneously several models of � decays is
a straightforward extension.

A. Weight recalculation

Present day experimental data feature very high preci-
sion over all directions of multidimensional phase space.
Nonetheless cross contamination between different chan-
nels takes place. This is the case, for example, if particular
decay channels differ by the presence or absence of �0’s.
Figure 6 of Ref. [6] represents such folded comparison
between data and Monte Carlo for the �þ ! �þ�0 ���

decay channel. This result cannot be used, without addi-
tional information on other decay channels, for fits of
hadronic current. This takes place even for this seemingly
simple case where hadronic current can be directly deci-
phered from a one-dimensional distribution.

In general, for the precision matching of data and mod-
els, it is convenient to simultaneously confront several
models and take into consideration all decay channels
simultaneously. Such a solution may be a necessary tech-
nical step if fits for unfolded data are envisaged at the
precision level better than few percents.

To facilitate technical tasks, a weight recalculation
method is prepared, following discussions and recommen-
dations given in Ref. [9]. It was agreed that organization of
the programs should enable simulation following the
scheme of Fig. 9. For the single generated Monte Carlo

sample (when all detector and experimental acceptance
effects are taken into account), one can calculate weights
enumerating change of matrix element. The procedure can
be repeated as many times as needed. In this way the
optimal choice is met when all experimental and theoreti-
cal effects can be taken into account. With this, the fit to
multidimensional distribution of measured data can be
determined.
We have prepared the necessary changes for TAUOLA.

The following algorithm was checked to work (its techni-
cal details are given in Appendix B 4):
(1) For each generated � stored in a datafile, the user

program reads flavors and 4-vectors of � and its
decay products.

(2) Appropriate kinematic transformation is performed
enabling a recalculation of the matrix element,
exactly as at the generation step.

(3) An appropriate routine of TAUOLA is chosen and the
matrix element is calculated.

(4) Another instance of TAUOLA initialization can be
activated and the matrix element recalculated using
a different physics model.

(5) If one of the two models was used in the generation
of the user sample, then the weight for the model
replacement can be calculated as a simple ratio of
the two.

Usage of this method of weight recalculation does not
require any changes to TAUOLA code except those related to
installation of the presented upgrade, aiming at installation
of our new RCHL currents. Needless to say, the method
can be used several times for user variants of RCHL and
interpolation of weights can be used in fits. In our ex-
ample, given in directory NEW-CURRENTS/INSTALLATION-

REWEIGHT we provide a simple method to read generated

events from the file, but it can be easily adapted to
any other one. Linking libraries of MC-TESTER, ROOT, or
HEPMC is an option convenient also for an interpretation/

verification of results.
Basic features which are necessary for our solution have

already been tested for Belle and BABAR software environ-
ments. Changes presented in Appendix B are from that
perspective rather straightforward.

VII. THEORETICAL BASIS OF THE CURRENTS

A. Resonance Chiral Theory framework

The Lorentz structures of currents are universal and a
proper minimal set of form factors only needs to be chosen
for a particular decay mode. One can recall the QCD
symmetries to gain some insight in the form factors. It is
particularly useful that the chiral symmetry of massless
QCD allows one to develop an effective field theory
description, �PT, valid for momenta much smaller than
the � mass [19,20]. However, �PT cannot provide predic-
tions valid all over the � decay phase space [64], it

FIG. 9 (color online). Weight recalculation model, as dis-
cussed in Ref. [125].
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constrains nonetheless the form and normalization of the
form factors in such a limit.32

The computations done within Resonance Chiral Theory
(R�T [22,23]) are able to reproduce the low-energy limit
of �PT up to NLO33 and demonstrate the right falloff
[66,67] in the high energy region. The current state-of-
the-art for the hadronic � decays form factors (Fi) is
described in Refs. [49,68].

The description provided by R�T complies with the
low-energy properties of the underlying theory, at least
up to next-to-leading order.34 Nonetheless it is necessary
to extend �PT to the intermediate energy region, which is
probed through hadronic � decays. In order to do this, one
relies on the large-NC expansion of QCD [72–74] which
predicts that in the NC ! 1 limit there is an infinite tower
of zero-width resonances experiencing among them local
effective interactions taken at tree level. We model this
setting with a spectrum that resembles the measured one.35

We introduce a NLO effect (whose impact is, however,
quite sizable in phenomenological applications) in that
counting, providing the resonances with an energy-
dependent width computed36 within R�T (see Sec. III).

The appropriate falloff at large energies [66,67] is
imposed to the form factors, vector-vector and axial-
vector-axial-vector correlators [46,75–78]. This results in
a set of relations among the coupling constants of the
theory, which are obtained working in the single resonance
approximation (only the lightest multiplet of resonances is
included per given set of quantum numbers) and in the
NC ! 1 limit. Upon integration of the resonances, this
procedure allows the saturation of the values of the �PT
low-energy constants atOðp4Þ andOðp6Þ, both in the even-
and odd-intrinsic parity sectors.

The results for all hadronic currents have been calcu-
lated within R�T working, with the exception of both two-
pion and two-kaon modes, in the isospin limit. Therefore
the corresponding hadronic form factors depend only on
the average pion and kaon masses:

m� ¼ ðm�0 þ 2 �m�þÞ=3; mK ¼ ðmK0 þmKþÞ=2:
(41)

For the three-pseudoscalar modes every hadronic form
factor consists of 3 parts: a chiral contribution (direct
decay, without production of any intermediate resonance),
one-resonance and double-resonance mediated processes.
The precise form of the form factors for three-pion and
(two pions-one kaon) modes is presented in Secs. II A, II B,
and II C. For the two-meson modes the corresponding
vector form factors are built from the lightest resonance
contribution in R�T [52]. FSI are resummed by means of
an Omnès function [52], see Sec. II D. Both two-and three-
meson � decays are sensitive to the exchange of excited
resonances, whose contribution we have to account for.
The exchange of heavier resonances could be computed in
the same fashion as for the lightest multiplet, giving rise to
new unknown couplings.37 This possibility has been post-
poned for the moment to prevent the increase in the number
of free parameters. We believe that it is sensible to tackle
this task once more knowledge on the couplings of the
R�T is achieved. In the three-meson decays, the excited
resonances have been included phenomenologically, intro-
ducing an additional parameter, ��0 , in Eq. (11). This has

been done in such a way to keep the chiral limit result and
the QCD-ruled short-distance behavior. For the two-meson
processes, they have been included analogously as the
lightest resonance contribution, making sure that the
appropriate low- and high-energy limits are not spoiled
and that unitarity and analyticity hold perturbatively.38

Following the approximation proposed in Ref. [53],
three new parameters, related with the �ð1450Þ, �ð1700Þ,
and K�0ð1410Þ couplings, appear: � � �F0

VG
0
V=F

2 [for
�ð1450Þ], � � �F00

VG
00
V=F

2 [for �ð1700Þ], and �K� �
�F0

VG
0
V=ðFFKÞ [for K�0ð1410Þ] 39 in Eqs. (24) and (27).

The short-distance QCD constraint for the vector
form factor will require the relation FVGV þ F0

VG
0
V þ

F00
VG

00
V þ � � � ¼ F2 to hold.

B. The error associated to the 1=NC expansion

Any model based on the 1=NC expansion will naturally
raise the question of the error associated to that expansion,
which can be naively estimated as 1=NC � 30%. It is
natural to object to the convergence of a series in 1=NC

that ends up being 1=3 in the real world. The associated
error of the size of the expansion parameter would be much
larger than the statistical error of experimental measure-
ments or even of our precision target of a few percent.
Just to give a counterexample, a look at the results
of Ref. [52] will quickly suggest that the actual error
can be much smaller, which is noteworthy, especially
taking into account that in the quoted reference, an impres-
sive agreement with data in eþe� ! �þ�� up to

32One should keep in mind that the effect due to different and
nonzero masses of u and d quarks already now seems to be
necessary to explain some of aspects of � data.
33The improvement obtained when doing this can be appreci-
ated in Fig. 1 of Ref. [65].
34Also the leading next-to-next-to-leading order terms [69,70]
are reproduced [52,71].
35In R�T all nine mesons ½�;K�; !; ð�Þ� have the same mass in
the NC ! 1 limit without taking into account SUð3Þ breaking.
The 1=NC corrections make the � heavier [through the axial
anomaly that breaks Uð3Þ down to SUð3Þ]. SUð3Þ breaking
makes M� � MK� � M!.
36The width of a spin-one resonance is defined [51] as the
imaginary part of the pole generated by resumming those dia-
grams, with an absorptive part in the s channel, that contribute to
the two-point function of the corresponding vector current.

37See, for instance, Refs. [79,80].
38See Sec. VII C points 1 and 3 and Appendix E for an im-
proved treatment.
39Because of SUð3Þ breaking effects � � �K�.
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s ¼ 1 GeV2 was obtained in terms of just one para-
meter, M�.

Let us recall how this can be possible. First, the large-NC

expansion of QCD is not an expansion in the usual pertur-
bative sense. For instance, in QED, the perturbative expan-
sion means, firstly, that the diagrams with less photon
couplings to fermionic lines dominate. After that, when
we compute diagrams both at tree level, and including
loops, we realize that the expansion parameter is � ¼
e2=ð4�Þ2 and the coefficients of the series are small com-
pared to �: every order we go further in the expansion the
error reduces by �1=� ’ 137. In the large-NC expansion
of QCD, we know first, which diagrams are leading order
(planar diagrams with gluon exchanges) and which ones
are suppressed. Unfortunately, the expansion has a funda-
mental subtlety that prevents one from determining the
expansion parameter after that: there are infinite diagrams
at any given order in the expansion, so that one cannot
perform a calculation at both LO and NLO and compare
them to know what is the expansion parameter. It is known,
however, that diagrams with internal quark loops are
suppressed as 1=NC and that nonplanar diagrams are sup-
pressed as 1=N2

C. Moreover, if the number of quark flavors,

nf, is not considered to be smaller than NC the former

diagrams can even scale as nf=NC. These kind of contri-

butions would be responsible for the mixing of q �q and
q �qq �q states. The fact that this effect is not observed in
Nature and the success of the quark model classification of
mesons in q �q multiplets suggests that the coefficients of
these diagrams with internal quark loops are tiny, in such a
way that the first non-negligible correction would come
from the nonplanar diagrams, suppressed as 1=N2

C � 10%.

This reasoning may explain why the large-NC expansion is
such a good approximation for low and intermediate-
energy QCD, given the phenomenological successes of
its applications in meson effective field theories [81] and
the corroborated predictions given by the large-NC limit
both for �PT [82,83] and for R�T [23] coupling constants.
All these reasons seem to suggest that, quite generally,
some factor comes to complement 1=NC for the value of
the expansion parameter to be reduced and the relative
accuracy to be increased.

This conclusion is supported by the investigation of
some Oðp4Þ and Oðp6Þ couplings of �PT, which are
done modeling the NLO expansion in 1=NC of R�T
[84–88]. According to the size of the corrections, we judge
that 15% can be a reasonable general estimate (see, however,
our discussion in Appendix C on the possible variations on
the predictions of the couplings obtained in the NC ! 1
limit). Noticeably, the actual expansion parameter can be
computed for R�T in the study of the vector form factor of
the pion at NLO in the 1=NC expansion [89], yielding

�V ¼ nf
2

2G2
V

F2

M2
V

96�F2
; (42)

which, at lowest order, is the ratio of the vector width and
mass, �V � 0:2, agreeing with the previous discussion.
Moreover, we should emphasize that our approach goes

beyond the Nc ! 1 limit. We supplement the lowest order
in the 1=NC expansion for the theory in terms of mesons by
the leading higher-order correction, namely by including
the resonance (off-shell) widths for the wide states �, K?,
and a1. This seems to point to smaller errors than those
characteristic of the LO contribution in the 1=NC expan-
sion and may be able to explain, altogether, an eventual
fine agreement with data.

C. Other sources of error

Once this major concern on the reliability of the R�T
hadronic currents has been discussed, let us consider in
turn other possible sources of error in the different had-
ronic � decay modes considered.
(1) In the two-meson � decay modes an Omnès type of

resummation is employed for the FSI. The proposed
expressions, Eqs. (27) to (30), respect unitarity and
analyticity only in a perturbative sense (this will be
improved along the lines discussed in Appendix E).
The effect of these violations is, however, pretty
small, as one can see comparing the results of
Refs. [27,50] for the � ! K��� decays. That is
why we consider our current parametrizations for
these decay channels a reasonable temporary
approach. For a future update of the program we
recall that Eqs. (27) to (30) should be replaced,
using the procedure described in Appendix E. For
the K� vector form factor we are going to use40 the
parametrization of Ref. [50] in a future upgrade of
the program. Analogous works for the ���0 and
K�K0 vector form factors are under way.

(2) In the three-meson modes, scalar and pseudoscalar
resonance exchange has been neglected. The spin-
one character of the SM couplings of the hadron
matrix elements in the � decays implies that the
form factors for these processes are ruled by vector
and axial-vector resonances. Their contribution
should be minor in � ! KK��� decays (see the
related discussion in Sec. 2 of Ref. [25]) while that
of the scalar resonances can be a bit more important
in � ! 3��� decays. The lightest scalars are sup-
pressed in the large-NC limit (see, however,
Ref. [91]). In these decays, we have also neglected
systematically three-body FSI for the moment. They
may be important in the available phase space and
at the required precision [92,93], thus, should be

40We note that another interesting approach, based on Omnès
integral equations incorporating both chiral constraints at low
energies and QCD short-distance relations at high energies, was
performed in Ref. [90]; isospin-violating corrections were also
studied.
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investigated at a time of comparison to experimental
data. The present step of our work is devoted
predominantly to establish a technical environment,
effort was concentrated on those theoretical aspects
which bring difficulties in program design; careful
discussion of potentially less important effects
is delegated to the future work. Finally, the compu-
tation of �a1ðq2Þ through the optical theorem [24]

does not give the corresponding real part of the loop
function, which we have disregarded. Although this
approximation might be supported numerically it
induces a violation of analyticity.

(3) In the � ! KK��� decays, for the moment, we
have not included the contribution of excited reso-
nances. We expect that their influence is bigger in
this case than in the three-pion channels, since the
mass of the hadronic system is larger. The impact of
this error can be as large as the one coming from the
1=NC expansion.

D. Numerical estimates of the errors in the different
decay channels and distributions

What is the numerical precision we should expect in
confrontation of our currents with the data? As already
mentioned, a first crude estimation gave us an error of the
order of the expansion parameter, 1=NC, thus 30% preci-
sion tag for our results, but we already accumulated, during
the preceding discussion, a number of indications pointing
to better accuracy of the results obtained within this
approach. It is thus of importance [94] to evaluate solely
on the basis of theoretical considerations, for which decay
channels we expect precision to be better or worse and in
which regions of the phase space. This is of course a must
for scientific theory as Resonance Chiral Theory is sup-
posed to be.

The answer, if scientific theory holds, always comes
from the confrontation with the data. Results from theory
have to be prepared in such a manner that agreement
confirms and discrepancy invalidates the theory under
consideration. Theoretical results have to include estima-
tion of their errors from within theory itself. That is the
basic principle of science methodology and our work has to
keep this aspect in mind too. We have to address what is
input and where such confrontation may take place.

Until now we see that the precision can be at the
level of a few percent41 for the two-meson modes
[6,27,49,50,53,95]. Despite the accuracy is at a comparable
level for the d�=dq2 distributions in the three-pion decays,
the error on the distribution in the �þ�� invariant mass
is at the level of �20%. We expect to improve it to a
few percent level once FSI are accounted for. In the
� ! KK��� decays the situation is, somehow, reversed.

The largest error (� 30%) comes on the d�=dq2

distribution, while the accuracy is much better in the
Kþ�� (� 10%) and KþK� (� 5%) distributions. We
expect that the errors on the KK� modes are reduced a
factor of 2 when the excited resonances contributions will
be taken into account.
To get form factors with substantially better agreement

with the data, one may need to introduce ad hoc factors,
hopefully close to unity and hopefully based on educated
guesses. This may provide a valuable hint for future theo-
retical work.

VIII. SUMMARY

In this paper we have documented a set of currents based
on Resonance Chiral Theory for use in hadronic � decays
into either two (���0, �0K�, �� �K0, and K�K0) or three
(�����þ, �0�0��, K���Kþ, K0�� �K0, and K��0K0)
pseudoscalars. The set covers more than 88% of total
hadronic � width. Technical tests of the installation into
the FORTRAN program have been documented. The set can
be used as an upgrade easy to install into any version of the
TAUOLA � decay library. In this way currents are ready for

confronting the � decay data (unfolded or not). Precision
fits can be performed and arrangements for use of model-
dependent weights are ready for that purpose.
On the technical side, the � decay algorithms themselves

have been checked down to 0.05% precision level. To
this end, a detailed comparison between analytic and
Monte Carlo results has been provided. Statistical samples,
2 (3) orders of magnitude larger than at the time of refer-
ence [14] (Ref. [11]) were used. This technical precision of
0.05% is substantially better than physics precision of our
currents which we estimate at the 5%–30% level, depend-
ing on the channel. The software environment for further
phenomenological work is prepared.
In the present work, we have concentrated on decay

modes contributing to 88% of the � hadronic decay width.
In particular, the decay modes of � into 4�’s have not been
updated in our work. The currents for these decays, con-
structed on the basis of low-energy eþe� ! hadrons data
have been available since Ref. [33]. For the time being this
can be used as an alternative to TAUOLA CLEO default of
Ref. [14] in discussion of the systematic error for back-
ground modeling. In these decay modes theoretical foun-
dations are less profound, but we hope that the presented
solution will not jeopardize analysis of other channels due
to lesser control of cross contaminating channels. Together
with 4�’s currents described in Ref. [33] our system covers
now 97% of the total hadronic � width.
It is straightforward to extend our work to more elabo-

rated currents including, e.g., scalar form factors. Because
of the different nature of benchmark distributions, techni-
cal aspects and different physics assumptions we leave this
task to the forthcoming work [29].

41Once the parameters entering Eq. (26) are fitted, we expect
similar accuracy for the KK modes as in the �� and K� cases.
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As a consequence of comparisons with the data, some of
the theoretical assumptions may need to be reconsidered
too. We start from a theoretical approach common for all
channels. Empiric form factors may need to be added later
though. In this way not only agreement with the data will
be established, but eventual inefficiencies of our starting
approach will be numerically evaluated. That is why, it is
important to ensure that model-dependent weights can be
calculated after (and independently of) the detector effects.
There are several assumptions which lie behind our calcu-
lations and in case of discrepancy with the data they may
need to be revisited. Let us list them in descending order of
their theoretical foundation:

(1) We assume that Lorentz invariance will not need to
be reconsidered at any step of our project.

(2) With respect to the separation of the matrix element
into leptonic and hadronic parts, we assume that
electroweak corrections will not affect such separa-
tion beyond precision level of several per mill at
most, the question of an overall normalization factor
for all hadronic channel, see e.g., Refs. [96–98], is
of no practical importance for Monte Carlo.

(3) We assume that isospin symmetry should be a good
guiding principle. We suppose that it should hold
more accurately for distributions than for amplitude
phases, but we do not expect large effects.

(4) Some of the effective couplings can be predicted by
considering the asymptotic behavior of Green func-
tions and form factors both in the effective theory
(R�T) and in the operator product expansion of
QCD [23]. However, these predictions are affected
by different sources of errors, most importantly the
model dependence on the realization of the large-NC

limit of QCD [99–106] (mainly the choice of the
resonance spectra, but not only). Special care should
be taken when relating different channels, especially
if the statistics in both of them is very different and
in one decay channel only a subset of resonance
parameters is used. One should not forget that the
(formal or not) integration of heavy degrees of free-
dom out of the action affects the values of the
parameters in the remaining lower-energy theory.
Results for the individual modes should be analyzed
consequently.

(5) Our effective couplings and interactions are based
on the low-energy effective field theory of QCD
(�PT), whose results are reproduced at NLO in
the corresponding limit by R�T. Although the latter
being formally sound, there is model dependence
in any realization of the large-NC limit of QCD
for mesons and, moreover, we are introducing the
contribution of excited resonances only at a phe-
nomenological level, see Eq. (11) and the related
discussion in Sec. VII, a feature that can be
improved in the future. We may need to explore

the limits of such an approach and take feedback
from experiments.

(6) Different solutions have been advocated for taking
unitarity properties, via the propagator widths, into
account. In particular, there is no consensus that the
exponentiation of the real part of the resonance
width is always the best solution. This point must
be investigated further, especially in light of preci-
sion fits to high-statistics data.

At the same time, the seeming violation of these
principles may be a consequence of some experimental
problems. That is why such discussion requires simulta-
neous participation of theorists and experimental physi-
cists and the proper software environment.
Such fine-tunings took place for the TAUOLA version of

Ref. [11]. The improved agreement with the data of CLEO

and ALEPH has been achieved thanks to the effort of these
collaborations resulting with TAUOLA CLEO and TAUOLA

ALEPH initializations. The code is available from Ref. [14].

We should expect similar work with our present parametri-
zations. We hope that, in this way, theoretical and experi-
mental constraintswill be appropriatelymatched leading to a
representation of experimental and theoretical achievements
in common language of value for future research. Once such
confrontation with the Belle or BABAR data is completed,
one will profit from the technical precision of the simulation
established here and thanks to prepared flexibility for
FORTRAN [14] and Cþþ [62] users of high-energy experi-

ments such as at LHC or for LC will benefit as well. If an
analytic form of the form factors will be attained, it may help
start future work for such research as lattice calculations.
We consider this work as a step towards a theoretically

rigorous description of hadronic tau decay data but, at this
moment, we can still not be sure that the currents for all
channels will be able, after fits, to describe all data well. In
this case, detailed numerical information on the offending
distributions will be provided. Further theoretical work is
stimulated. Some intermediate results are presented in
Refs. [107–109].
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discussions and critical concerns important for the present
and future steps of the project. We acknowledge the inspir-
ing environment of Stefano Bellucci’s group at LNF
(INFN, Frascati), where an important step of the project
was achieved. This research of O. S. was supported by a
Marie Curie Intra European Fellowship within the-7th
European Community Framework Programme (FP7-
PEOPLE-2009-IEF) PIEF-GA-2009-253329 and by the
Spanish Consolider Ingenio 2010 Programme CPAN
(CSD2007-00042) as well by by MEC (Spain) under
Grants No. FPA2007-60323 and No. FPA2011-23778.
The work of P. R. has been supported in part by
MEC (Spain) under Grants No. FPA2007-60323,
No. FPA2008-01430, No. FPA2011-23778, and
No. FPA2011-25948, and by the Spanish Consolider

Ingenio 2010 Programme CPAN (CSD2007-00042). The
work of Z.W. is supported in part by the Polish Ministry of
Science and Higher Education Grant No. 1289/B/H03/
2009/37 and of T. P. from funds of Polish National
Science Centre under decision DEC-2011/03/B/ST2/
00107. From January 1, 2013, the affiliation of O. S. is
IFJ PAN, Kraków, Poland.

APPENDIX A: USEFUL FUNCTIONS
AND NOTATIONS

To minimize repetition and to reduce the size of formu-
las in Sec. II the lengthy ones were moved to this
Appendix.
In the description of the three-hadron currents the fol-

lowing functions were used:

ARðq2; x; y; m2
1; m

2
2; m

2
3Þ ¼ 3xþm2

1 �m2
3 þ

�
1� 2GV

FV

�
½2q2 � 2x� yþm2

3 �m2
2�;

BRðx; y;m2
1; m

2
2Þ ¼ 2ðm2

2 �m2
1Þ þ

�
1� 2GV

FV

�
½y� xþm2

1 �m2
2�;

(A1)

ARRðq2;x;y;m2
1;m

2
2;m

2
3Þ¼ ð�0 þ�00Þð�3xþm2

3�m2
1Þþð2q2þx�yþm2

1�m2
2ÞH

�
x

q2
;
m2

2

q2

�
;

BRRðq2;x;y;z;m2
1;m

2
2;m

2
3Þ¼2ð�0 þ�00Þðm2

1�m2
2Þþðy�xþm2

2�m2
1ÞH

�
z

q2
;
m2

3

q2

�
;

CRðq2;x;m2
1;m

2
2;m

2
3Þ¼ ðc1�c2þc5Þq2�ðc1�c2�c5þ2c6Þxþðc1þc2þ8c3�c5Þm2

3þ8c4ðm2
1�m2

2Þ;
CRRðq2;x;m2Þ¼d3ðq2þxÞþðd1þ8d2�d3Þm2;

DRðq2;x;yÞ¼ ðg1þ2g2�g3ÞðxþyÞ�2g2ðq2þm2
KÞ�ðg1�g3Þð3m2

Kþm2
�Þþ2g4ðm2

Kþm2
�Þþ2g5m

2
K;

ERðx;yÞ¼ ðg1þ2g2�g3Þðx�yÞ: (A2)

They follow conventions of Ref. [25]. Function Hðx; yÞ is
defined in Sec. II A, formula (7). In the description of the
two pseudoscalar form factors, following Refs. [19,20], the
function APQðsÞ was used to describe loops involving
pions, kaons, and � mesons,

APQðsÞ ¼ � 192�2½sMPQðsÞ � LPQðsÞ�
s

; (A3)

where

MPQðsÞ ¼ 1

12s
ðs� 2�PQÞ �JPQðsÞ þ

�2
PQ

3s2
~JPQðsÞ

� 1

6
kPQ þ 1

288�2
; (A4)

�PQ ¼ m2
P þm2

Q; �PQ ¼ m2
P �m2

Q;

kPQ ¼ F2

�PQ

ð�P ��QÞ
(A5)

and

LPQðsÞ ¼
�2

PQðsÞ
4s

�JPQðsÞ: (A6)

The�P ¼ m2
P

32�2F2 lnðm
2
P

�2Þ (at present we take� ¼ M� for all
2 pseudoscalar modes42).
Finally,

�JPQðsÞ ¼ 1

32�2

�
2þ

�
�PQ

s
��PQðsÞ

�PQ

�
ln
m2

Q

m2
P

� �

s
ln
ðsþ �Þ2 ��2

PQ

ðs� �Þ2 ��2
PQ

�
;

~JPQðsÞ ¼ �JPQðsÞ � s �J0ð0Þ;

(A7)

where �2 ¼ �ðs; m2
P;m

2
QÞ. Care has to be taken to keep the

imaginary part of �2 in the phase-space regions where

42Alternatively, for � we may take M� for PQ ¼ ��, KK and
MK� for PQ ¼ K� in Ref. [29].
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�2 < 0, and where Im� must not be set to zero, see the
function JPQ1_FUNCT in the file FUNCT_RPT.F. In the vector
form factor for two pions, this effect shows up in the KK
contribution to the loop function from below the threshold
of KK production.

For the �0 and �00 mesons the loop function A�ðsÞ taken
from Ref. [52] reads

A�ðsÞ ¼ ln

�
m2

�

�2

�
þ 8

m2
�

s
� 5

3
þ 	3

� ln

�
	� þ 1

	� � 1

�
: (A8)

In the last formulas the SUð2Þ limit is taken and
m�� ¼ m�0 ¼ 0:13804 GeV.

All functions in this Appendix are coded in file
NEW-CURRENTS/RCHL-CURRENTS/FUNCT_RPT.F.

APPENDIX B: INSTALLATION

Our project tar-ball, even though resulting from a rather
large effort, is not designed for independent installation.
This would be of course straightforward and we will
return to that solution in the future, once the currents are
optimized to improve agreement with the data. The
parametrization will become an integrated part of the
TAUOLA distribution; for FORTRAN or for Cþþ use, like

in Refs. [14,62]. At present we concentrate on a solution
which is most convenient for the experimental user,
e.g., from Belle or BABAR collaboration aiming at combin-
ing the code with the version of TAUOLA which is already
being used as part of the simulation setup. We aim
at preparing an add-up43 for already existing setup. The
tar-ball can be downloaded from the Web page [28] of
our project.

Once tar-ball is unpacked inside TAUOLA-FORTRAN/

TAUOLA subdirectory (of user environment), the directory

TAUOLA/NEW-CURRENTS will be created, all necessary

FORTRAN files will be found there. For convenience, later

on, we will use the following aliases:
(i) ${RCHLCURRENTS} instead of TAUOLA/NEW-

CURRENTS/RCHL-CURRENTS.

(ii) ${OTHERCURRENTS} instead of TAUOLA/NEW-

CURRENTS/OTHER-CURRENTS.

(iii) ${INSTALLATION} instead of TAUOLA/NEW-CURRENTS/

INSTALLATION.

In TAUOLA/NEW-CURRENTS further subdirectories for
more advanced use or for documentation will be found:

(i) ${RCHLCURRENTS}/TABLER/A1—programs for preta-
bulations in particular of q2-dependent a1 width.

44

(ii) ${RCHLCURRENTS}/CROSS-CHECK—code for techni-
cal and numerical tests.

(iii) NEW-CURRENTS/PAPER—present paper.
(iv) ${INSTALLATION}—instructions for modifications to

be introduced in FORTRAN files and MAKEFILE resid-
ing in directory TAUOLA.

(v) NEW-CURRENTS/INSTALLATION-REWEIGHT—
instruction and example of using reweighting
algorithm.

None of the directories listed above contain code
which is to be loaded together with the TAUOLA library.
Code loaded with the library is located only in the main
folder of ${RCHLCURRENTS} and TAUOLA/NEW-CURRENTS/

OTHER-CURRENTS. Programs in ${RCHLCURRENTS}/

TABLER/A1 can update the FORTRAN code located in file

${RCHLCURRENTS}/INITA1TAB.F.

Once installation is completed, to invoke the calculation
of our new currents the CALL INIRCHL(1) has to be invoked45

by a user main program prior to call on TAUOLA initialization.
If instead CALL INIRCHL(0) is executed prior46 to initialization,
old currents—as in Ref. [14]—will be used in generation.
The CALL INIRCHL(1) may activate also new currents,47

e.g., for ��� or 4� decay channels. At present only
wrappers of currents of Refs. [14,33] are prepared in the
directory ${OTHERCURRENTS} for convenience of users and
our future work. These currents lead to substantially differ-
ent distributions, which is why one may require adjustment
of a phase space presampler used to optimize speed of
generation. Anyway, as a default, they are turned off. For
INIRCHL(1) the same TAUOLA CLEO currents as for INIRCHL

(1) are used. To turn other options, ISWITCH located in the

file ${OTHERCURRENTS}/FFOURPI.F has to be changed from
its default value 0 to 1, 2, 3, or 4.

1. Changes for host TAUOLA version

In order to use new currents, changes have to be made to
the host TAUOLA installation. Let us document here in great
detail changes to be introduced in the TAUOLA CLEO ver-
sion. If some modifications were introduced and user’s host
TAUOLA installation differs from TAUOLA CLEO of Ref. [14],

then modifications prepared in the ${INSTALLATION} direc-
tory cannot be used directly and some adaptation may be
necessary. In either case we advise to check if at least some
of the numerical results from Ref. [28] are correctly repro-
duced after installation.
Let us list now changes which have to be introduced to

files residing in the TAUOLA/TAUOLA directory of the user
installation.

43As the project is developed under Apache subversion (svn),
the tar-ball is accompanied with svn label and it should be kept
for reference.
44In the directory ${RCHLCURRENTS}/TABLER the place to cal-
culate other pretabulated functions (as possibly the scalar form
factor for K� channel) is reserved.

45For a Cþþ user, examples of use of INIRCHL_(1) are given in
NEW-CURRENTS/INSTALLATION-REWEIGHT/ directory.
46This can be done also after initialization as no initialization of
tables is needed. Then one can revert the change again with CALL

INIRCHL(0).
47Although the � ! �ð0Þ���0�� decays have been worked out
within Resonance Chiral Theory [110], the corresponding ex-
pressions for the currents have not been incorporated yet to the
program.
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(i) TAUOLA/TAUOLA/MAKEFILE

The list of LIB_OBJECTS must be extended and addi-
tional objects added:
${RCHLCURRENTS}/F3PI_RCHT.O,

${RCHLCURRENTS}/FKKPI.O,

${RCHLCURRENTS}/FKK0PI0.O,

${RCHLCURRENTS}/WID_A1_FIT.O,

${RCHLCURRENTS}/FRHO_PI.O,

${RCHLCURRENTS}/FUNCT_RPT.O,

${RCHLCURRENTS}/VALUE_PARAMETER.O,

${RCHLCURRENTS}/INITA1TAB.O,

${RCHLCURRENTS}/FKPIPL.O,

${RCHLCURRENTS}/FK0K.O,

${OTHERCURRENTS}/FETAPIPI.O,

${OTHERCURRENTS}/FFOURPI.O,

${OTHERCURRENTS}/BINP.O,

${OTHERCURRENTS}/CURR_KARLS.O,

${OTHERCURRENTS}/CURR_KARLS_EXTRACTED.O;

if there are no additional dependencies the
${INSTALLATION}/MAKEFILE-TAUOLA file can be sim-

ply copied into TAUOLA/MAKEFILE.
(ii) TAUOLA/TAUOLA/TAUOLA.F

If the file in user’s version coincides with the one of
TAUOLA CLEO distribution, the ${INSTALLATION}/

TAUOLA.F-NEW file can be simply copied into

TAUOLA/TAUOLA.F. To verify this, the diff file

${INSTALLATION}/TAUOLA.F-OLDDIFFUPDATED may

be inspected.
(iii) TAUOLA/TAUOLA/FORMF.F

If the file in user’s version coincides with the one of
TAUOLA CLEO distribution, the ${INSTALLATION}/

FORMF.F-NEW file can be simply copied into

TAUOLA/FORMF.F. To verify this, the diff file

${INSTALLATION}/FORMF.F-OLDDIFFUPDATED may

be inspected.
Once changes are introduced the new currents will be

activated and the old ones will be overruled once call to
routine INIRCHL(1) is invoked. Otherwise, or if CALL INIRCHL

(0) is invoked (at any time), old currentswill be then switched

back on. The routine INIRCHL(1) has to be invoked by the user
program at the initialization step. For the Cþþ user, a
definition of EXTERN ‘‘C’’ VOID INIRCHL_(INT I); has to be
included and execution of INIRCHL_(&I); performed.

An example has been provided in ${INSTALLATION}/

DEMO-STANDALONE. It is based on the default TAUOLA

CLEO example with the only modification being the call

to INIRCHL(1) before default TAUOLA initialization.

2. Calculating numerical tables used by form factors

The directory ${RCHLCURRENTS}/TABLER/A1 contains
the program DA1WID_TOT_RHO1_GAUSS.F; it creates a table
of �a1ðq2Þ according to Eq. (35). The system does not use

any information from TAUOLA initialization except the pion
and kaon masses.

We have also prepared a place to add tables for other
function; in the near future it will be done for the scalar
form factor of the K� mode.

a. Executing the code

The program DA1WID_TOT_RHO1_GAUSS.F produces the
q2 distribution of the a1 off-shell width.
To compile, type MAKE in ${RCHLCURRENTS}/TABLER/A1

directory. To run, type MAKE RUN. Each line of the pro-
duced output includes the value of q2½GeV2�, and the value
of d�=dq2½GeV�1�. This table is written into the file
INITA1TAB.F which is the FORTRAN code ready to use.

One can shift it to ${RCHLCURRENTS} directory by MAKE

MOVE command. Text format table is written into file

WIDA1_QQ_TOT_2E5.OUT.

b. Setup

Input parameters and common blocks are located in
${RCHLCURRENTS}/PARAMETER.INC. Other parameters are

defined in ${RCHLCURRENTS}/VALUE_PARAMETER.F. These
parameters may be changed by the user. If the parameters
affect the q2-dependent a1 width (or other pretabulated func-
tions), the tables need to be generated anew with the help of
programs residing in the directory ${RCHLCURRENTS}/

TABLER. A list of the parameters that affect generated tables

(and thus require tables to be generated again) is in
${RCHLCURRENTS}/VALUE_PARAMETER.F. Some of the varia-

bles used in functions from ${RCHLCURRENTS}/FUNCT_RPT.F

are declared in ${RCHLCURRENTS}/FUNCT_DECLAR.INC.

3 Tests

Directory ${RCHLCURRENTS}/CROSS-CHECK contains
three subdirectories:
(i) CHECK_ANALYTICITY_AND_NUMER_INTEGR, it includes:
(a) test of numerical stability in calculations of �a1ðq2Þ

and for the whole � hadronic decays as described
in Sec. II. For that purpose it is checked if continuity
of results as a function of the invariant mass
holds.

(b) the result for the integrated width of the � ! 2���,
� ! K���, �!K�K0��, �!3���, �!K��K��,
and � ! K��0K0��. These results can be con-
fronted with the result of Monte Carlo simulation
collected in subdirectory TAUOLA_RESULT_MODES.

(ii) RESULTS_NUMER_INTEGR_3PION presents the results
for the width of � ! 3��� as a function of the 3
pion invariant mass. It is calculated by numerical
integration of the analytical formula for different
choices of hadronic form factors as it is described in
Sec. IV.

(iii) TAUOLA_RESULT_MODES contains Monte Carlo
results for both differential and total width for the
processes � ! 2���, � ! K���, � ! K�K0��,
� ! 3���, � ! K��K��, and � ! K��0K0��.
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a. Numerical stability tests

The directory ${RCHLCURRENTS}/CROSS-CHECK/CHECK_

ANALYTICITY_AND_NUMER_INTEGR contains six subdirec-

tories with tests of numerical stability for hadronic �
decay modes and a subdirectory with the test for the
a1 width. Each decay channel is located in a separate
directory. Details regarding each of these tests are
described in README files of the directory and every
subdirectory as well. That is why only the basic infor-
mation is provided in our paper. We have checked using
interpolation from neighboring values that the value of
d�=dq2 is continuous and is not contaminated by nu-
merical instability of multidimensional Gaussian integra-
tion. Also we present the analytical results for the partial
width of every channel to be compared with the
Monte Carlo ones.

Content of the directory:
(i) CHECK_ANALYT_3PIWIDTH—test of numerical stabil-

ity of the distribution d�ð� ! �����Þ=dq2. Results
are presented for separate modes: d�ð� !
���

0�0��Þ=dq2 and d�ð� ! ���
����þÞ=dq2.

Also the value of the partial widths for the channels
is provided for the comparison with the TAUOLA

results.
(ii) CHECK_ANALYT_KKPI—test of numerical stability

for d�ð� ! ��KK�Þ=dq2. Results are presented
for separate modes: d�ð� ! ��K

���KþÞ=dq2
and d�ð� ! ��K

0�� �K0Þ=dq2. The value of the
partial widths for both channels are provided.

(iii) CHECK_ANALYT_KK0PI0—tests of numerical
stability for � ! ��K

��0K0: both the spectrum
d�ð� ! ��K

��0K0Þ=dq2 and the partial width
are provided.

(iv) CHECK_ANALYT_2PI—tests of numerical stability
for � ! ���

��0: both the spectrum d�ð� !
���

��0Þ=dq2 and the partial width are provided.
(v) CHECK_ANALYT_KPI—tests of numerical stability

for � ! ��K�: both the spectrum for the total width
d�ð� ! ��K�Þ=dq2 and the partial width for chan-
nels �� �K0 and �0K� are provided. The partial
widths for the individual decays are checked to be
2=3 and 1=3 of the total K� width, mass effects are
negligible in this case.

(vi) CHECK_ANALYT_K0K—tests of numerical stability
for � ! ��K

�K0; both the differential distribution
d�ð� ! ��K

�K0Þ=dq2 and the partial width are
provided.

(vii) CHECK_ANALYT_A1TABLE—tests of numerical
stability of �a1ðq2Þ produced by program des-

cribed in Appendix B 2.

b. Analytic integration test

The results of the analytical integration test in the three-
pion case are presented in the directory ${RCHLCURRENTS}/

CROSS-CHECK/RESULTS_NUMER_INTEGR _3PION.

They are produced by the program TOTWID3PI_

QQ_TABLE.F in the directory ${RCHLCURRENTS}/CROSS-

CHECK/CHECK_ANALYTICITY_AND_NUMER_INTEGR/CHECK_

ANALYT_3PI.

The program can be compiled by command MAKE and
run with MAKE totwid3pirun > output:txt.
The setup file INPUT_F1F2F4.DAT, in ${RCHLCURRENTS}/

CROSS-CHECK/CHECK_ANALYTICITY_AND _NUMER_INTEGR/

CHECK_ANALYT_3PI contains:

(i) EPS—defines (relative) precision of the Gaussian
integration.

(ii) KF1—flag for form factor F1. For kf1 ¼ 0, 1 or 2 F1

will be set respectively to 0, 1 or to its functional
form.

(iii) KF2—flag for form factor F2. For kf2 ¼ 0, 1 or 2 F2

will be set respectively to 0, 1 or to its functional
form.

(iv) KF4—flag for form factor F4. For kf4 ¼ 0, 1 or 2 F4

will be set respectively to 0, 1 or to its functional
form.

(v) CHAN—flag to choose the 3 pion mode. chan ¼ 1 for
�0�0�� and chan ¼ 2 for �����þ.

If the functional form of the form factors is used, it
will be taken from the file ${RCHLCURRENTS}/CROSS-

CHECK/CHECK_ANALYTICITY/CHECK_ANALYT_3PIWIDTH/

FUNCT_3PI.F.

If KF1 or KF2 is set to 2, pretabulated file
${RCHLCURRENTS}/INITA1TAB.F will be used for �a1 in the

propagator of the a1 meson.48

The output file contains four columns:
(i) QMIN (in [GeV2])—lower boundary for the integra-

tion over 3-pion invariant mass.
(ii) QMAX (in [GeV2])—upper boundary for the integra-

tion over 3-pion invariant mass.
(iii) EPS—estimate of the integration precision in the

result.
(iv) total width (in [GeV]).
Results for the different configurations of the form factor

are presented in TAUOLA/RCHL-CURRENTS/CROSS-CHECK/

RESULTS_NUMER_INTEGR_3PION.

4. TAUOLA weight recalculation mode

Let us present now the installation necessary for the
method of weighted events, which was envisaged in
Sec. . An example of such installation code is included in
our distribution tar-ball in directory NEW-CURRENTS/

INSTALLATION-REWEIGHT.

Before the reweighting method can be used, TAUOLA

needs to be adapted to new currents as explained
in Appendix B 1. Afterwards, our example program
TAU-REWEIGHT-TEST-ASCII.C, residing in the directory

NEW-CURRENTS/INSTALLATION-REWEIGHT, can be run with

48Note that the tabulated file is generated by the program
described in Appendix B 2.
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the help of the simple MAKE command.49 For more details
regarding the reweighting examples, refer to README

located in NEW-CURRENTS/INSTALLATION-REWEIGHT.
The following subsection describes the reweighting al-

gorithm as well as initialization used in the example. Note,
contrary to the rest of the project, the reweighting algo-
rithm, including examples of its usage, is written in C++.

a. Weight recalculation algorithm

In order to use recalculation mode, several steps have to
be performed from the user program:

(1) Before TAUOLA initialization, RChL currents have to
be switched on. This can be donewith the help of the
wrapper for FORTRAN function INIRCHL(IVER), by
calling INIRCHL_(&I); with i ¼ 1;. Two versions of
currents will be used, but initialization must be
done for IVER ¼ 1, for initialization of RCHL-specific
variables and tables.

(2) Initialization of TAUOLA must be called. We
are using initialization taken from the default
TAUOLA example, stored in wrapper function

F_INTERFACE_TAUOLAINITIALIZE.

(3) For each event, the information about � and its
decay products must be filled and stored in instances
of SIMPLEPARTICLE class.50

(4) Once the kinematical configuration for � decay is read
from the datafile (or fifo pipe), function: double

calculateWeightðSimpleParticle&tau; vectorhSimple
Particlei&taudaughtersÞ can be used to retrieve the
weight.

The algorithm of the function CALCULATEWEIGHT is
sketched in the following:

(1) Particles are prepared and boosted to the appropriate
frame.

(2) TAUOLA decay channel is identified.
(3) TAUOLA CLEO currents are switched on with

INIRCHL_(&I); i ¼ 0.

(4) Call to appropriate internal TAUOLA FORTRAN sub-
routine, returning weight WT1.

(5) RCHL currents are switched on with INIRCHL_(&I);

i ¼ 1.
(6) Call to the same routine as in step 4 is performed,

returning weight WT2.
(7) Ratio of weights calculated at steps 4 and 6 gives

required model replacing weight.
(8) WT ¼ WT2=WT1 is returned to the main user program.
It is rather straightforward to extend this method to the

case when more than one new version of physics initiali-
zation is to be used. Note that the examples are set up so

that the weight is calculated both for �� and �þ and stored
in variables WT_M and WT_P, respectively. In cases where
only a single � is present in the event, the weight corre-
sponding to the second � equals 1.0.
Alternatively, in cases when this approach cannot be

used or is inconvenient, variants of the method, based on
fifo pipes can be useful as well. Prototypes for such solu-
tions can be obtained from Ref. [111].
Hadronic currents for �þ and �� differ due to CP parity.

The resulting effects are taken into account in the reweight
algorithm.

5. TAUOLAþþ installation

Thanks to the modular construction of the TAUOLA

Cþþ Interface [62], new currents can be used in
Cþþ projects in a straightforward way. It is enough to
replace the previous TAUOLA-FORTRAN installation with the
new one, adjusting MAKEFILE with a list of the newly added
object files.
For step-by-step instructions, we refer to

$fINSTALLATIONg=README� TAUOLAþþ. Our package
has already been tested to work with TAUOLA Cþþ
Interface v1.0.5, but the installation procedure is similar
for all previous versions and should remain unchanged for
future versions as well.

APPENDIX C: INPUT PARAMETERS

The results collected in this paper represent a technical
test of program installation as well. Figures should be
reproduced if the input parameters collected in Tables III,
IV, and V and defined in routine TAUOLA/NEW-CURRENTS/

RCHL-CURRENTS/VALUE_PARAMETER.F remain unmodified.

In some cases the actual numerical value of parameters
depends on chosen decay channel. For the KK�modes we
useMK� ¼ ðMK�� þMK�0Þ=2. For the K�modes the value
of parameters depends on parametrization. It is distinct for
the one of Ref. [27,50]. In the second case the mass
parameters are noticeably different from the pole values.
The results for the latter are consistent in both approaches.
The choice between the two parametrizations for K�
modes (channels 2, 3 in Table VI) is controlled by
FFKPIVEC again to be set in VALUE_PARAMETER.F. The

FFKPIVEC ¼ 0 activates parametrization from Ref. [50]
and FFKPIVEC ¼ 1 the ones of Ref. [27]. Numerical values
of all parameters, not only the masses, are different for the
two cases. Variables are named with big greek letters for
FFKPIVEC ¼ 1 and with the small ones for FFKPIVEC ¼ 0.
There are two other flags FFVEC and FFKKVEC in

VALUE_PARAMETER.F. The first one fixes run with/without

FSI effects (FFVEC ¼ 1 for run with FSI effects) and the last
one chooses the parametrization for two-kaon form factor
with/without the excited � meson states (FFKKVEC ¼ 1 for
the parametrization with �0 and �00). By default FFVEC ¼ 1,
FFKPIVEC ¼ 1 and FFKKVEC ¼ 0.

49Other example, TAU-REWEIGHT-TEST-HEPMC.C, requires instal-
lation of HEPMC and optional installation of MC-TESTER, and their
paths provided in the MAKEFILE.
50Class SIMPLEPARTICLE is used only to contain four-vector and
flavor of the particle.
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On the technical side, the choice of the internal flag KAK

is made at the start of each � decay generation. It depends
on the decay channel labeled by IMODE (generated by
TAUOLA) and the flags51 FFVEC, FFKKVEC, and FFKPIVEC.

The variable KAK is then passed into routine
VALUE_PARAMETER.F and the appropriate choice for the

parameters is made. The KAK parameter coincides with
IMODE for all channels except the K� modes. For the K�
decay modes KAK ¼ 70 if FFKPIVEC ¼ 0 and KAK ¼ 71 if
FFKPIVEC ¼ 1.

For FFKPIVEC ¼ 0 (that is for KAK ¼ 70) parameters
marked in tables with † are used, otherwise defaults of
Tables IV and V are left unmodified.

For KAK ¼ 4 (i.e., for � ! ���0��) masses and widths
of �, �0, and �00 result from the adjustment to the experi-
mental data and do not coincide with PDG defaults. For
other channels we simply take the PDG values [31] for the
�ð�0Þ parameters. The PDG values are also taken for the
narrow width resonances ! and �, numerical values are
collected in Table III.

The PDG value is taken for the a1 mass.52 The parame-
ters of the Resonance Chiral Theory are given in the
Table IV as well.53

The parameters 
V and FK can be varied by the user
starting from the code version of the year 2012. We follow
Ref. [25] and the case of ideal mixing (
V ¼ 35:26
). In
this case the � contribution to � ! KK��� vanishes [25].
However, the absence of intermediate � exchange contra-
dicts the results of the BABAR Collaboration [113] for the
isospin related decay eþe� ! Kþ�0K� and for � decays
themselves (see 10). The parameter FK is not used in our
default formulas. It enters the nondefault parametrization
for K� vector form factor, i.e., for FFKPIVEC ¼ 0, KAK ¼ 70.
We follow Ref. [50] in the choice FK ¼ 1:198 � F. FK � F
is related to SUð3Þ breaking and higher-order chiral cor-
rections. The parameter Ht0 ¼ �1:24004� 10�2 does not
appear in the text either. It corresponds to the value of the
K� loop function at zero-momentum transfer, ~HK�ð0Þ, in
Eq. (11) of Ref. [50].
Let us stress that in practice the parameters may need to

be varied. The defaults and the expected variation ranges
are given in Tables IV and V.

1. Range of variation of the
nonresonance input parameters

As long as the PDG values do not change, the values
listed in Table III should remain unchanged.54

In order to account for the uncertainty given by higher-
order chiral corrections, we suggest to vary FK as indicated
in Table IV.

TABLE III. Initialization parameters defined in TAUOLA main code or in file NEW-CURRENTS/

RCHL-CURRENTS/VALUE_PARAMETER.F: constants and defaults. In this table our defaults used for

plots or parameters not requiring to be changed in fits are collected. Channel identification
numbers are defined in Table VI. Energy units are powers of GeV.

Parameter Variable name Default Used in channel

m� MTAU 1.777 all,a

m��
MNUTA 0.001 all,a

cos
Cabibbo set in TAUOLA initialization 0.975 all

GF set in TAUOLA initialization 1:166375� 10�5 all

m�� MPIC 0.13957018 all,a

m�0 MPIZ 0.1349766 all,a

m� META 0.547 2, 3, 5–9,a

mK� MKC 0.493677 all,a

mK0 MKZ 0.497648 all,a

M! MOM 0.78194 7, 8

�! GOM 0.00843 7, 8

M� MPHI 1.019 7, 8

�� GPHI 0.0042 7, 8

aVariables requiring rerun of pretabulation NEW-CURRENTS/RCHL-CURRENTS/TABLER/A1/
DA1WID_TOT_RHO1_GAUSS.F.

51At the moment KAK depends on FFKPIVEC only. However, in
the future it will depend also on FFVEC and FFKVEC.
52For discussion on the difference between the mass used in the
resonance Lagrangian and the physical one and a possibility to
substitute the first with the latter, see Ref. [25] and footnote 56 in
this paper.
53We point out that the values for the parameters ��0 ,M�00 , ��00 ,
�, �, �1, and �2 lie outside the educated guess for its range of
variation given in Table IV. This is irrelevant for the technical
check we are proposing in this section but matters for the actual
use of the program.

54The PDG limit on m��
(18.2 MeV) is not used in the

program. If one wants to play with this limit [114,115], our
test results shall change in a rather negligible way. We use
m��

¼ 0:01 GeV.
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2. Range of variation of the resonance input parameters

The resonance parameters are of different nature in this respect. Apart from the safe identificationMV � M� [116], there

is more uncertainty and model dependence on them. For the program user this is translated in a relative freedom to change
the values of M�, Ma1 , M�0 , ��0 , M�00 , ��00 , �, �, �1, �2, MK�� , MK�0 , MK� , MK�0 , mK� , mK�0 , �K� , �

K�0 , �K�0 , FV , GV ¼
F2=FV (although some deviations to this relation—below 20%—may be expected due to the effect of excited resonances),
FA, ��, and �K�. The changes of these parameters can be guided by the educated guesses on their range,55 displayed in

Table IV.

TABLE IV. Initialization parameters defined in file NEW-CURRENTS/RCHL-CURRENTS/

VALUE_PARAMETER.F: part 2, fit parameters. An educated guess for the variation of some of

the resonance parameters is given. Energy units are powers of GeV. Channel identification
numbers are defined in Table VI.

Parameter Variable name Default [Suggested range] Used in channel

M� MRO 0.77554 [0.770, 0.777] 1

M� MRO 0.775 [0.770,0.777] 4–9,a

Ma1 MMA1 1.12 [1.00, 1.24] 5–9,a

M�0 MRHO1 1.453 [1.44, 1.48] 1

M�0 MRHO1 1.465 [1.44, 1.48] 4, 5, 6,a

��0 GRHO1 0.50155 [0.32, 0.39] 1

��0 GRHO1 0.4 [0.32, 0.39] 4, 5, 6,a

M�00 MRHO2 1.8105 [1.68, 1.78] 1, 4

��00 GRHO2 0.4178 [0.08, 0.20] 1, 4

� COEF_GA 0.14199 [0.077, 0.099] 1, 4

� COEF_DE �0:12623 ½�0:035;�0:012� 1, 4

�1 PHI_1 �0:17377 [0.5, 0.7] 1, 4

�2 PHI_2 0.27632 [0.5, 1.1] 1, 4

MK�� MKSP 0.89166 [0.891, 0.892] 2, 3, 7–9,a

MK�0 MKS0 0.8961 [0.895, 0.897] 2, 3, 7–9,a

MK� MKST 0.8953 [0.8951, 0.8955] 2, 3

MK� MKST ðMK�� þMK�0 Þ=2 7–9,a

mK� MKST 0.94341 [0.9427, 0.9442] 2b, 3b

�K� GAMMA_KST 0.0475 [0.047, 0.048] 2, 3

�K� GAMMA_KST 0.06672 [0.0655, 0.0677] 2b, 3b

�K�0 GAMMA_KSTPR 0.206 [0.155, 0.255] 2, 3

�K�0 GAMMA_KSTPR 0.240 [0.120, 0.380] 2b, 3b

MK�0 MKSTPR 1.307 [1.270, 1.350] 2, 3

mK�0 MKSTPR 1.374 [1.330, 1.450] 2b, 3b

F FPI_RPT 0.0924 [0.0920, 0.0924] all,a

FK FK_RPT 1:198F ½0:94F; 1:2F� 3, 4

FV FV_RPT 0.18 [0.12, 0.24] 5–9,a

GV GV_RPT F2=FV ½0:xxF2=FV; 1:xxF
2=FV� 5–9,a

FA FA_RPT 0.149 [0.10, 0.20] 5–9,a

�� BETA_RHO �0:25 ½�0:36;�0:18� 5, 6a

�K� GAMMA_RCHT �0:043 ½�0:033;�0:053� 2, 3

�K� GAMMA_RCHT �0:039 ½�0:023;�0:055� 2b,3b


V THETA 35.26
 [15
,50
] 7, 8

aVariables requiring rerun of pretabulation NEW-CURRENTS/RCHL-CURRENTS/TABLER/A1/
DA1WID_TOT_RHO1_GAUSS.F.
bThe parameters corresponding to nondefault currents of K� modes (FFKPIVEC ¼ 0).

55Keep in mind, however, the warning concerning the relation GV ¼ F2=FV and the one affecting Eq. (C1) for the range for GV and
FA, respectively.

RESONANCE CHIRAL LAGRANGIAN CURRENTS AND � . . . PHYSICAL REVIEW D 86, 113008 (2012)

113008-27



The warning is that the FV and FA cannot be changed
independently since they should satisfy, to a reasonable
accuracy56 the first and second Weinberg sum rules taken
in the single resonance approximation [119]:

F2
V � F2

A ¼ F2; F2
VM

2
V ¼ F2

AM
2
A: (C1)

Violations of these relations can be due to the modelization
of the resonance spectrum in the large-NC limit but should
remain below 20%.

There is more uncertainty on the couplings belonging to
the odd-intrinsic parity sector, namely the ci, di, and gi
values and variation ranges are given in Table V. Some
remarks on the relations are in place:

(i) c1 � c2 þ c5 � 0 would violate maximally the
short-distance QCD-ruled behavior for the vector-
vector correlator �Vðq2Þ [25], this condition must
not be changed.

(ii) 2g4 þ g5 comes from �ð! ! �þ���0Þ. Both the
direct production mechanism [25] and the one-
resonance exchange [46] were taken into account
consistently and the error is under control: 2g4 þ
g5 ¼ �0:60� 0:02. If the PDG value for this decay
width does not change, the value of this combination

of couplings should be changed within the quoted
error only.

(iii) The high-energy large-NC predictions for the set
fg2; g1 � g3; c1 � c2 � c5 þ 2c6; d3g come at the
same order in the expansion of �Vðq2Þ in powers
of 1=q2 [25]. Therefore, changes on the values of
these parameters shall be expected from subleading
corrections in 1=NC and, moreover, they will be
highly correlated. Variations of 1=3 with respect to
the values of any of them, see Table V, may occur.

(iv) The predictions for d1 þ 8d2 � d3 and c1 þ c2 �
8c3 � c5 were not obtained in hadronic � decays
but in the study of the hVVPi octet [46] and singlet
[120] Green function. Therefore, an educated con-
servative guess yields a deviation up to some 50%
of the former. For the latter, a nonzero value may
arise provided it has a minor effect in the observ-
ables, since its contribution vanishes in the chiral
limit.

(v) Our current understanding seems to point to differ-
ent values of c4 and g4 than those shown in Table V.
We would suggest that they are allowed to vary
freely in the fits (keeping control on the branching
ratio if it is not included as a data point in the fit).

In addition to what is explained above, the values of the
couplings can be affected by the introduction of the second
multiplet of resonances in � ! KK��� decays.
Finally, there are parameters in VALUE_PARAMETER.F

which are already prepared for the future update, but not
yet used in the program: GRO, MF2, GF2, MF0, GF0, MSG, GSG.

APPENDIX D: BENCHMARK RESULTS

In Table VI we collect results as coming from our default
setting. It documents directly the distribution tar-ball.
Results have to be checked once tar-ball is unpacked and
installed in the particular environment. It will check if
sufficiently large samples are installed, correctness of

TABLE V. Initialization part 3: odd-intrinsic parity sector. File NEW-CURRENTS/RCHL-

CURRENTS/VALUE_PARAMETER.F. Channels identification numbers are defined in Table VI. The

defaults, which follow Refs. [25,112], are needed to reproduce our figures.

Parameter Variable name Default [Suggested range] Used in channel

c1 � c2 þ c5 C125 0.0 7–9

2g4 þ g5 G4; G5 �0:6 ½�0:64;�0:56� 7, 8

g2 G2
MV

192�2
ffiffi
2

p
FV

½�33%;þ33%� 7–9

g1–g3 G13
�2MV

192�2
ffiffi
2

p
FV

½�33%;þ33%� 7–9

c1 � c2 � c5 þ 2c6 C1256 � 3FVMV

96�2
ffiffi
2

p
F2 ½�33%;þ33%� 7–9

d3 D3 � M2
V

64�2F2 ½�33%;þ33%� 7–9

d1 þ 8d2 � d3 D123 0.05 ½�50%;þ50%� 7–9

c1 þ c2 � 8c3 � c5 C1235 0.0 ½�0:25;þ0:25� 7–9

c4 C4 �0:07 Free 7–9

g4 G4 �0:72 Free 7, 8

56Checking the first of Eqs. (C1) is straightforward; for the
second one, it should be observed that in the different relations
among couplings which can be obtained from short-distance
QCD constraints [66,67,117,118] and involving MA, the identi-
fication MA �Ma1 is not appropriate [116]. There is some
tension on the value of MA: 998(49) MeV in Ref. [80] versus
920(20) MeV in Ref. [84]. The range [900, 1050] MeV should
accommodate reasonable variations of this parameter in order to
estimate the possible violations of the second Weinberg sum
rule. The interval given for Ma1 is only marginally consistent
with the PDG value [31]. However, this is not an issue, since it
depends strongly on the precise definition of the resonance mass
used to extract it; the PDG one and the one in Ref. [24] are
different.
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coupling constant setting, etc. This table will be updated in
the future, once currents are modified, and included in the
paper version of the distribution tar-ball.

Awealth of data is available from the project Web page
[28]. Many of the results collected there were obtained
using MC-TESTER [57]. The distributions can be thus easily
used for benchmarking any other Monte Carlo program
independently if it is used for simulations coded in Cþþ
or FORTRAN, provided that event record such as HEPEVT or
HEPMC [121] is used.

APPENDIX E: FINAL STATE INTERACTIONS

Final state interactions have been taken into account
for the two-meson � decays but not for the three-meson
channels. It is of great importance to include them in the
two-meson decays, because otherwise the right normaliza-
tion at the peak is clearly lost and the curve would go
systematically below the data in the resonance region.57

This effect is certainly much smaller for the three-meson �
decays, where nonetheless it can show up in the two-
particle invariant mass distributions in particular regions
of phase space, where our calculation is particularly far
from experimental data, see Fig. 8. For the two-meson
modes (� ! PQ��), FSI are taken into account through
the Omnès resummation [122] provided by the exponents
in Eqs. (24) and (27). In this approximation [52], the

imaginary part of the loop function is kept in the denomi-
nator, providing the width of the exchanged resonance. The
real part is resummed in the exponential—while the expo-
nential is a common factor in Eq. (27), it is different in
every term in Eq. (24). If we had good theoretical knowl-
edge of the energy-dependent meson widths (also for
excited resonances) the latter procedure would be prefer-
able. For the time being, both approaches are equivalent

TABLE VI. Collection of numerical results to be obtained from the DEMO-STANDALONE. Possible future extensions going beyond the
published paper will be documented in this table in the paper version included with the distribution tar-ball. References to subsections
may be replaced in the future by references to the forthcoming papers. The last column includes references to routines of the currents
code. This table is complementary to Table II. Results for the case when FSI switched off with the help of FFVEC ¼ 0 in file NEW-

CURRENTS/RCHL-CURRENTS/VALUE_PARAMETER.F are also given, then FFKKVEC ¼ 1 was used.

No. Channel Width [GeV] Reference

In NEW-CURRENTS/RCHL-CURRENTS

directory channel’s current:file ! routine

1. ���0 5:2441� 10�13 � 0:005% Sec. II D frhopi:f ! CURRPIPI0

2. �0K� 8:5810� 10�15 � 0:005% Sec. II D fkpipl:f ! CURRKPI0

3. �� �K0 1:6512� 10�14 � 0:006% Sec. II D fkpipl:f ! CURRPIK0

4. K�K0 2:0864� 10�15 � 0:007% Sec. II D fk0k:f ! CURRKK0

5. �����þ 2:0800� 10�13 � 0:017% Sec. II A f3pircht:f ! F3PIRCHT
a

6. �0�0�� 2:1256� 10�13 � 0:017% Sec. II A f3pircht:f ! F3PIRCHT
a

7. K���Kþ 3:8460� 10�15 � 0:024% Sec. II B fkkpi:f ! FKKPI
a

8. K0�� �K0 3:5917� 10�15 � 0:024% Sec. II B fkkpi:f ! FKKPI
a

9. K��0K0 2:7711� 10�15 � 0:024% Sec. II C fkk0pi0:f ! FKK0PI0
a

1. ���0 4:0642� 10�13 � 0:005% Sec. II D frhopi:f ! CURRPIPI0
b

2. �0K� 7:4275� 10�15 � 0:005% Sec. II D fkpipl:f ! CURRKPI0
b

3. �� �K0 1:4276� 10�14 � 0:006% Sec. II D fkpipl:f ! CURRPIK0
b

4. K�K0 1:2201� 10�15 � 0:007% Sec. II D fkpipl:f ! CURRKK0
b

aThe Fi of formula (4).
bFSI off.
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FIG. 10 (color online). Normalized events distribution versus
invariant mass of �0K� pair: no FSI case corresponds to the red
(darker grey) line, for FSI the green (lighter grey) line was used.
Adjustment of numerical parameters is taken into account (shift
of K� mass, etc.). The ratio of the two histograms is given by the
black one (only in this case the left side scale should be used).
We have used MC-TESTER, Ref. [57], for preparation of the plot.
Some of the automatically generated markings are explicitly left
on the plot in this case. The program, MC-TESTER, is used also for
plots of our Web page [28].

57This reduction of the jFPQ
V ðsÞj2 peak value amounts to

13% $ 30% for PQ ¼ ��, KK, and K�, depending on the
decay channel and the exchanged resonances accounted for. See
also the analogue comparison for the decay width in Sec. VD.
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within the theoretical uncertainties. This resummation
respects analyticity and unitarity only in a perturbative
sense, a feature that can be improved [50] to hold to all
orders as follows:

(1) The relevant phase shift is obtained as the ratio
between the imaginary and real parts of the vector

form factor �PQðsÞ ¼ Im½FPQ
V ðsÞ�=Re½FPQ

V ðsÞ�.
FPQ
V ðsÞ stands for a form factor which can be

obtained from Eqs. (24), (26), and (27) by taking
out the exponentials and placing back the real part of
the relevant loop functions in the denominator (see
Refs. [29,51] for details).

(2) A three-times subtracted dispersion relation is used
to resum FSI effects and the final form factor reads

FPQ
V ðsÞ ¼ exp

�
�1sþ �2s

2

þ s3

�

Z scut

sthr

ds0
�PQðs0Þ

s03ðs0 � s� i�Þ
�
; (E1)

with scut � 4 GeV2 [50,123,124] and sthr ¼
ðmP þmQÞ2. The subtraction constants �1 and �2

are to be fitted to data.
This procedure will be followed in a future update of the

program. Technically the method requires calculation of
Cauchy Principal Value integrations which can be rather
time consuming and necessitates numerical stability
checks.
For the moment we consider FSI effects as they are

given in Sec. II D, Eqs. (22) and (24)–(27). To run the
code with the FSI effects one has to fix FFVEC ¼ 1 in
VALUE_PARAMETER.F. Effects of FSI are presented in

Table VI, the last four lines are provided for comparison,
and in Fig. 10, they change by 14%–32% the decay width,
depending on the channel. Further results are collected in
our Web page [28].
In the three-meson modes these interactions are

neglected at the moment. We plan to include them in the
future, at least for the � ! ����� decays.
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We study—at leading order in the large number of colors expansion and within the resonance chiral

theory framework—the odd-intrinsic-parity eþe� ! �þ��ð�0; �Þ cross sections in the energy regime

populated by hadron resonances, namely 3m� & E & 2 GeV. In addition, we implement our results in the

Monte Carlo generator PHOKHARA 7.0 and we simulate hadron production through the radiative return

method.
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I. INTRODUCTION

The hadronization of currents in the nonperturbative
regime of QCD provides important information on the
dynamics of hadrons. Hadron currents associated with
physical processes are parametrized in terms of functions
of the kinematical invariants of the amplitude, namely the
form factors. Though the dynamics involved is that of the
strong interaction the fact that QCD is not perturbative
below, let us say, 2 GeV implies that their determination is
limited by our lack of knowledge of QCD in that regime.
Nevertheless, at very low energies, E � M� [M� being the

mass of the lightest hadron resonance, �ð770Þ], chiral
perturbation theory (�PT) [1,2]—based on the chiral sym-
metry of massless QCD—provides a rigorous effective
field theory (EFT) framework that strongly constrains the
structure of the above-mentioned form factors.

At higher energies, M� & E & 2 GeV, we lack such a

framework and so have to rely on phenomenological ap-
proaches. Resonance chiral theory (R�T) [3–6] provides a
useful tool to handle the study of hadronization procedures
in the energy region dominated by resonances. It relies
upon a phenomenological Lagrangian system that includes
the relevant degrees of freedom (pseudo-Goldstone mesons
and resonances) and the large-NC expansion [7–9] that
defines the scheme. This framework is known to provide
a successful approach to the dynamics driven by the light-
est hadron resonances [10–13]. Indeed, it has been applied
to the study of hadron tau decays [12,14–16] (where results
have recently been implemented to upgrade the
Monte Carlo (MC) generator TAUOLA [17]), two-photon
transition form factors [18] and their implementation into
the code EKHARA, and to the hadronization of the vector
current in eþe� annihilation [19]. This latter case is our

interest here. Though the eþe� ! PP scattering process
(P is short for a pseudoscalar meson) has been widely
analyzed through different approaches to the vector form
factor both at low energies [20,21] and in the resonance
energy region [22–24], the study of more than two mesons
in the final state is not so well developed. The theoretical
study of �þ���0 and �þ��� production in the chiral
regime, at next-to-leading order in �PT, was already con-
sidered in Ref. [25]. At higher energies the specific case of
three pions has been approached in Ref. [26] through a
phenomenological analysis using vector-meson domi-
nance. A thorough study of the production of four pions
within the R�T framework has been performed [27], while
an analysis of this channel based on a phenomenological
Lagrangian parametrization has also been provided
[28,29]. Exclusive channels with a higher number of
mesons in the final state have not been considered, though
a nondynamical approach based on isospin symmetry
could be applied [30,31] as a first strategy.
The experimental measurement of the eþe� !

�þ���0 cross section was carried out some time ago
[32,33] (see Ref. [34] for a complete list of references
up to 2003). Recently there has been new interest in this
process by the SND [35] and CMD-2 [36] Collaborations.
Finally, BABAR has provided a measurement of this cross
section [37] by considering the ISR [38–40]. The �þ���
final state has a considerably shorter history and only DM2
[41] and BABAR [42] have collected data over the entire
energy region populated by resonances.
The analysis of eþe� ! �þ���0 carried out in the

framework of vector-meson dominance in Ref. [26] did
not include the anomalous structure of the production of
three mesons from a vector current, as given by QCD. This
vertex violates intrinsic-parity conservation and is driven,
at very low energies, by the QCD anomaly that contributes
at the leading chiralOðp4Þ. Starting atOðp6Þ and well into
the resonance energy region (where the chiral counting no
longer applies), the dynamics is driven by nonanomalous
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contributions. In this article we consider both contribu-
tions, and our result is then consistent with our present
knowledge of QCD.

In Sec. II we specify our theoretical framework. The
analyses of the form factors that determine the cross sec-
tions of interest are performed in Sec. III. Then we improve
our approach by taking into account short-distance con-
straints on the unknown couplings of the phenomenologi-
cal Lagrangian in Sec. IV, and including corrections, such
as isospin breaking and the total widths of resonances that
improve the original form factors, in Sec. V. We comment
on the description of the partial decay widths that involve
vector resonances and that have been taken into account in
the global analysis in Sec. VI. The fit procedure and results
are detailed in Sec. VII. In Sec. VIII we explain the
implementation of our results in PHOKHARA 7.0. Our
final conclusions are collected in Sec. IX. Finally, two
appendices gather most of the relevant analytical results
of our work.

II. THEORETICAL FRAMEWORK:
RESONANCE CHIRAL THEORY

Chiral perturbation theory provides a rigorous EFT
framework for long-distance QCD in the energy region
where resonances still have not yet arisen (E � M�). In

the energy region where resonances live we do not have
such an EFT framework, but we can approach the chiral
setting by a phenomenological Lagrangian where both
Goldstone modes and the fields describing the meson
resonances are active degrees of freedom. R�T [3–5]
provides such a framework and its main features can be
summarized like this: i) it contains �PT, and hence the
amplitudes of R�T satisfy chiral symmetry and match the
chiral amplitudes at low energies; ii) the high-energy be-
havior of form factors provided by R�T matches their
known smearing and suppression enforced by QCD.
Therefore we work in a landscape that matches appropri-
ately both the better-known low- and high-energy domains,
and which we know how to describe. We follow closely the
notation of Ref. [5] where definitions not stated here can be
found.

Massless QCD, a suitable starting point for the three
lightest flavors u, d, and s is invariant underG ¼ SUð3ÞL �
SUð3ÞR global transformations on the left- and right-
handed quarks, separately, in flavor space. In addition the
chiral group G is spontaneously broken to the diagonal
subgroup SUð3ÞV and the eight pseudoscalar massless
bosons—to be identified with the lightest mesons—arise.
The Goldstone fields � parametrize the elements uð�Þ of
the coset space SUð3ÞL � SUð3ÞR=SUð3ÞV . An explicit
parametrization of these elements is given by

uð�Þ ¼ exp

�
iffiffiffi
2

p
F
�

�
; (1)

with

� ¼ 1ffiffiffi
2

p X8
i¼1

�i’i

¼

1ffiffi
2

p �0 þ 1ffiffi
6

p �8 �þ Kþ

�� � 1ffiffi
2

p �0 þ 1ffiffi
6

p �8 K0

K� �K0 � 2ffiffi
6

p �8

0
BBBB@

1
CCCCA;

and F ’ F� ¼ 92:4 MeV is the decay constant of the pion.
In fact, as we are also interested in the study of the �, �0
production, we will consider a U(3) symmetry instead of

SU(3) by substituting � ! �þ �0=
ffiffiffi
3

p
1. The mixing of

the�8 and�0 to give the physical� and�0 states is defined
through the �P mixing angle by

�8

�0

 !
¼ cos�P sin �P

� sin �P cos�P

 !
�

�0

 !
: (2)

The introduction of the resonance fields follows from their
consideration as matter fields [43,44]. The nonlinear real-
ization of G on these depends on their transformation
properties under the unbroken subgroup SUð3ÞV . We con-
sider states transforming as octets and singlets,

R8 ! hðg;�ÞR8hðg;�Þ�1; R0 ! R0; (3)

in terms of the SUð3ÞV compensator field hðg;�Þ, g ¼
ðgL; gRÞ 2 G. In the large-NC limit, both the octet and
the singlet become degenerate in the chiral limit and we
collect them in a nonet field,

R ¼ X8
i¼1

�iffiffiffi
2

p Ri þ R0ffiffiffi
3

p 1: (4)

Particularizing to vector-meson resonances, the relation
between the octet and nonet components and the physical
!ð782Þ and�ð1020Þ states is given by the �V mixing angle
through

V8
�

V0
�

 !
¼ cos �V sin �V

� sin �V cos�V

 !
��

!�

 !
: (5)

Finally, in order to be able to provide Green functions of
the different quark currents, it is convenient to include
external Hermitian fields coupled to them that transform
locally under the G group, namely vector v�ðxÞ, axial-
vector a�ðxÞ, scalar sðxÞ, and pseudoscalar pðxÞ sources.
Once we have this field and the external sources content,
together with their transformation properties, the hadronic
Lagrangian proceeds through the inclusion of the most
general set of operators invariant under Lorentz, chiral,
P, and C transformations

Oi � hRa . . .Rf�
ðnÞð�Þi; (6)

where the brackets hi indicate a trace in the flavor space and
�ðnÞð�Þ is a chiral tensor that includes only the Goldstone
and external fields and that transforms like R8 in Eq. (3) or
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remains invariant under chiral transformations. �ðnÞð�Þ is
of OðpnÞ in the chiral counting and its building blocks u�,

��, f
�	
� , and h�	, can be read from Refs. [3–5].

As we will comment later on, our study of the hadroni-
zation of the vector current in the production of three
mesons in eþe� collisions will be driven by the NC ! 1
limit of large-NC QCD. In the construction of our
Lagrangian we will follow the canonical counting: terms
with single traces are of order NC, while additional traces
reduce the order in 1=NC each. For a discussion of this
point, see Appendix A of Ref. [5]. Hence our construction
of the operators Oi in Eq. (6) will involve only one flavor
trace.

We specify now our R�T Lagrangian. It consists of
pieces that only involve pseudoscalar Goldstone bosons,
LGB, and those that include their couplings to resonances,
LR. The first one contains the leading Oðp2Þ �PT
Lagrangian and higher-order operators with the same
structure as those of �PT. They are identified by their
chiral order: LGB ¼ LGB

ð2Þ þLGB
ð4Þ þ � � � . As was shown

in Ref. [4], the use of antisymmetric tensors to describe
spin-1 resonances in LR provides a QCD consistent de-
scription of two-point Green functions and two-body form
factors without the need to include any operator of dimen-
sion four, i.e., LGB

ð4Þ ¼ 0 in the even-intrinsic-parity sector.

In other words, the low-energy constants of the Oðp4Þ
Goldstone boson Lagrangian are saturated by the reso-
nance couplings if one uses the antisymmetric description
of the spin-1 resonances. Hence we will use this formula-
tion in our setting. Accordingly, our Goldstone boson
Lagrangian consists of the Oðp2Þ �PT Lagrangian,

LGB
ð2Þ � L�PT

ð2Þ ¼ F2

4
hu�u� þ �þi; (7)

and the Oðp4Þ chiral anomaly functional Z½U; v; a� [45],
with U ¼ u2, which implements the Wess-Zumino anom-
aly [46]. This is the leading odd-intrinsic-parity contribu-
tion and we collect here the piece that is relevant for our
goal,

LGB
ð4Þ ¼ i

NC

ffiffiffi
2

p
12�2F3

"�	�
h@��@	�@��v
i þ � � � : (8)

Notice that the pure Goldstone-boson Lagrangian is com-
pletely specified by the decay constant of the pion, the
number of colors NC, and the masses of the lightest pseu-
doscalar mesons. The latter are encoded into the scalar
external field sðxÞ ¼ Mþ � � � in the �þ chiral tensor,
with M ¼ diagðmu;md;msÞ being the diagonal quark-
mass matrix.

Let us now add the part of the R�T Lagrangian that
includes the resonance fields and their coupling to the
lightest pseudoscalar mesons. For the study of our pro-
cesses, we will only need to include pieces with vector
resonances,

LV ¼ LV
kin þLV

int: (9)

Here

LV
kin ¼ � 1

2
hr�V��r	V

	�i þ 1

4
M2

VhV�	V
�	i; (10)

with the covariant derivative r� defined in Ref. [3] and

LV
int ¼ LV

ð2Þ þLV
ð4Þ þLVV

ð2Þ , where the operators are like

those in Eq. (6), n in LðnÞ indicates the order of the chiral
tensor, and the super index indicates the number of vector
mesons. Operators with chiral tensor n ¼ 2, linear in the
vector fields, are of the even-intrinsic-parity type [3],

LV
ð2Þ ¼

FV

2
ffiffiffi
2

p hV�	f
�	
þ i þ i

GVffiffiffi
2

p hV�	u
�u	i; (11)

while the rest of operators, which contribute to the pro-
cesses of interest, are of odd-intrinsic-parity,

LV
ð4Þ ¼

X7
j¼1

cj
MV

Oj
VJP þ

X5
j¼1

gj
MV

Oj
VPPP; (12)

with [10,15]

O1
VJP ¼ "�	�
hfV�	; f��þ gr�u


i;
O2

VJP ¼ "�	�
hfV��; f�
þ gr�u
	i;

O3
VJP ¼ i"�	�
hfV�	; f�
þ g��i;

O4
VJP ¼ i"�	�
hV�	½f�
� ; �þ�i;

O5
VJP ¼ "�	�
hfr�V

�	; f
��
þ gu
i;

O6
VJP ¼ "�	�
hfr�V

��; f
�

þ gu	i;

O7
VJP ¼ "�	�
hfr
V�	; f

��
þ gu�i;

(13)

O1
VPPP ¼ i"�	��hV�	ðh�uu� � u�uh

�Þi;
O2

VPPP ¼ i"�	��hV�	ðh�u�u � uu
�h�Þi;

O3
VPPP ¼ i"�	��hV�	ðuh�u� � u�h�uÞi;

O4
VPPP ¼ "�	��hfV�	; u�u�g��i;

O5
VPPP ¼ "�	��hu�V�	u���i:

(14)

Finally, the terms quadratic in the vector field are [10]

LVV
ð2Þ ¼ X4

j¼1

djO
j
VVP; (15)

O1
VVP ¼ "�	�
hfV�	; V��gr�u


i;
O2

VVP ¼ i"�	�
hfV�	; V�
g��i;
O3

VVP ¼ "�	�
hfr�V
�	; V��gu
i;

O4
VVP ¼ "�	�
hfr
V�	; V��gu�i:

(16)

Notice that, in contrast to the Goldstone-boson Lagrangian,
the vector-resonance operators introduce 18 unknown cou-
plings that are not given by symmetry assumptions alone.
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We will see in Sec. IV how it is possible to get information
on these couplings in order to minimize the number of
parameters left for the fit to the experimental data. Though
there is nothing inherently wrong in leaving all the cou-
plings free for the fit, we will see that there is information
coming from QCD that we can enforce on the Lagrangian
couplings. This implementation would provide the free fit
parameters with values closer to those given by QCD, if we
only knew how to get them.

A complete leading odd intrinsic parity–violating set of
operators has been proposed in Ref. [47] in order to pro-
ceed to the determination of the chiral Oðp6Þ couplings of
the odd-intrinsic-parity �PT Lagrangian. Unfortunately, in
that reference the relevant operators for the study of our
processes do not always coincide with (or are combinations
of) the ones we collect here in LV

ð4Þ and LVV
ð2Þ , which were

proposed in advance to those in Ref. [47]. However, both
provide analogous information.

III. THE AMPLITUDES FOR eþe� ! �þ��ð�0; �Þ
The amplitude for three-meson production in eþe�

collisions at low energies is dominantly driven by the

electromagnetic current J em
� ¼ V 3

� þV 8
�=

ffiffiffi
3

p
with

V i
� ¼ �q�

�i

2 q, where q represents the SU(3) multiplet

of light quarks and �i are the Gell-Mann matrices. The
final states have definite G parity, Gð�þ���0Þ ¼ �1,
Gð�þ���Þ ¼ 1, and they are given, in the isospin limit,
by the isoscalar and isovector components, respectively.
However, these contributions mix when isospin-violating
effects are taken into account. The amplitude for the pro-
cess eþðk0Þe�ðkÞ ! �þðk1Þ��ðk2ÞPðk3Þ (P ¼ �0, �) is
given by,

MP ¼ � 4��

Q2
TP
� �vðk0Þ�uðkÞ;

TP
� � h�þðk1Þ��ðk2ÞPðk3ÞjJ em

� eiLQCD j0i;
(17)

where Q ¼ kþ k0, with ECM � ffiffiffiffiffiffi
Q2

p
being the energy in

the center-of-mass system, and the eiLQCD factor reminds us
that the matrix element—the hadronization of the electro-
magnetic current—has to be evaluated in the presence of
strong interactions. Assuming parity symmetry, the had-
ronic matrix element is parametrized by one form factor
only,

h�þðk1Þ��ðk2ÞPðk3ÞjJ em
� eiLQCD j0i

¼ iFP
VðQ2; s; tÞ"�	��k

	
1k

�
2 k

�
3 : (18)

Here the Mandelstam variables are defined as s ¼ ðQ�
k3Þ2, t¼ðQ�k1Þ2. In the following we will also use, for
convenience, u ¼ Q2 þ 2m2

� þm2
P � s� t.

Neglecting the electron mass, the cross section of the
eþe� ! �þ��P process is given by


PðQ2Þ ¼ �2

192�Q6

Z sþ

s�
ds
Z tþ

t�
dt�ðQ2; s; tÞjFP

VðQ2; s; tÞj2;

(19)

where

�ðQ2; s; tÞ ¼ stðQ2 � s� tÞ þ sm2
Pðt�Q2Þ

�m2
�½m4

P �m2
Pð2Q2 þ sÞ

þQ4 �Q2s� 2st� � sm4
�; (20)

with mP ¼ m�, m� depending on the final state.1 In

Eq. (19) the integration limits are

s� ¼ 4m2
�; sþ ¼

� ffiffiffiffiffiffi
Q2

q
�mP

�
2
;

t� ¼ 1

4s
fðQ2 �m2

PÞ2 � ½�1=2ðQ2; s; m2
PÞ

	 �1=2ðs;m2
�;m

2
�Þ�2g: (21)

A. Evaluation of the matrix amplitudes

The procedure to evaluate the amplitudes defined by
Eq. (17) is now reduced to determining the vector form
factor FVðQ2; s; tÞ defined by Eq. (18) through the hadro-
nization of the vector current. Within the large-NC frame-
work (with only one multiplet of vector resonances), one
should consider all tree-level diagrams generated by

LR�T ¼ LGB
ð2Þ þLGB

ð4Þ þLV; (22)

given by Eqs. (7)–(9). The different topologies and particle
content are specified in Fig. 1. For the sake of clarity we
will discuss and show here the results for the vector form
factors, in the P ¼ �0, � cases, in a simplified treatment,
where we assume �P ¼ 0 in Eq. (2) and ideal vector

mixing ( sin �V ¼ 1=
ffiffiffi
3

p
) in Eq. (5). We will also consider

the vector resonances to have zero width. Though this is
not the proper physical framework, on the one hand it will
be enough to identify the main features of the final result,
and on the other hand this simplified scheme is appropriate
to settle information from QCD on the relevant couplings,
as we will see in the next section.
At energies ECM � M�, the hadronization of the vector

current is driven by the anomaly [Fig. 1(a)]. At higher
energies, ECM � 1 GeV, vector resonances are needed
to fulfill the dynamics of the hadronization, as in
Figs. 1(b)–1(d). The final result is given by the different
diagram contributions as

FP
VðQ2; s; tÞ ¼ FP

a þFP
b þFP

c þFP
d ; P¼ �;�; (23)

where

1We use the average pion mass m� ¼ ð2m�þ þm�0 Þ=3 in the
matrix-element calculation whereas, the physical masses, both
m�þ and m�0 , are used to construct the physical phase space.
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F�
a ¼ � NC

12�2F3
;

F�
b ¼ 8

ffiffiffi
2

p
FV

3MVF
3ðM2

! �Q2Þ fðg1 � g2 � g3ÞðQ2 � 3m2
�Þ

þ 3ð2g4 þ g5Þm2
�g;

F�
c ¼ � 4

ffiffiffi
2

p
GV

3MVF
3ðM2

� � sÞ fc1ðQ
2 þm2

� � sÞ

� c2ðQ2 �m2
� � sÞ þ 8c3m

2
�

þ c5ðQ2 �m2
� þ sÞ � 2c6sg þ fs ! tg þ fs ! ug;

F�
d ¼ 8GVFV

3F3ðM2
� � sÞðM2

! �Q2Þ fðd1 þ 8d2Þm2
�

þ d3ðQ2 �m2
� þ sÞg þ fs ! tg þ fs ! ug; (24)

and

F
�
a ¼� NC

12
ffiffiffi
3

p
�2F3

;

F
�
b ¼

8
ffiffiffi
6

p
FV

3MVF
3ðM2

��Q2Þfðg1�g3Þðs�2m2
�Þ

þg2ð2s�Q2þm2
��2m2

�Þþð2g4þg5Þm2
�g;

F�
c ¼� 4

ffiffiffi
6

p
GV

3MVF
3ðM2

��sÞfc1ðQ
2þm2

��sÞ�c2ðQ2�m2
��sÞ

þ8c3m
2
�þc5ðQ2�m2

�þsÞ�2c6sg;

F�
d ¼

8
ffiffiffi
3

p
GVFV

3F3ðM2
��sÞðM2

��Q2Þfd1m
2
�þ8d2m

2
�

þd3ðQ2�m2
�þsÞg: (25)

Our next step is to see how we can get information about the
coupling constants that appear in the vector form factors.

IV. SHORT-DISTANCE CONSTRAINTS ON THE
RESONANCE COUPLINGS

Our Lagrangian LR�T in Eq. (22) does not provide an

effective theory of QCD for arbitrary values of its cou-
plings. The full theory should unambiguously predict the
values of the coupling constants of the phenomenological
Lagrangian. Unfortunately we still do not know how to
achieve this from first principles. However, several ideas
based on matching procedures have been developed and
proven successful [4,48,49]. One of these amounts to tak-
ing the rather reasonable assumption that the resonance
region provides a bridge between the chiral and the pertur-
bative regimes [4]. It is well known that the couplings of an
effective theory valid in an energy range encode informa-
tion from higher-energy dynamics that has been integrated
out, and hence the proposal involves matching the high-
energy behaviour of Green functions (or related form
factors) evaluated within the resonance theory with the
asymptotic results of perturbative QCD.
A well-known result from parton dynamics [50,51] in-

dicates that vector and axial-vector form factors should
behave smoothly at high Q2. This assessment is also con-
sistent with the result that spectral functions associated to
two-point Green functions of vector and axial-vector cur-
rents go to a constant value at infinite momentum transfer
[52]. According to a local duality interpretation, the imagi-
nary part of the quark loop, contributing to that spectral
function, can be understood as the sum of infinite positive
contributions of intermediate hadronic states. It is therefore
an educated guess that each of them should vanish in that
limit if we want to fulfill the smoothness property.
Our concern here is with the two-point Green function

of the vector current �VðQ2Þ, and in particular with the
contribution of the exclusive channel of three pseudosca-
lars �P

VðQ2Þ defined by the three-body phase-space
integration,

Z
d�3T

P
�T

P

	 ¼ ðQ2g�	 �Q�Q	Þ�P

VðQ2Þ; (26)

where TP
� has been defined in Eq. (17). Hence,

�P
VðQ2Þ ¼ �2

12Q4

Z
dsdtg�	TP

�T
P

	 ; (27)

and we impose the condition

lim
Q2!þ1

�P
VðQ2Þ ¼ lim

Q2!þ1
�2

48Q4

Z sþ

s�
ds
Z tþ

t�
dt�ðQ2; s; tÞ

� jFP
VðQ2; s; tÞj2 ¼ 0; (28)

with the function �ðQ2; s; tÞ given in Eq. (20) and the
integration limits are those of Eq. (21). Notice that as the
couplings cannot depend on the masses of the pseudoscalar

FIG. 1. Diagrams contributing to the hadronization of the vector
current in eþe� ! �þ��P, P ¼ �0, �, at leading order in the
1=NC expansion in the isospin-symmetric case. For P ¼ �0 we
have V ¼ ½ð!;�Þ; �; ð!;�Þ; �� for i ¼ 1, 2, 3, 4, respectively.
For P ¼ � we have V ¼ ½�; �; �; ��. Here � � �ð770Þ, ! �
!ð782Þ, and � � �ð1020Þ. (a) The Wess-Zumino anomaly LGB

ð4Þ
in Eq. (8), (b), (c) and (d) include vector-resonance contributions.
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mesons, we are able to perform the integration in the chiral
limit (m� ¼ m� ¼ 0). By taking the case P ¼ � and P ¼
� we get, from Eqs. (24) and (25) and for the couplings
defined in Eqs. (11), (12), and (15),

c1 � c2 þ c5 ¼ 0; (29)

c1 þ c2 þ 8c3 � c5 ¼ 0; (30)

c1 � c2 � c5 þ 2c6 ¼ � NC

96
ffiffiffi
2

p
�2

MV

GV

; (31)

d3 ¼ � NC

192�2

M2
V

FVGV

; (32)

g2 ¼ NC

192
ffiffiffi
2

p
�2

MV

FV

; (33)

g1 � g3 ¼ � NC

96
ffiffiffi
2

p
�2

MV

FV

: (34)

These conditions coincide with those obtained in Ref. [15]
coming from the analyses of � ! KK�	� (see also
Ref. [16]). However the constraints in Eqs. (31) and (32)
do not agree exactly with those obtained in Ref. [10],
though the difference is not large. They differ by roughly
15%–25% for the relevant values of the couplings involved
on the right-hand sides of the relations. In Ref. [53] it was
pointed out that not all QCD constraints could be enforced
in the relevant n-point Green functions of QCD currents for
a finite number of resonance multiplets. We think that our
mismatch with the results from Ref. [10] arises from the
fact that the leading operator product expansion expansion
of the hVVPi Green function does not reproduce the right
asymptotic behavior of related form factors. This is a
problem that, indeed, could be solved by giving more
freedom to the couplings by extending the number of
resonance multiplets considered in the study of the asymp-
totic behavior of the form factors.

To the conditions mentioned above we add constraints
that have been obtained in other settings, by demanding
that the two-pion vector form factor vanishes at highQ2 [4]
and in the study of the hVVPi Green function [10],

FVGV ¼ F2; d1 þ 8d2 � d3 ¼ F2

8F2
V

: (35)

In view of our comment above on this later reference, it is
reasonable to doubt the validity of the latter relation in Eq.
(35). However, as can be seen in our result for the form
factors, their role is very minor because the couplings, d1
and d2 always contribute with factors of the pseudoscalar
masses. Therefore we will use also these constraints.

V. FURTHER IMPROVEMENTS ON THE
FORM FACTORS

Our form factors in Eqs. (24) and (25), as they stand, do
not correspond to physical amplitudes (the resonance poles
have no widths) and only involve the energy region domi-
nated by the lightest resonance multiplet. We intend to
improve these form factors by taking into account further
corrections and adding resonance widths and heavier reso-
nance contributions in order to have a more physical and
realistic form factor that is able to describe the energy
domain below E� 2 GeV. Accordingly, we intend to in-
clude all of this information as we proceed in this section.

A. Isospin symmetry breaking

In order to take into account the violation of isospin
symmetry provided by the �-! mixing it is enough to
include a new mixing angle �,

��0

�!

 !
¼ cos� sin�

� sin� cos�

 !
�0

!

 !
: (36)

The symmetric case corresponds to � ¼ 0. Due to the j�ssi
dominant quark content of the �ð1020Þ resonance the
relevance of isospin symmetry breaking in this latter case
is rather minor and we will not consider it.

B. Higher-order correction to the resonance coupling
to the vector current

The term in FV in Eq. (11) provides the coupling of
vector resonances to the vector current. If we do not con-
sider ideal mixing for the vector mesons, there is a con-
tribution of the �ð1020Þ to the Figs. 1(b) and 1(d) and,
from our analyses, it seems that the experimental data ask
for a sizeable deviation of FV in the coupling of the
�ð1020Þ resonance to the vector current. Hence we add
the contribution of a higher-order chiral tensor coupled
to the vector resonance in the first term in LV

ð2Þ [Eq. (11)]
in the even-intrinsic-parity set. These next-to-leading op-
erators have been worked out in Ref. [5] and it happens that
there is only one operator to be added at this order,

LVðevenÞ
ð4Þ ¼ �V

6 hV�	ff�	
þ ; �þgi: (37)

For convenience we will redefine �V
6 ¼ �VFV=M

2
V in the

following. As can be seen the modification to FV intro-
duced by this operator is proportional to pseudoscalar
masses,

FV ! FV

�
1þ 8

ffiffiffi
2

p
�Vm

2
�

M2
V

�
; for �0; !;

FV ! FV

�
1þ 8

ffiffiffi
2

p
�Vð2m2

K �m2
�Þ

M2
V

�
; for �;

(38)

and, accordingly, its contribution will be tiny for the �0 and
! case, while it could induce a non-negligible correction to

L. Y. DAI, J. PORTOLÉS, AND O. SHEKHOVTSOVA PHYSICAL REVIEW D 88, 056001 (2013)

056001-6



the coupling of the �ð1020Þ resonance to the vector cur-
rent. Hence we will keep the shift in the latter case only,
even for a nonideal mixing of the neutral vector states.

C. Further inclusion of the resonance spectrum

The vector form factors constructed in Sec. III contain
the dynamics of the lightest multiplet of vector resonances
with masses below E� 1 GeV. If we wish to extend the
validity of our approach to higher energies, namely up to
around E� 2 GeV, we have to include heavier resonances
in our setting; in particular, the two multiplets that include
the �ð1450Þ (V0) and �ð1700Þ (V 00). It is clear that to
proceed by enlarging the phenomenological Lagrangian
to these multiplets would be rather cumbersome and use-
less, because it would triple the number of unknown cou-
pling constants.

Rather, we propose performing the following substitu-
tions in the form factors of eþe� ! ���:

1

M2
V � x

! 1

M2
V � x

þ �0
�

M2
V0 � x

þ �00
�

M2
V00 � x

; (39)

with �0
� and �00

� unknown real parameters that take into
account the corresponding strength of the coupling of the
V 0 and V 00 multiplets, respectively, with regard to the light-
est multiplet of vector resonances V. For the ��� final
state we introduce similar substitutions with �0

� and �00
�.

This generalization respects the dynamics driven by the
new multiplets, as they contribute with the same topologies
as those in Fig. 1. However, the procedure also implies that
�0

P and �00
P, P ¼ �, �, include the information of isospin

breaking in Eq. (36) and the deviation of FV in Eq. (38).
We expect that experimental data will support our parame-
trization. However, from a theoretical point of view, this is
clearly an oversimplification that is difficult to avoid at the
moment given our present knowledge of QCD in this
energy region.

D. Width of resonances

The vector form factors given in Eq. (23) contain reso-
nances with zero widths and, as a consequence, are un-
physical. In fact, in the energy regime we are considering,
intermediate mesons do resonate and it is therefore com-
pulsory to introduce their widths in our analyses. The
natural procedure is to include a complex mass term
[Mðq2Þ] in the propagator of the resonances and to identify
ImM2ðq2Þ ¼ �MV�Vðq2Þ,

1

M2
V � x

! 1

M2
V � x� iMV�VðxÞ

: (40)

In the case of wide resonances (to be compared with their
mass) it is important to consider the q2 dependence of the
width. Our study requires us to consider the widths of the
�ð770Þ, !ð782Þ, �ð1020Þ, and the corresponding heavier
partners of the two additional multiplets. Our knowledge of

the lightest vector resonances is very good and we know
that while the �ð770Þ is wide, both!ð782Þ and�ð1020Þ are
very narrow and therefore (for the latter two) their off-shell
behavior is not going to be relevant. Our knowledge of the
two heavier vector multiplets is worse. We notice that both
�0 � �ð1450Þ and �00 � �ð1700Þ are rather wide and the
!0 and �00 are relatively narrow, while the !00 is slightly
wider. For definiteness we will consider the !ð782Þ and
�ð1020Þ and their heavier partners as narrow resonances
with a constant width.
The issue of the construction of vector resonance

off-shell widths was addressed in Ref. [54] where the
dominant contribution to the width of the �ð770Þ, ��ðq2Þ,
was included,

��ðq2Þ ¼
M�q

2

96�F2

��
1� 4m2

�

q2

�
3=2

�ðq2 � 4m2
�Þ

þ 1

2

�
1� 4m2

K

q2

�
3=2

�ðq2 � 4m2
KÞ
�
; (41)

with �ðxÞ being the step function. Analogous results for the
�0 and �00 have not been obtained, as we have poorer
information on these resonances. As a consequence we
have employed a reasonable parametrization, in terms of
the on-shell widths, driven by the two-body phase-space
structure of the decay,

�Vðq2Þ ¼ �VðM2
VÞ

MVffiffiffiffiffi
q2

p
��

1� 4m2
�

q2

���
1� 4m2

�

M2
V

��
3=2

� �ðq2 � 4m2
�Þ; (42)

for V ¼ �0, �00.

E. Improved vector form factors

In Appendix A we collect our final results for the form
factors F�

V ðQ2; s; tÞ and F�
V ðQ2; s; tÞ. Here we have taken

into account the corrections above on the initial results of
Eqs. (24) and (25). Moreover, we give the expressions for
the general mixing angles �V and �P. Though rather cum-
bersome, they represent a sound parametrization of the
most relevant effects that are involved in the dynamics of
these processes.
These are the results that we will use in Sec. VII to

analyse experimental data on the cross sections.

VI. DECAY WIDTHS INVOLVING
VECTOR RESONANCES

The determination of decay widths implicating the light-
est multiplet of vector resonances within our theoretical
framework provides a parametrization of those decays in
terms of the couplings defined in Secs. II and V that,
naturally, also appear in the cross sections under consid-
eration. It is therefore relevant to take into account both
partial decay widths and cross sections.
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We have calculated in our theoretical framework the
physical decays V ! ��, V ! ‘þ‘�, V ! P, �0 !
V, and V ! ��� for V ¼ �ð770Þ, !ð782Þ, �ð1020Þ,
and P ¼ �, �. The complete expressions are collected in
Appendix B. Hence, in Sec. VII wewill analyze both cross-
section and decay-width data, the latter taken from PDG
2012 [55]. Notice that we do not include information
coming from heavier resonance decays. On one side the
experimental information of decay widths coming from a
second or third multiplet of vector resonances is rather
loose. Moreover, we only include the role of �0, !0, etc.,
through the shift in Eq. (39) and not through a phenome-
nological Lagrangian setting. Accordingly, we cannot
evaluate those decays in the present framework.

As a consequence of this procedure our results for the
Lagrangian couplings and mixing angles encode informa-
tion from very wide and thorough sets of experimental
data, while parameters involving heavier vector resonances
could, in principle, be more uncertain.

VII. FIT OF FORM FACTORS AND WIDTHS TO
EXPERIMENTAL DATA

When analyzing data it is important to have an appro-
priate, physics-based (namely symmetries and dynamics of
the underlying theories) parametrization of the form fac-
tors. Our theoretical framework, as specified in the pre-
vious sections, provides a controlled setting that we can
now use in order to extract information from experimental
data.

We have employed a phenomenological Lagrangian
based on our knowledge of the symmetries of hadrons
and, in addition, we have enforced a heuristic quantum
field theory constraint on the vector-vector correlator as
explained in Sec. IV. The output of our study is a phe-
nomenological symmetry-based parametrization of the
form factors that contribute to the eþe� ! ��P cross
sections, with P ¼ �, �, and which we foresee would be
a valid description for E & 2 GeV. Unfortunately, these
form factors are not completely fixed from the theory side
and our remaining ignorance is now parametrized in terms
of unknown coupling constants and mixing angles. We
have to rely now on the analysis of the experimental
data—namely, the corresponding cross sections and the
decay widths involving vector resonances—to extract in-
formation on our unknowns.

Experimental data on eþe� ! �þ���0 have a long
history [32,33,35,36,56,57] that, until now, finishes with
the BABAR data [37] using radiative return. The ��� final
state was also measured some time ago [41,58] and re-
cently by BABAR [42]. Experiments have focused on dif-
ferent energy regions, as shown in Fig. 2.

We proceed to fit the experimental data with the use of
MINUIT [59]. If not specified, all input parameters are taken

from the PDG 2012 [55]. As a reference we fix the pion
decay constant to F ¼ 0:0924 GeV and we have used the

constraints, given by Eqs. (29)–(35), in the form factors.
The remaining unknown couplings are FV , 2g4 þ g5, d2,
c3, �V , and the phenomenological parameters �P, �

0
P, and

�00
P for P ¼ �, �. The mixing angles �V , �P, and � are also

left free. The parameters, listed appropriately in Table I,
are fitted to the experimental data shown in Fig. 2. We
perform the following fits.
Fit 1: We consider both the eþe� ! ��� cross section

and the decay widths collected in the second column of
Table II. We do not consider the isospin-violating �-!
mixing (� ¼ 0) nor the �V correction defined in relation
with Eq. (37). Only the lightest multiplet of vector-meson
resonances is included in the analysis of the form factors
and, therefore, the energy range of the analyzed cross-
section data runs from threshold up to ECM � 1:05 GeV
only. Our results for the fitted parameters are those in the
second columns in Tables I and II.
Fit 2: As in Fit 1 but we include the �-! mixing in the

analysis. The results are shown in the third columns in
Tables I and II.
Fit 3: As in Fit 2 but we include the �V parameter,

according to Eq. (38), in the expressions for the form
factors. The results are shown in the fourth columns in
Tables I and II.
Fit 4: We consider all decay widths and both the

eþe� ! ��� and eþe� ! ��� cross sections. We
choose to perform a global fit to both final states together
because of the lack of experimental data for the ��� final
state at threshold and in the very low-energy domain. The
energy range of the analyzed data now reaches ECM �
2:2 GeV. Accordingly, we perform the shift explained in
Sec.VCandwe include the three lightestmultiplets of vector
resonances whose masses and total widths are also fitted,
giving the results of the fifth columns in Tables I and II.
The comparison of data on the cross sections with our
results for Fit 3 and Fit 4, where relevant, are shown in
Fig. 2. Notice that we do not quote the corresponding
values of the �2 of our fits. Due to the huge variety of
input data and different sources of errors we do not con-
sider the �2=d:o:f: as a representative parameter of how
suitable the fits are.

A. Analysis of results

Tables I and II collect all the results of our phenomeno-
logical analysis of the experimental data. The errors in the
fitted parameters in Table I are provided by the MINUIT code
and do not include the incertitude associated with our
theoretical framework. This is why we do not include errors
in the partial widths of Table II. We comment now on our
results, focusing essentially on those provided by Fit 4.
We notice that the value that we get for the coupling

FV is smaller by �20% than the one obtained in the study
of hadron tau decays [14]. The inclusion of the �V parame-
ter in Fits 3 and 4 does not appreciably affect the fitted
value of FV .
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The fitted value for the combination of couplings 2g4 þ
g5 is very stable in all fits, around 2g4 þ g5 ��0:5. This
is 20% smaller than the value obtained from tau decays2

[15], 2g4 þ g5 ¼ �0:60� 0:02. Notice, in addition, that
2g4 þ g5 is almost two orders of magnitude larger than
g2 ’ 0:0059 as given by Eq. (33). Meanwhile, the values of
c3 and d2 change largely from Fits 3 to 4. Notice that the
three couplings 2g4 þ g5, d3, and c2 are—for isospin-
conserving amplitudes—always suppressed by the square
of the pion mass, as can be seen in Eqs. (24) and (25).
However, when �� �0 and ��!� �0 mixings are

FIG. 2 (color online). Comparison between the results of the fits (lines) explained in the text for the cross sections for eþe� !
�þ���0 and for eþe� ! ��þ�� (right-hand picture at bottom only). References for the experimental data are DM1 [32], DM2 [41]
ND [58], CMD-2 [36,56,60], SND [35,57], and BABAR [37,42].

2As commented above the errors given to the couplings both in
our fits and in Ref. [15] come from statistical analyses only and
do not include an evaluation of the systematic error given by the
model dependence of our theoretical framework.
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considered, both c3 and d2 are multiplied with m2
K too, in

the rather cumbersome expression of the form factor
F
�
V ðQ2; s; tÞ in Eq. (A3). This could be at the origin of

the different behavior of the Lagrangian coupling constants
in the fit.

The results for the mixing angles are the ones expected.
On one side �V approaches the ideal mixing case �V ¼ 35�.
The���0 mixing, defined in Eq. (2), �P¼ð�21:4�0:3Þ� ,
is very near the one arising in the large-NC analyses [61,62],
and the isospin-violating angle �� 2� is very small.
With respect to the relative weight of the two heavier

multiplets we notice that �0
�=�

00
� ���0

�=�
00
� ’ 2. They

contribute constructively in the � case but with an opposite
relative sign in the three-pion cross section. With respect to
the leading lightest multiplet of resonances we find �0

� ’
�0:5 and �0

� ’ �0:2.

The results obtained for the masses and total widths of
the two heavier multiplets of vector resonances, namely V0
and V00, for V ¼ �,!,� resemble rather well the spectrum
spread in PDG 2012 [55]. We compare them in Table III.

TABLE II. Decay widths involving vector resonances. PDG
data refer to Ref. [55].

Fit 1 Fit 2 Fit 3 Fit 4 PDG

��0!��� (10�5 GeV) � � � 1.23 1.15 0.93 1:51� 1:19
�!!��� (10�3 GeV) 6.67 7.46 7.53 7.66 7:57� 0:06
��!��� (10�4 GeV) 7.81 7.18 5.82 6.25 6:53� 0:14
��!ee (10

�6 GeV) 5.80 6.69 6.68 6.54 7:04� 0:06
�!!ee (10

�7 GeV) 7.72 6.67 6.60 6.69 6:00� 0:20
��!ee (10

�6 GeV) 0.88 0.99 1.24 1.20 1:25� 0:01
��!�� (10�1 GeV) 1.24 1.10 1.12 1.14 1:49� 0:01
�!!�� (10�4 GeV) � � � 2.12 1.99 1.61 1:30� 0:10
��!�� (10�7 GeV) 1.95 2.19 2.76 2.66 3:15� 0:55
��0!�0 (10�5 GeV) 4.45 6.35 6.21 5.96 8:95� 1:19
��þ!�þ (10�5 GeV) 4.42 4.97 4.90 4.81 6:71� 0:75
�!!�0 (10�4 GeV) 4.14 4.51 4.50 4.43 7:03� 0:23
��!�0 (10�6 GeV) 8.67 8.88 7.08 7.34 5:41� 0:26
��!� (10�5 GeV) 4.66 5.77 5.96 4.85 4:47� 0:30
�!!� (10�6 GeV) 5.23 4.83 5.02 4.13 3:90� 0:34
��!� (10�5 GeV) 5.87 5.98 6.04 6.57 5:58� 0:10
��0!� (10�5 GeV) 5.51 5.53 5.50 5.37 5:68� 0:10
��0!! (10�6 GeV) 6.69 5.06 4.81 5.12 5:34� 0:43
��!�0 (10�7 GeV) 2.77 2.82 2.83 3.93 2:66� 0:09

TABLE I. Results for the different fits explained in the text.

Fit 1 Fit 2 Fit 3 Fit 4

FV (GeV) 0:142� 0:001 0:150� 0:001 0:149� 0:001 0:148� 0:001
2g4 þ g5 �0:395� 0:002 �0:487� 0:003 �0:489� 0:003 �0:493� 0:003
d2 0:0453� 0:0022 0:0542� 0:0019 0:0703� 0:0023 0:0359� 0:0007
c3 0:00837� 0:00051 0:0114� 0:0005 0:0156� 0:0006 0:00689� 0:00017
�V � � � � � � 0:0137� 0:0007 0:0126� 0:0007
�Vð�Þ 39:45� 0:01 39:26� 0:01 38:84� 0:02 38:94� 0:02
�Pð�Þ �21:85� 0:41 �24:81� 0:35 �25:67� 0:32 �21:37� 0:26
�ð�Þ � � � 2:46� 0:05 2:37� 0:05 2:12� 0:06
�0

� � � � � � � � � � �0:469� 0:008
�00

� � � � � � � � � � 0:225� 0:007
�0

� � � � � � � � � � �0:174� 0:017
�00

� � � � � � � � � � �0:0968� 0:0139
M�0 (GeV) � � � � � � � � � 1:550� 0:012
��0 (GeV) � � � � � � � � � 0:238� 0:018
M!0 (GeV) � � � � � � � � � 1:249� 0:003
�!0 (GeV) � � � � � � � � � 0:307� 0:007
M�0 (GeV) � � � � � � � � � 1:641� 0:005
��0 (GeV) � � � � � � � � � 0:086� 0:007
M�00 (GeV) � � � � � � � � � 1:794� 0:012
��00 (GeV) � � � � � � � � � 0:297� 0:033
M!00 (GeV) � � � � � � � � � 1:700� 0:011
�!00 (GeV) � � � � � � � � � 0:400� 0:013
M�00 (GeV) � � � � � � � � � 2:086� 0:022
��00 (GeV) � � � � � � � � � 0:108� 0:017

TABLE III. Comparison between the values of masses and
total widths fitted for the V0 and V00 states (P ¼ �, !, �) and
the seemingly corresponding ones from the PDG [55].

MV0;V00 (GeV) MPDG (GeV) �V0;V00 (GeV) �PDG (GeV)

�ð1450Þ 1.550 1.465(25) 0.238 0.400(60)

!ð1420Þ 1.249 1.40–1.45 0.307 0.18–0.25

�ð1680Þ 1.641 1.680(20) 0.086 0.15(5)

�ð1700Þ 1.794 1.720(20) 0.297 0.25(10)

!ð1650Þ 1.700 1.670(30) 0.400 0.315(35)

�ð2170Þ 2.086 2.175(15) 0.108 0.061(18)
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It is interesting to notice that, although we identify
our �0 with the well-known �ð1450Þ, our results for the
mass and total width most resemble those of the not-so-
well-known �ð1570Þ that has M ¼ 1:57ð7Þ ðGeVÞ and
� ¼ 0:144ð90Þ ðGeVÞ. It is important to point out, though,
that the masses obtained in our fit correspond to the
definition given in Eq. (40), which is not necessarily

the one used by the experimentalists. From a quantum
field theory approach the pole in that equation should
be at M2

VðxÞ � x� iMVðxÞ�VðxÞ, but we take MVðxÞ ’
MV . As a consequence a precise comparison with
the experimental determinations is not straightforward.
Here we only comment on the general features of our
results.

FIG. 3 (color online). Comparison between the Monte Carlo result (blue triangles) with R�T form factors and the analytical one
(solid line) for both channels: eþe� ! �þ���0 (left) and eþe� ! �þ��� (right).

FIG. 4 (color online). The results from PHOKHARA 7.0 for the three-pion mode for both versions of the form factors, R�T and the
original one, using the next-to-leading-order (NLO) setting.
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FIG. 5 (color online). d

dM2�

for 
ðeþe� ! �þ���0Þ from PHOKHARA 7.0 for 0:75<M3� < 1:8 GeV. Notice thatM�þ�� (
ffiffiffi
s

p
) and

M�þ�0 (
ffiffi
t

p
). BABAR04 data from [37]. Detail of the �-! interference effect is also shown.
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A look at Table II shows that our Fit 4 provides
overall a reasonable approximation to the partial widths
that involve vector resonances. It is curious to notice that
(maybe with the exception of the � ! �0 decay) Fit 3
does not give better results than Fit 4. One could expect
that focusing on the low-energy region of the cross
section where the lightest multiplet of resonances lies
(as it does for Fit 3) would give a more accurate pre-
scription for the decay widths involving these vector
states. However, Fit 4 closely resembles Fit 3. The
reason is that including heavier resonances as intermedi-
ate states would give a better description of the cross
section, even in the low-energy region. The inclusion in
Fit 4 of the eþe� ! ��� cross-section data could also
be the reason for the better results for decay widths
involving � and �0 (with the exception of � ! �
and � ! �0).

In Fig. 2 we compare our description from the fit
with the experimental data. In the low-energy
region (Ecm & 1:05 GeV) we show both Fit 3 and Fit
4 results, which are almost indistinguishable. However,
Fit 4 is a little better in the 0.8–1.05 GeV region. It
convinces us that including heavier resonances as
intermediate states definitely improves our approach.
For the high-energy region (bottom panels) we show
only Fit 4 results. The left bottom panel presents

ðeþe� ! ���Þ and the right bottom panel presents

ðeþe� ! ���Þ.

VIII. IMPLEMENTATION OF OUR RESULTS
IN PHOKHARA 7.0

PHOKHARA is a Monte Carlo event generator for the

study of hadron and lepton production in electron-positron
annihilation at low energies [63–68]. In Ref. [26] the
�þ���0 final state was included in the code using
vector-meson dominance. Though this parametrization
provided a good agreement with data, it did not include
relevant QCD information, which we try to realize with
this article.

We have implemented our form factors in both

ðeþe� ! ���Þ and 
ðeþe� ! ���Þ in the
PHOKHARA 7.0 version [68]. The latter process has

been added to this code for the first time and its pre-
sampler distribution is the same as for the three-pion
mode. In order to check the validity of our implementa-
tion, we perform a test of the form factors by comparing
the leading-order MC results (only one hard photon is
emitted from the initial state)—at the configuration
without any cuts on both pion and photon phase
space—with the analytical ones.3 The initial-state

radiation (ISR) correction due to one hard photon emis-
sion changes the hadronic invariant mass (q2) differen-
tial distribution as

d
ISR

dq2
¼ �

�

no-ðq2Þ Q4 þ q4

Q4ðQ2 � q2Þ
�
ln
Q2

m2
e

� 1

�
; (43)

where 
no-ðq2Þ is our nonradiative result in Eq. (19).

The comparisons for both ��� and ��� final
states, are presented in Fig. 3. As one can see the
Monte Carlo prediction coincides very well with the
analytical result.
In Fig. 4, we present the MC results for the three-pion

mode for both versions of the form factor: R�T and
the original one [26]. We run the NLO version. The
difference between models is within 15% in the region
of validity of our approach, though we notice that this
deviation is most noticeable around q2 � 2:5 GeV2.
In Fig. 5 the two-pion invariant mass distributions,
M�þ�� (

ffiffiffi
s

p
) and M�þ�0 (

ffiffi
t

p
), for different ranges of

invariant masses of the three pions are compared with
data from BABAR [37]. Following Ref. [26], BABAR
data points, given as events/bin, are superimposed on
plots obtained by PHOKHARA. We see that the agreement
is rather good for M3� & 1:4 GeV, while for larger
values the concordance is slightly worse. In the distri-
bution of two charged pions and for 1:1 GeV<M3� <
1:8 GeV it is possible to notice, around

ffiffiffi
s

p � 0:8 GeV,
the effect of the �-! interference as a dip in the
spectrum.
The PHOKHARA 7.0 code implemented with our

form factors is available at the Downloads link of
http://ific.uv.es/lhcpheno.

IX. CONCLUSIONS

Low-energy hadron production in electron-positron
annihilation is the current setting at flavor factories
like, for instance, BABAR, KLOE, CMD, Belle, and
the future Belle II. At present the Monte Carlo code
PHOKHARA 7.0 incorporates a good and relevant set of

exclusive hadron final states, including �þ���0.
However, in this 3� case the parametrization that has
been included can indeed be improved as, for instance,
it does not incorporate the anomalous contribution in
that channel. We believe that any correct implementa-
tion of the form factors that drives the hadronization of
currents in the nonperturbative regime of QCD should
embody all the available information, like symmetries
and dynamics, of QCD. Only in this case can we
extract—by a phenomenological analysis of experimen-
tal data—valuable and reliable information on the
hadronization properties.

3In fact, the same comparison has to be done for the NLO
version of the code as well. However, we restrict ourselves to the
leading-order level as only the result for the hadronic form factor
has been replaced in the code.
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We have used the framework provided by resonance
chiral theory to work out the form factors relevant for the
description of 
ðeþe� ! �þ���0Þ and 
ðeþe� !
�þ���Þ in the energy region from threshold to
E & 2 GeV. As the partial decay widths that involve
vector resonances also depend on the couplings and
parameters of R�T we have performed a joint analysis
of the cross sections and several two-body, three-body,
and radiative decays that include vector resonances.
Hence our results provide a wide view of all of them.
We find a generally good description of both cross
sections—from threshold to E� 2 GeV—and partial
decay widths. Our results for the cross sections are shown
in Fig. 2.

We have implemented our new description of the vector
form factors for both �þ���0 and �þ��� final states in
the Monte Carlo event generator PHOKHARA 7.0. The three-
pion case supersedes a previous result, while for the ���
final state this is the first implementation. The agreement of
dipion mass spectra that results from the code is reasonably
good.

Hadronization is a key feature of nonperturbative
QCD, which at present cannot be treated from first
principles. However, we know how to implement QCD
properties within phenomenological Lagrangians, as in
resonance chiral theory. This is a tool that has been
proven effective, for instance, in the analyses of
hadronization of QCD currents in tau lepton decays.
We have shown that it provides a reasonable setting to
study three-pseudoscalar-meson production in electron-
positron annihilation. Maybe one day the lattice or
some future QCD-based framework will give us a solu-
tion for QCD in the low-energy regime. Until then we
have to use QCD-based tools that are proven to be

phenomenologically useful in the implementation of ha-
dronization procedures.
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APPENDIX A: COMPLETE RESULTS
FOR THE FP

VðQ2; s; tÞ FORM FACTORS
IN eþe� ! �þ��P

1. P ¼ �0

The vector form factor relevant for the eþe� !
�þ���0 cross section, defined by Eq. (18), is given
by

F�
V ðQ2; s; tÞ ¼ F�

a þ F�
b þ F�

c þ F�
d ; (A1)

where (see Appendix A 3 for notation)
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2. P ¼ �

The vector form factor relevant for the eþe� ! �þ��� cross section, defined by Eq. (18), is given by
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3. Notation

The notation employed in the previous sections and Appendix B is specified here:

CR�ðQ2; xÞ ¼ ðc1 � c2 þ c5ÞQ2 � ðc1 � c2 � c5 þ 2c6Þxþ ðc1 þ c2 þ 8c3 � c5Þm2
�;

DR�ðQ2; xÞ ¼ d3ðQ2 þ xÞ þ ðd1 þ 8d2 � d3Þm2
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(A5)

where the ci, di, and gi coupling constants have been defined in Eqs. (12) and (15). Moreover, constraints on those
couplings (or appropriate combinations of them) have been obtained in Sec. IV and recalled in Eqs. (29)–(35).

APPENDIX B: DECAY WIDTHS INVOLVING VECTOR RESONANCES

We collect here the analytical expressions for the decay widths of vector resonances that have been employed in the fit
analyses, as explained in Sec. VII. The notation is the same as the one specified in Appendix A 3.

1. Two-body decays
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(B1)

for ‘ ¼ e, �. Notice that ! ! �� is isospin violating and goes through �-! mixing. The mixing between � and � is
essentially zero because of the Okubo-Zweig-Iizuka rule, and therefore in � ! �� we only take into account the
electromagnetic contribution.

Radiative widths are given by
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where
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2. Three-body decays

The three-pion decays of the vector resonances are given by,

�ðV ! �þðp1Þ��ðp2Þ�0ðp3ÞÞ ¼ 1

256�3M3
V

Z sþ

s�
ds
Z tþ

t�
dtP ðs; tÞj�V j2; (B13)

for V ¼ !, �, �, where s ¼ ðp1 þ p2Þ2, t ¼ ðp1 þ p3Þ2, and

P ðs; tÞ ¼ 1

12
½ð3m2

� þM2
V � sÞst� st2 �m2

�ðm2
� �M2

VÞ2�; (B14)

and the integration limits are

sþ ¼ ðMV �m�Þ2; s� ¼ 4m2
�; t	 ¼ 1

4s
½ðM2

V �m2
�Þ2 � ð�1=2ðs;m2

�;m
2
�Þ � �1=2ðM2

V; s; m
2
�ÞÞ2�: (B15)

Finally, �V is defined as

MV!�þ���0 ¼ i"�	��p
�
1 p

	
2p

�
3 "

�
V�V; (B16)

with "�V being the polarization of the vector meson. Within our resonance chiral theory framework the corresponding
reduced amplitudes, �V , are

�! ¼
0
@

ffiffiffi
2

3

s
cos �V þ

ffiffiffi
1

3

s
sin�V

1
A 8 cos�

M!F
3

8<
:
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p
MV

GR�ðM2
!Þ þGV cos 2�BW½�; s�DR�ðM2

!; sÞ þGVBW½�; t�DR�ðM2
!; tÞ

þGVBW½�; u�DR�ðM2
!; uÞ þ 2GVsin

2�BW½!; s�DR�ðM2
!; sÞ

9=
;; (B17)
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where u ¼ M2
V þ 3m2

� � s� t.

L. Y. DAI, J. PORTOLÉS, AND O. SHEKHOVTSOVA PHYSICAL REVIEW D 88, 056001 (2013)

056001-22



[1] S. Weinberg, Physica (Amsterdam) 96, 327 (1979).
[2] J. Gasser and H. Leutwyler, Ann. Phys. (N.Y.) 158, 142

(1984).
[3] G. Ecker, J. Gasser, A. Pich, and E. de Rafael, Nucl. Phys.

B321, 311 (1989).
[4] G. Ecker, J. Gasser, H. Leutwyler, A. Pich, and E. de

Rafael, Phys. Lett. B 223, 425 (1989).
[5] V. Cirigliano, G. Ecker, M. Eidemüller, R. Kaiser, A. Pich,

and J. Portolés, Nucl. Phys. B753, 139 (2006).
[6] J. Portolés, AIP Conf. Proc. 1322, 178 (2010).
[7] G. ’t Hooft, Nucl. Phys. B72, 461 (1974).
[8] G. ’t Hooft, Nucl. Phys. B75, 461 (1974).
[9] E. Witten, Nucl. Phys. B160, 57 (1979).
[10] P. Ruiz Femenı́a, A. Pich, and J. Portolés, J. High Energy

Phys. 07 (2003) 003.
[11] V. Cirigliano, G. Ecker, M. Eidemüller, A. Pich, and

J. Portolés, Phys. Lett. B 596, 96 (2004).
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[18] H. Czyż, S. Ivashyn, A. Korchin, and O. Shekhovtsova,

Phys. Rev. D 85, 094010 (2012).
[19] S. Dubinsky, A. Korchin, N. Merenkov, G. Pancheri, and

O. Shekhovtsova, Eur. Phys. J. C 40, 41 (2005).
[20] J. Gasser and H. Leutwyler, Nucl. Phys. B250, 517 (1985).
[21] J. Bijnens, G. Colangelo, and P. Talavera, J. High Energy

Phys. 05 (1998) 014.
[22] F. Guerrero and A. Pich, Phys. Lett. B 412, 382 (1997).
[23] J. Sanz-Cillero and A. Pich, Eur. Phys. J. C 27, 587 (2003).
[24] A. Pich and J. Portolés, Phys. Rev. D 63, 093005 (2001).
[25] A. Bramon, J. Bijnens, F. Cornet, and L. Ametller, Report

No. UAB-FT-263-91.
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Phys. J. C 33, 333 (2004).
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In this paper we document the modifications introduced to the previous version of the resonance chiral

Lagrangian current [Phys. Rev. D 86, 113008 (2012)] of the �� ! �������� decay which enable the

one-dimensional distributions measured by the BABAR Collaboration to be well modeled. The main change

required to model the data is the addition of the � resonance. Systematic errors, theoretical and

experimental ones, limitations due to fits of one-dimensional distributions only, and resulting difficulties

and statistical/systematic errors for fitted parameters are addressed. The current and fitting environment is

ready for comparisons with the fully exclusive experimental data. The present result for �� ! ��������

is encouraging for work on other � decay modes and resonance chiral Lagrangian based currents.
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I. INTRODUCTION

In our paper [1] we described an upgrade of the
Monte Carlo generator TAUOLA using the results of the
resonance chiral Lagrangian (R�L) for the � lepton decay
into the most important two- and three-meson channels.
The necessary theoretical concepts were collected,
numerical tests of the implementations were completed
and documented. Finally, we presented strategy for fitting
experimental data and the systematic uncertainties associ-
ated with the experimental measurement. However, there
was and remains until now, an obvious limitation due to
the fact that we are using one-dimensional projections of
the invariant masses for a multidimensional distribution.
The first comparison [2] of the R�L results for the
�����þ mode with the BABAR data [3], did not demon-
strated a satisfactory agreement for the two-pion invariant
mass distributions. With the recent availability of the un-
folded distributions for all invariant masses constructed
from observable decay products for this channel [3], we
found ourselves in an excellent position to work on model
improvement for the �����þ mode. We would like to
stress here that the choice of the three-pion mode is not
accidental. The kinematical configuration is complex and
the three-pion mode has the largest branching ratio among
the three-meson decay modes. Moreover, this decay mode
together with the decays into two pions, which are much

easier to model, are a useful tool for spin-parity analysis of
the recently discovered Higgs boson [4,5] through its di-�
decays [6,7].
Our paper is organized as follows. In Sec. II we present

modifications to the currents previously prepared by us [1].
We give a brief motivation for the choice of selected
extensions. In Sec. III, we present numerical results and
we discuss available options. Section IV is devoted to
documentation of our fitting approach, which could be
substantially simplified thanks to availability of unfolded
invariant mass distributions. In Sec. V we discuss system-
atic uncertainties for the fit resulting from statistical and
systematic uncertainties of the experimental data. Some
technical details of our setup use are collected in this
section as well. Summary, Sec. VI, closes the paper.

II. EXTENSION OF CURRENTS

For the final state of three pions ��, ��, �þ with
the momenta respectively p1, p2 and p3, Lorentz invari-
ance determines the decomposition of the hadronic current
to be [1]

J� ¼ N

�
T�
� ½ðp2 � p3Þ�F1 � ðp3 � p1Þ�F2�

þ q�F4 � i

4�2F2
c5�

�
: ���p

�
1p

�
2p

�
3F5

�
; (1)
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where T�� ¼ g�� � q�q�=q
2 denotes the transverse

projector, and q� ¼ ðp1 þ p2 þ p3Þ� is the momentum
of the hadronic system. Here F stands for the pion decay
constant in the chiral limit. In the isospin symmetry
limit, the F5 form factor for the three-pion mode is
zero due to G-parity conservation [8] and thus we will
neglect it.

Functions Fi, the hadronic form factors, depend in
general on three independent invariant masses that can
be constructed from the three-meson four-vectors. We
chose q2 ¼ ðp1 þ p2 þ p3Þ2 and two invariant masses
s1 ¼ ðp2 þ p3Þ2, s2 ¼ ðp1 þ p3Þ2 built from pairs of mo-
menta. Then s3 ¼ ðp1 þ p2Þ2 can be calculated1 from the
other three invariants and is s3 ¼ q2 � s1 � s2 þ 3m2

�.
The form of the hadronic current is the most general
one and constrained only by Lorentz invariance. The
normalization factor is N ¼ cos 	Cabibbo=F.

It is convenient to write down the hadronic form
factors as

Fi ¼ ðF�
i þ FR

i þ FRR
i Þ � R3�; i ¼ 1; 2; 4; (2)

where F
�
i is the chiral contribution, FR

i is the one
resonance contribution and FRR

i is the double-resonance
part. The R3� constant equals 1 for �����þ (and �1 for
�0�0��).

The exact form of the function Fi is presented in [1]
Eqs. (4)–(11). The comparison to data [2] hints that the
lack of the f0ð600Þ (or �) meson contribution in our
parametrization may be responsible for this discrepancy.2

The �meson is, predominantly, a tetraquark state [11–13],
and it cannot be included in the R�L formalism,3 which is
devised for ordinary q �q resonances.4 The inclusion of
rescattering effects of this kind is an involved task from
the computational point of view, even in the case of scalar

amplitudes [22,23]. In view of this we have decided
to incorporate the � meson following a more phenomeno-
logical approach, more specifically, a simple extension
of the one used by CLEO [24]. This effect is included
into the F1ðQ2; s; tÞ and F2ðQ2; s; tÞ form factors in the
following way:

FR
1 ! FR

1 þ
ffiffiffi
2

p
FVGV

3F2
½
�BW�ðs1ÞF�ðq2; s1Þ

þ ��BW�ðs2ÞF�ðq2; s2Þ�; (3)

FRR
1 ! FRR

1 þ 4FAGV

3F2

q2

q2 �M2
a1 � iMa1�a1ðq2Þ

� ½��BW�ðs1ÞF�ðq2; s1Þ þ�BW�ðs2ÞF�ðq2; s2Þ�;
(4)

where

BW�ðxÞ ¼ M2
�

M2
� � x� iM���ðxÞ

; (5)

��ðxÞ ¼ ��

��ðxÞ
��ðM2

�Þ
; (6)

F�ðq2; xÞ ¼ exp

���ðq2; x; m2
�ÞR2

�

8q2

�
; (7)

and ��ðq2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

�=q
2

p
and �ðx;y;zÞ¼ðx�y�zÞ2�

4yz. Bose symmetry implies that the form factors F1

and F2 are related F2ðq2; s2; s1Þ ¼ F1ðq2; s1; s2Þ. As a con-
sequence the hadronic current (1) is symmetrical under
exchange of s1 and s2. The main differences between the
� meson parametrization, Eqs. (3) to (7), and the one used
by CLEO can be summarized as

(i) there is one resonance contribution (FR
1 ) in (3)

whereas the CLEO parametrization contains only
the double-resonance contributions (FRR

1 ). The
presence of the one resonance diagrams is a feature
of R�L (and other Lagrangian approaches), for
discussion see Sec. 7 of [1];

(ii) 
� � �� and �� � �, no symmetry requirement
enforces these equalities in Eq. (3). In contrary,
CLEO Collaboration [24] uses the simplified case
where vertices a1 ! �� and� ! �� are assumed
to be constant and 
� ¼ �� and �� ¼ �;

(iii) the CLEO Collaboration fixed both the � mass and
its width to the values predicted by the Tornqvist
unitarized quark model [25] whereas we fit these
parameters.

The width for the �� ! �����þ�� decay can be
written down in the terms of the hadronic form factors in
Eqs. (2) and (3)

1In our approach the hadronic form factors are calculated in
the isospin limit and m� ¼ ðm�0 þ 2m�þÞ=3.

2We would like to point out that the same problem was shown
in the E791 analysis of the Dþ ! �þ�þ�� decays [9] (see also
the FOCUS article [10]), where the � contribution was modeled
relying on a Breit-Wigner factor. In this case, the inclusion of the
� contribution is mandatory to describe the data, since it
produces basically half of the decay width. The good agreement
with data shown in [9] can be taken as a support of modeling the
� contribution by means of a Breit-Wigner, as it is done in
this paper, see Eq. (5), and can be considered as phenomeno-
logically sufficiently sound solution until we have better based
parametrization.

3In addition to the above mentioned Dþ ! �þ�þ�� decays,
the � meson has been observed to play an important role in ��
scattering [12,14,15], and it has also been relevant for the
understanding of the J=� ! !�� and �ð2SÞ ! J=��� de-
cays [16,17]. However further investigation of its effect in
processes with the same hadronic final states, as the one con-
sidered in this paper, is required. See our discussion on the fit to
the experimental data including � and other alternatives, as
Coulomb interaction, in Sec. III and the paper summary.

4The q �q assignment for the lightest axial-vector mesons is
favored within the R�L approach [18], see however Refs. [19–21].
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d�

dq2
¼ G2

FjVudj2
128ð2�Þ5M�F

2

�
M2

�

q2
� 1

�
2

�
Z

ds1ds2

�
WSA þ 1

3

�
1þ 2

q2

M2
�

�
WA

�
; (8)

where

WA ¼ �ðV�
1 F1 þ V�

2 F2 þ V�
3 F3Þ

� ðV1�F1 þ V2�F2 þ V3�F3Þ�;
WSA ¼ q2jF4j2: (9)

The following phase space integration limits have to be
used:

Z
ds1ds2 ¼

Z ð
ffiffiffiffi
q2

p
�m�Þ2

4m2
�

ds1
Z ðs2Þþ
ðs2Þ�

ds2; (10)

where

ðs2Þ� ¼ 1

4s
fðq2 �m2

�Þ2 � ½�1=2ðq2; s1; m2
�Þ

� �1=2ðm2
�;m

2
�; s1Þ�2g: (11)

The Coulomb interaction can be important near the
production threshold. We use the far-field approximation;
the final-state pions are treated as stable pointlike objects
and the three-pion interaction is treated as a superposition
of the two-pion ones. The corresponding invariant masses
(we have attractive interaction for the pion pairs of the
invariant masses s1 and s2 and the repulsive interaction for
the s3) define the strength of the pair interactions. The two-
pion system can be in S- or P-wave state. To estimate the
Coulomb interaction in S-wave we can apply the results of
Sec. 94 of Ref. [26] which changes the differential decay
width as follows:

d�

dq2ds1ds2
! d�

dq2ds1ds2

2
�=v0ðs1Þ
1� exp ½�2
�=v0ðs1Þ�

� 2
�=v0ðs2Þ
1� exp ½�2
�=v0ðs2Þ�

� 2
�=v0ðs3Þ
exp ½2
�=v0ðs3Þ� � 1

; (12)

where in rhs d� is the S-wave part of the differential
decay width (see Eq. (8)) neglecting the Coulomb
interactions, v0ðsÞ is the relative velocity of two pions
in the two-pion system with invariant mass s, i.e.
v0ðsÞ ¼ 2��ðsÞ=ð1þ �2

�ðsÞÞ, where ��ðsÞ is defined be-
low Eq. (5). Precision studies of the two-pion vector
form factor (see e.g. [27] and references therein), more
specifically, a P-wave two-pion state, did not require to
include the Coulomb interaction between the pion pair to
describe the data accurately. We will consequently ne-
glect P-wave Coulomb interaction among the final-state
pions and stick to formula (12) to evaluate the effect of
electromagnetic interactions among the pions and set (8)
on rhs of (12).
The a1 width can be written down as the imaginary part

of the two-loop axial-vector–axial-vector correlator with
suitable flavor indices [28]

�a1ðq2Þ ¼ 2��
a1ðq2Þ	ðq2 � 9m2

�Þ
þ 2�K�

a1 ðq2Þ	ðq2 � ðm� þ 2mKÞ2Þ
þ �K0

a1 ðq2Þ	ðq2 � ðm� þ 2mKÞ2Þ; (13)

where

��;K
a1 ðq2Þ ¼ S

192ð2�Þ3F2
AF

2Ma1

�
M2

a1

q2
� 1

�
2 Z

dsdtW�;K
A

(14)

TABLE I. Numerical ranges of the R�L parameters used to fit the BABAR data for three-pion
mode [3]. The approximate uncertainty estimates are collected in Table III. TheM�0 and �� best

fit values are observed to be at the boundary of the physically motivated range of variation that
we allowed for them. TheM�0 value may be lower than expected because of missing resonances

found in [24]. On the contrary, �� appears to be high because of its strong correlation with R�.
This correlation, however, does not show up in Table IV because its evaluation is not reliable for
parameters lying on the boundary of the allowed parameter space.

M� M�0 ��0 Ma1 M� �� F FV

Min 0.767 1.35 0.30 0.99 0.400 0.400 0.088 0.11

Max 0.780 1.50 0.50 1.25 0.550 0.700 0.094 0.25

Fit 0.771849 1.350000 0.448379 1.091865 0.487512 0.700000 0.091337 0.168652

FA ��0 
� �� �� � R�

Min 0.1 �0:37 �10:0 �10:0 �10:0 �10:0 �10:

Max 0.2 �0:17 10.0 10.0 10.0 10.0 10.0

Fit 0.131425 �0:318551 �8:795938 9.763701 1.264263 0.656762 1.866913
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stands for the contribution from the individual three-pion
[28] and two kaons–one pion [29] absorptive cuts. As
similar integrands are present in Eq. (8) for the partial
decay width of � to three pions and in Eq. (13) for the
q2-dependent a1 width, we could use this property to
simplify the code for calculating the invariant mass spectra
and profit in full from the unfolded invariant mass distri-
bution of BABAR which recently became public [3]. The
Monte Carlo simulations could be avoided and we could
use semianalytical functions in fits.

We would like to stress that we neglect, in our numerical
analysis, the � contribution on rhs of Eq. (14), which
should be suppressed in the large-NC counting. We will
come to discussion of additional ambiguities related to the
� contribution in the Summary.

III. NUMERICAL RESULTS

The parameters of the current5 described in the previous
section were used in a fit as it is discussed in Sec. IV. The�
contribution is switched on by setting FF3PISCAL ¼ 2 in
value_parameter.f. The numerical values of the model
parameters are collected in Table I; the goodness of the
fit6 is quantified by �2=ndf ¼ 6658=401. We discuss
next our best fit numerical results; the plots of invariant
masses are given in Fig. 1 and in Fig. 2. The partial width
resulting from the phase space integration of the matrix
element ���!�����þ��

¼ 1:9974� 10�13 GeV agrees

with the one measured by BABAR � ¼ ð2:00� 0:03%Þ �
10�13 GeV [31] and its PDG value � ¼ ð2:04� 0:01%Þ �
10�13 GeV [16].7

These results can be confronted with those obtained
previously without the � contribution, which can be found
in Table 2 of [1].

The effects of the electromagnetic interaction among
the final-state pions, see (12), is turned on by setting
FCOUL ¼ 1 in value_parameter.f. Taking into account
the Coulomb interaction (when the � contribution was

not included) we obtained8 a �2=ndf ¼ 33225=401.
Therefore, the Coulomb interaction without the � contri-
bution cannot describe the data in the low-energy region.
The effect on the total width is about 2%, if Coulomb
interaction is introduced for currents with parameters
set as in Table I. When it is introduced at the time of
fit the effect is even smaller. It is also negligible for the
one-dimensional distributions; the �2 changes by 2%
if Coulomb interaction is switched on during the fitting
procedure, for both the cases with and without the �
contribution.

A. Case of �0�0�� mode

A current analogous to Eq. (3) can be written for the
�0�0�� mode too. In this case the neutral pions may be
produced by the � meson, exchanged in s3:

FR
1 ! FR

1 þ
ffiffiffi
2

p
FVGV

3F2

0
�BW�ðs3ÞF�ðq2; s3Þ;

FRR
1 ! FRR

1 þ 4FAGV

3F2

q2

q2 �M2
a1 � iMa1�a1ðq2Þ

� �0
�BW�ðs3ÞF�ðq2; s3Þ: (15)
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FIG. 1 (color online). The differential decay width of the �� !
�����þ�� channel is plotted versus the invariant mass distribu-
tion of the three-pion system. The BABAR measurements [3] are
represented by the data points, with the results from the R�L
current as described in the text (blue line) and the old tune from
CLEO from Refs. [49,50] (red-dashed line) overlaid. At the bottom
of the figure, ratio of new R�L prediction to the data is given. The
parameters used in our new model are collected in Table I.

5The widths of the � and a1 resonances, �� � ��ðM2
�Þ and

�a1 � �a1 ðM2
a1 Þ, are not fit parameters and are calculated by

means of Eq. (29) in [1] and Eq. (13).
6In our previous paper, �2 was computed using the combined

statistical and systematic uncertainties since only the total co-
variance matrix was publicly available. For the present results
we obtain �2=ndf ¼ 910=401 when the total covariance matrix
is used and conditions enabling direct comparisons are fulfilled.
This is eight times better than the previous result [2]. The spectra
[3] used now and in Ref. [2] have different binnings. In particu-
lar, [3] uses a bin width of 10 MeV while Ref. [2] used a 20 MeV
bin width. Moreover, the current spectra have smaller uncertain-
ties that are reduced relative to the results of Ref. [30].

7We quote the branching ratio excluding �� ! �� �K0��, with
the subsequent decay K0

S ! �þ��. The R�L current for the
three-pion mode, see Sec. 2.1 of [1], does not include the feed
down from this mode. The value measured by BABAR also
excludes the �K0 contributions. The effect of �� ! ��!��,
followed by ! ! �þ�� is numerically negligible (branching
ratio 	3� 10�4) and is excluded from our current as well.

8Note that this result cannot be directly compared with the
result from our previous paper as in this case a different �2

function (that takes into account correlation between histogram
bins) is used.
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The form factors FR
1 , F

RR
1 in rhs are the same as for the

�����þ mode [up to a common overall sign, see Eq. (4)
of [1]] whereas no symmetry requirement implies that
the � contribution for the �0�0�� decay channel coin-
cides with the corresponding one in the �����þ mode.
We would like to stress that the analysis of CLEO supports
the idea that the value of the � vertex parameters are
different for �0�0�� and �����þ modes, see Tables 2
and 3 in [24].

To obtain results for �0�0��, we have used the follow-
ing solution. The parameters of the �: 
�, ��, R�,M� and
�� were fitted again to the �����þ data, varying in the
same range as in the default fit, see Table I. All three
spectra of invariant masses and width were used as experi-
mental input to the fit. However, the additional approxi-
mation 
� ¼ ��, �� ¼ �, necessary for extension to the
�0�0�� mode, was used. The fit gives9


� ¼ 1:139486; �� ¼ 0:889769; R� ¼ 0:000013;

M� ¼ 0:550; �� ¼ 0:700: (16)

Using the results of this fit,10we may estimate the 
0
� and

�0
� parameters for the �0�0�� mode


0
� ¼ 
� � Scaling�factor �0

� ¼ �� � Scaling�factor;

employing the result for the a1 ! �� constant vertex
from Tables 3 and 4 of [24]. We find Scaling

�
factor ¼

2:1=3:35 ¼ 0:63. Therefore, for the �0�0�� channel
we obtain 
0

� ¼ 0:63 � 1:139486, �0
� ¼ 0:63 � 0:889769,

R� ¼ 0:000013, M� ¼ 0:55 and �� ¼ 0:7. All other con-
stants remain11 as in Table I; we obtain the �0�0��
partial width12 � ¼ ð2:1211� 0:016%Þ � 10�13, 1%
higher than the central PDG value and within the errors
cited by PDG. When all model parameters are adopted in
the fit (see Table II), and once the scaling factor is again
included, the �0�0�� partial width becomes � ¼
ð2:2706 � 0:016%Þ � 10�13 GeV. That is 8.1% higher
than the PDG value.13

The fit results in Eq. (16) reproduce the PDG width of
the �0�0�� mode better than those in Table II. This is
possibly a consequence of accidental partial cancellation
of phase space effect and the effect of assumption 
� ¼
��, �� ¼ � which is not supported theoretically for the
three charged pion mode. However, it is needed to obtain
an estimate of the 
� and �� parameters in the �0�0��
channel for which no data are available. We propose the
results of Eq. (16) for the � parameters and for the others
as given in Table I (i.e. as for the �����þ mode) for
default, until the �0�0�� experimental distributions or
other improvements become available for the fit.
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0.5 1 1.5
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0 0.5 1 1.50
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0.9

1
1.1
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FIG. 2 (color online). The �� ! �����þ�� decay invariant mass distribution of the two-pion pairs. The BABARmeasurements [3]
are represented by the data points, with the results from the R�L current as described in the text (blue line) and the old tune from
CLEO from Refs. [49,50] (red-dashed line) overlaid. At the bottom of the figures, ratio of new R�L prediction to the data is given. The
parameters used in our new model are collected in Table I.

9Obviously, this constrained fit for �����þ is worse than for
the values provided in Table I (�2=ndf for the new minimum is
21589=401). However, when the new fit is performed with all
other parameters allowed to vary within the ranges mentioned in
the Table I, and only with the assumption 
� ¼ ��, �� ¼ �,
the corresponding minimum gives �2=ndf ¼ 8707=401 which
is closer to our default result for �����þ channel. The results
of this fit are collected in Table II. They provide another hint that
the � contribution to our decays may be considered as a not fully
confirmed and/or understood phenomenon.
10Note that two of the parameters are at the limits we requested
for the fit. However as we plan to use the results for the �0�0��
mode we leave this observation without further consideration.

11We would like to draw attention to the fact that both fits, this
one and the one in Table II, prefer an R� value consistent with
zero. This coincides with the CLEO result [24,32].
12This was calculated by setting the parameter BRA1 ¼ 0 in
routine INITDK. Results are taken from sample of 2 � 106
events.
13We note that there is a 	2:4% difference between the
�����þ and ���0�0 branching ratios due to phase space as
a consequence of the �0 mass being smaller than the �� mass.
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IV. FITTING STRATEGY

For the purpose of fitting, a set of semianalytic dis-
tributions over s1, s3 and q2 has been prepared. In the
three-dimensional distribution of formula (8), two of the
parameters are integrated over.14 A change of integration
variable was introduced to smoothen the integrand and
improve integration convergence. The 16-point Gaussian
integration routine from the old Fortran CERNLIB was used.
Two options were interchanged. In the first one integration
adopts the number of divisions for integration domain by
itself to fulfill the precision requirement. In the second case
the number of divisions has to be provided by the user.
Even though the second method is less sophisticated, it is
better suited for fitting algorithms, where minuscule
changes of integrals due to variation of model parameters
are of primary importance. For all of these methods, C
wrappers have been written and the interface for work with
ROOT [33] has been prepared.

The a1 width is written down as in Eq. (13). However, its
computation, through a double integration for every q2 is
demanding on CPU time. To speed up the calculation, at

first, we simply calculated a1 width as a function of q
2 once

and we kept it in a table, even though it should be recalcu-

lated whenever parameters of the model were changed

(see Sec. 4 and Table 4 of Ref. [1] for technical details).

This approximation was largely insufficient. Later for the

dominant 3� contribution to the a1 width [��
a1 in (13)] we

followed the method used for a long time since year 1992

[8]: the a1 width is calculated by (14) at several values of q
2

only, for other values, it is replaced with the polynomial

extrapolation gðq2Þ given by Eq. (17). The coefficients a, b,
c, d, e, f, g, h, p, which appear in (17), are calculated from
the set of equations where the lhs of (17) is fixed to the

three-pion part of the a1 width calculated from Eq. (13).
For the subdominantKK� contribution to the a1 width a

table (see Sec. 4 and Table 4 of Ref. [1] for technical
details) is produced, and it is not recalculated with the
changing fit parameters at every step of the fit iteration.
It was checked that the above simplifications did not bring
substantial effects for the final results.
We have used the following form for gðq2Þ, inspired

from Ref. [34]:

gðq2Þ ¼

8>>><
>>>:

ðq2 � 9m2
�Þ3ða� bðq2 � 9m2

�Þ þ cðq2 � 9m2
�Þ2Þ; 9m2

� < q2 < ðM� þm�Þ2;
q2ðd� e=q2 þ f=q4 � g=q6Þ; ðM� þm�Þ2 < q2 < 3ðM� þm�Þ2;
hþ 2p

q2�3ðM�þm�Þ2
ðM�þm�Þ2 ; 3ðM� þm�Þ2 < q2 <m2

�;

(17)

where from the best fit we have obtained

a ¼ 1:54712; b ¼ 3:83256; c ¼ 4:52798; d ¼ 0:30997; e ¼ 1:56106;

f ¼ 3:73605; g ¼ 2:00856; h ¼ 0:38688; p ¼ �0:00108;

andM� can be taken as the PDG �ð770Þmass andm� as an
isospin averaged mass.

As in Ref. [8] the expansion in rhs of (17) starts from
ðq2 � 9m2

�Þ3 to reproduce the P-wave phase space. The

difference for the q2-dependent a1 width calculated as the
sum of (17) and the KK� table and the precise results is

less than 7% starting from q2 ¼ 0:293 GeV2. It decreases

below 1% starting from q2 ¼ 1:1 GeV2, where it is of

major importance. For q2 below M2
� numerical values for

gðq2Þ are small, thus of no numerical consequences for the

calculated currents.

TABLE II. Numerical values of the R�L parameters fitted to BABAR data for three charged
pion mode [3] requiring 
� ¼ ��, �� ¼ �. The approximate uncertainty estimates from
MINUIT are 0.4 for R�, 0.13 for M�0 and below 10�2 for rest of the parameters.

M� M�0 ��0 Ma1 M� �� F FV

Min 0.767 1.35 0.30 0.99 0.400 0.400 0.088 0.11

Max 0.780 1.50 0.50 1.25 0.550 0.700 0.094 0.25

Fit 0.772774 1.350000 0.410404 1.116400 0.495353 0.465367 0.089675 0.167130

FA ��0 
� �� R�

Min 0.1 �0:37 �10:0 �10:0 �10:0

Max 0.2 �0:17 10.0 10.0 10.0

Fit 0.146848 �0:301847 1.094981 0.582533 0.000315

14For the future application of the fitting procedure a set of two-
dimensional distributions has been prepared as well.
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Once our numerical integration algorithms were
understood and the speed of the calculation improved, we
could use for the a1 width formula (13) and retabulate in
the manner described in Sec. 4 of Ref. [1], whenever
parameters of the model were changed in the fit algorithm;
parallelization was useful.

In our fits we have used a set of three one-dimensional
distributions from BABAR [3]. We normalize the BABAR
data to its branching ratio taken also from the BABAR
measurements [31] (� ¼ 2:0� 10�13 GeV) and perform
a �2 fit using MINUIT from the ROOT library. The covariance
matrix provided by BABAR already assumes the statistical
uncertainties are Gaussian.15 The �2 minimized in the
fit is determined as the sum of �2 from the three one-
dimensional distributions, where correlations between the
histograms have been neglected. The fitting function has
been designed in the following way:

(i) A set of three histograms is generated using the
aforementioned semianalytic distributions.

(ii) For each X for which MINUIT requests function
value, an appropriate bin content is returned.

(iii) Whenever MINUIT changes one of the parameters:
TAUOLA is reinitialized with a new set of parameters.
The a1 width formula is pretabulated.16

A new set of histograms is generated.
Without complete retabulation of a1 width, calculating

each step took less than a minute on a 2.8 GHz processor. It
has been further improved by parallelization of the histo-
gram generation. This has been done by submitting each
bin of each of the three histograms as a separate task
distributed evenly among all cores assigned to the job.
This reduced the time for one step to 6–8 seconds on a 8
core 2.8 GHz processor. This approach allows for flexible
assignment of the number of cores used for computation.17

Retabulation increases computation time only twice.
The �2 for such a case is about 10% smaller. For the final
steps of the fits we also include integration over the bin
width, instead of previously used value at the bin center.
This makes �2 smaller by another 5%–6% at a cost of

3 to 5 times slower computation. When both options are
included and fits are performed from the point calculated
without these improvements, the �2 is reduced yet again by
5% to 6%. Nonetheless such improvements do not change
the results in a significant manner, except parameters of the
�. This points to the unconfirmed nature of the � or the
insensitivity of the decay of the � without the availability
of the angular correlations.
Our results collected in Sec. III, in particular Figs. 1 and 2,

have been obtained with both a1 retabulation and integration
of bin width taken into account.

V. DISCUSSION OF UNCERTAINTIES
FOR THE FIT

After having completed the presentation of our results,
rather good agreement with the data has been found,
substantially better than available in the literature. Let us
turn our attention to the possible systematic uncertainties
resulting from the use of experimental data available at this
moment. Our currents used in the fits are not constructed
posterior to fit properties related to the shapes of the
distributions but are the results of theoretical assumptions.
We will cover these points in the following subsections.

A. Numerical results and statistical uncertainties

The parameters obtained from our fit are collected in
Table III. The corresponding correlation matrix can
be found in Table IV. The statistical uncertainties were
determined using the HESSE routine from MINUIT [35]
under the assumption that the correlations between distri-
butions and the correlations related to having two entries
per event in the ���þ distribution can be neglected. We
find a strong correlation (correlation coefficients moduli
bigger than 0.95) between the parameters

Ma1 ; F�; FV; ��0 :

There are also large correlations (with coefficients larger than
0.85) between these parameters and �� and ��0 . The corre-

lations between these two last parameters and the former set
with 
� and M� are only slightly smaller. The �� is un-

correlated because the Hessian matrix is not computed cor-
rectly for parameters that have a minimum on the boundary.
Some of the previously commented correlations are

related to the underlying dynamics of the process, as we
explain in the following.
The dominant contribution to the amplitude originates

from the exchange a1 ! ð�;�0Þ�. The explicit form of the
form factors FRR

i ði ¼ 1; 2Þ is given in Eqs. (6)–(11) of
Ref. [1]. Since in Eq. (3) we use GV ¼ F2

�=FV , see
discussion in Sec. 7 of Ref. [1], the factor multiplying
the a1 propagator18 is GV � FA=F

3
� ¼ FV � FA=F�. As a

15Because the BABAR covariance matrix was constructed using
systematic uncertainties that were estimated with Toy MC, there
are statistical fluctuations that cause instabilities in the matrix
inversion. Therefore, a cutoff on the magnitude of the correla-
tions was used. The value of the cutoff was determined from
where the �2, as a function of the cutoff value, becomes
unstable.
16During first fits, at this point the function for interpolation of a1
width [Eq. (17)] was reinitialized. It was then used instead of a1
table during histogram generation.
17Note that this method can also be extended to use multiple
processors. However, from our tests the total amount of cores
used should not exceed 24. Above this threshold the communi-
cation between the main program and the child processes slows
down the whole calculation giving no gain in time. This could be
solved by introducing more than one main program but we
decided against further optimization of the code as the calcu-
lation time was good enough for our purposes.

18The 1=F� factor was factored out in the normalization of the
currents, see Eq. (1).
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consequence, strong correlations between FV , FA, F� and
alsoMa1 and��0 could have been expected, as it is the case

for all of them but for FA which shows slightly smaller
correlations. It could also be guessed that correlations
affected the other �� �0 parameters (M� and �0

�), as are

indeed observed; but we could not find a reason why strong
correlations affect also the 
� and �� parameters but

not the other parameters entering our model of the �
contributions (��, � and R�).
As we will see later in the paper, for example in the next

subsection on the discussion of systematic errors for our
results, there are further correlations between parameters
of the model, which are difficult to understand. This under-
lines the importance of the systematic uncertainties of our
data. The actual position of the minimum obtained in our
fit may be to some degree an artifact and result from
systematic effects from the measurements which can be
accounted for with systematic and statistical uncertainties.
This is important specially for the numerical values of
strongly correlated parameters. Before the analysis of
multidimensional distributions is available for us in the
future, let us review the possible consequences of the
systematic uncertainties of the data.

B. Systematic uncertainties of the data

The experimental systematic uncertainties were taken
into account using Toy MC Studies. This approach was
adopted instead of studying individual uncertainties to
demonstrate that systematic uncertainties for the invari-
ant mass measured by Belle and BABAR can be easily
and correctly incorporated into an analysis. The disad-
vantage of this method is that one cannot isolate the
impact of individual uncertainties and the uncertainties
are assumed to be Gaussian. These limitations are in-
trinsic to the invariant mass spectra made available by
these collaborations. The Toy MC was generated under
the Gaussian assumption using Cholesky decomposition
on the systematic covariance matrix provided by the
BABAR experiment to include the correlations. The fit
was rerun for 100 Toy MC to estimate the impact on
the experimental systematic uncertainties. The resulting

TABLE III. The fit parameters presented with the statistical
and systematic uncertainties. The numbers in round brackets
enclose digits that are not significant according to the (other)
errors.

Parameter Number Value


� 0 �8:ð795938Þ � ð0:023Þ � 5

�� 1 9:ð763701Þ � 0:ð013Þ � 4:0

�� 2 1:2ð64263Þ � 0:0ð09Þ � 0:8

� 3 0:6ð56762Þ � 0:0ð06Þ � 1:1

R� 4 1:8ð66913Þ � 0:0ð053Þ � 1:4

M� 5 0:7718ð49Þ � 0:0001ð8Þ � 0:0033

M�0 6 1:35ð00001Þ � ð9 � 10�6Þ � 0:06

��0 7 0:44ð8379Þ � 0:00ð6Þ � 0:06

Ma1 8 1:091ð865Þ � 0:00ð029Þ � 0:014

M� 9 0:48ð7512Þ � 0:00ð033Þ � 0:05

�� 10 0:70ð0Þ � ð2:23 � 10�5Þ � 0:21

F� 11 0:0913ð37Þ � ð3:3 � 10�5Þ � 0:0019

FV 12 0:1686ð52Þ � 0:0001ð8Þ � 0:0080

FA 13 0:131ð425Þ � ð6 � 10�5Þ � 0:011

��0 14 �0:318ð551Þ � 0:000ð9Þ � 0:034

TABLE IV. The statistical correlation matrix from MINUIT for the fit parameters presented to two decimal places.


� �� �� � R� M� M�0 ��0 Ma1 M� �� F� FV FA ��0


� 1 0.60 0.36 �0:29 �0:41 �0:69 0.46 0.68 �0:77 �0:09 0.02 0.78 0.76 0.52 �0:78

�� 0.60 1 0.44 �0:39 �0:42 �0:75 0.55 0.79 �0:89 �0:16 0.04 0.89 0.88 0.58 �0:88

�� 0.36 0.44 1 �0:56 �0:22 �0:59 0.16 0.37 �0:47 �0:28 0.00 0.49 0.45 0.30 �0:45

� �0:29 �0:39 �0:56 1 0.46 0.46 �0:24 �0:42 0.49 0.01 0.01 �0:49 �0:47 �0:31 0.47

R� �0:41 �0:42 �0:22 0.46 1 0.42 �0:33 �0:56 0.62 0.34 0.02 �0:53 �0:56 �0:42 0.48

M� �0:69 �0:75 �0:59 0.46 0.42 1 �0:27 �0:64 0.79 0.29 �0:02 �0:83 �0:74 �0:48 0.75

M�0 0.46 0.55 0.16 �0:24 �0:33 �0:27 1 0.67 �0:61 �0:13 0.03 0.61 0.66 0.37 �0:65

��0 0.68 0.79 0.37 �0:42 �0:56 �0:64 0.67 1 �0:88 �0:24 0.03 0.86 0.88 0.57 �0:88

Ma1 �0:77 �0:89 �0:47 0.49 0.62 0.79 �0:61 �0:88 1 0.28 �0:03 �0:96 �0:97 �0:62 0.95

M� �0:09 �0:16 �0:28 0.01 0.34 0.29 �0:13 �0:24 0.28 1 �0:02 �0:30 �0:29 �0:20 0.30

�� 0.02 0.04 0.00 0.01 0.02 �0:02 0.03 0.03 �0:03 �0:02 1 0.03 0.03 0.03 �0:04

F� 0.78 0.89 0.49 �0:49 �0:53 �0:83 0.61 0.86 �0:96 �0:30 0.03 1 0.95 0.55 �0:97

FV 0.76 0.88 0.45 �0:47 �0:56 �0:74 0.66 0.88 �0:97 �0:29 0.03 0.95 1 0.63 �0:96

FA 0.52 0.58 0.30 �0:31 �0:42 �0:48 0.37 0.57 �0:62 �0:20 0.03 0.55 0.63 1 �0:56

��0 �0:78 �0:88 �0:45 0.47 0.48 0.75 �0:65 �0:88 0.95 0.30 �0:04 �0:97 �0:96 �0:56 1
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systematic uncertainties are presented in Table III, while
the correlation matrix for the fit parameters can be read
from Table V. From Table III, it can be seen that the
extraction of the fit parameters is limited by the system-
atic uncertainties. The main systematic uncertainties are
related to the limited MC statistics used in the BABAR
analysis; the modeling of the detector response for the
reconstructions of the invariant masses, namely the reso-
lution, scale for the momentum and angles of the mea-
sured particle as well as the bias of the unfolding
procedure; and the modeling of the backgrounds. The
uncertainty associated with the limited MC statistics,
which is comparable to the statistical error on the data,
is one of the most significant components of the total
systematic uncertainty. The other main systematic un-
certainties impact the shape of the invariant mass spec-
tra. The most important one is the detector modeling.
As one would expect the uncertainty related to the
modeling of the detector response is most pronounced
where the rate of change in the mass spectra is large.
This uncertainty is of particular importance for deter-
mining the width of resonances or parameters correlated
to those widths. The main backgrounds come from the
�0 fake rate associated with the �� ! �����þ�0��

events and cross feed from �� ! K����þ��. The
�� ! h�h�hþ�� cross feed from particle misidenti-
fication is primarily found in the low Q2 region from
0.7–0.9 GeV and the ���þ region below the � reso-
nance. The �� ! �����þ�0�� is most significant
around the low Q2 region and the low ���þ invariant
mass. Since this is the region were the � is added to
improve the agreement of the fit with data, the system-
atic uncertainties are essential to interpret the magnitude

of the disagreement and quantifying the level at which
the R�L approach breaks down. The q �q background is
negligible for most of the invariant mass spectra except
at the high Q2 above 1.5 GeV. The Bhabha background,
although negligible over most of the phase space, does
have a significant contribution to the low Q2 region, up
to 0.8 GeV, and the high-Q2 region above 1.6 GeV as
well as below 0.3 GeV in the ���� spectra. Parameters
which are coupled to features that have a significant
contribution to the spectra, for example the � mass,
have systematic uncertainties corresponding to the naive
expectation from the known scale, resolution uncertain-
ties and fit bias uncertainties on the distribution. For
other parameters, the conclusions are less clear due to
the sensitivity in the one-dimensional spectra and strong
correlations. For example, the uncertainties associated
with the mass and width of the a1ð1260Þ and �0ð1450Þ
are dependent on �ð770Þ mass, width and coupling
parameters. However, it should be noted that these pa-
rameters are likely biased and will not correspond to
physically meaningful values due to missing resonance
structures that have been reported in [24,32].

C. Test of the convergence of the fitting procedure
and Gaussian approximation

To verify that our fitting procedure does not depend on
the starting choice of numerical values for the parameters,
and that it converges properly to a single minimum, we
have run fits from several different starting points. The
procedure of this test is as follows:

(i) A random scan of the parameter space has been
performed: sample of 210K random points has

TABLE V. The correlation matrix for systematic uncertainties on the fit parameters presented to 2 decimal places.


� �� �� � R� M� M�0 ��0 Ma1 M� �� F� FV FA ��0


� 1 �0:84 �0:27 �0:15 0.62 0.00 0.47 0.05 0.56 0.17 �0:61 �0:05 0.07 0.86 0.03

�� �0:84 1 0.42 0.29 �0:77 �0:12 �0:37 �0:27 �0:64 �0:3 0.83 0.03 0.19 �0:55 �0:03

�� �0:27 0.42 1 �0:45 0.01 �0:47 �0:24 0.06 �0:37 0.03 0.23 �0:21 �0:04 �0:04 �0:11

� �0:15 0.29 �0:45 1 �0:73 0.64 �0:15 �0:17 �0:04 �0:68 0.52 �0:26 0.68 �0:05 0.53

R� 0.62 �0:77 0.01 �0:73 1 �0:37 0.39 0.29 0.4 0.5 �0:79 0.21 �0:5 0.39 �0:32

M� 0.00 �0:12 �0:47 0.64 �0:37 1 �0:26 0.05 0.15 �0:63 0.06 �0:5 0.48 �0:04 0.52

M�0 0.47 �0:37 �0:24 �0:15 0.39 �0:26 1 �0:38 0.29 0.23 �0:32 0.35 �0:06 0.44 �0:07

��0 0.05 �0:27 0.06 �0:17 0.29 0.05 �0:38 1 0.29 0.08 �0:29 �0:24 �0:28 �0:07 0.06

Ma1 0.56 �0:64 �0:37 �0:04 0.4 0.15 0.29 0.29 1 0.2 �0:56 �0:22 �0:2 0.55 0.5

M� 0.17 �0:3 0.03 �0:68 0.5 �0:63 0.23 0.08 0.2 1 �0:32 0.37 �0:67 �0:03 �0:34

�� �0:61 0.83 0.23 0.52 �0:79 0.06 �0:32 �0:29 �0:56 �0:32 1 �0:03 0.44 �0:44 0.19

F� �0:05 0.03 �0:21 �0:26 0.21 �0:5 0.35 �0:24 �0:22 0.37 �0:03 1 �0:18 �0:17 �0:51

FV 0.07 0.19 �0:04 0.68 �0:5 0.48 �0:06 �0:28 �0:2 �0:67 0.44 �0:18 1 0.24 0.5

FA 0.86 �0:55 �0:04 �0:05 0.39 �0:04 0.44 �0:07 0.55 �0:03 �0:44 �0:17 0.24 1 0.18

��0 0.03 �0:03 �0:11 0.53 �0:32 0.52 �0:07 0.06 0.5 �0:34 0.19 �0:51 0.5 0.18 1

RESONANCE CHIRAL LAGRANGIAN CURRENTS AND . . . PHYSICAL REVIEW D 88, 093012 (2013)

093012-9



been tested and the �2 of the difference between
these points and data have been stored.19

(ii) The sample has been sorted by the �2 and a
thousand best results have been selected.

(iii) From these results, 20 points have been selected in
a way that maximizes the distance between these
points.

(iv) From these points we perform a full fit to the
data using a method that takes into account the
correlation between bins in the histograms.

We have observed that more than 50% of the results
converge to the minimum described in this paper.20 This is
an important test that indicates our results are stable and
indicates that our fitting procedure converges properly
regardless of the choice of the starting point.

The Gaussian approximation used for the statistical
uncertainty is validated using two toy MC studies. For
one of the tests we have used the parameter values for
the current minimum of the fit to generate 8 Monte Carlo
samples of 2� 107 events. We then proceed to fit our
currents to these samples as if they were experimental
data samples with the errors scaled to match the statistics
in the data. The first test started the fit from the very same
values used for generation of the samples. This is to check
how our fitting procedure behaves close to the minimum
and how the statistical error of the experimental sample
affects the result. The results are consistent with the start-
ing values. In the second test, we used the default starting
values from our previous paper [1]. The result of the fit is in
good agreement with the values used for generation of
Monte Carlo samples. This indicates that the errors are
within the regime where the Gaussian approximation for
the uncertainties is valid. We assume that any bias from the
correlations is negligible.

D. Pole position of the �, �0 and � resonances

We presented our best fit results for the R�L parameters
with statistical and systematic uncertainties in Table III. It
may be desirable, however, to give the corresponding
resonance pole mass and width parameters, which are

model independent, to allow for comparisons with other
works and encode the spectrum features in physically
meaningful parameters. We are aware, though, that the
complex dynamics of the process under study prevents a
competitive determination of the �, �0 and � resonance
parameters, whose pole positions can be determined with
higher accuracy in �� scattering and the vector two-pion
form factor, the latter either in eþe� scattering or � decays.
Specifically, in order to obtain the corresponding physi-

cal mass and width one should compute the position of the
pole in the second Riemann sheet of the complex s plane,
say spole. One has (see Refs. [36–38] for the prescriptions

on how to deal with the cuts in the complex functions
entering the corresponding propagators)

ffiffiffiffiffiffiffiffiffi
spole

p ¼ M
pole
� � i

2
�
pole
� : (18)

If this procedure is carried on for the �, �0 and
� resonances21 the results displayed in Table VI are
obtained.
This kind of analysis is mandatory for the f0ð500Þ and

�ð770Þ resonance, for which the determination of its pole
parameters has become an area of precision calculations.
In particular there is very nice agreement in the literature

for the �ð770Þ pole parameters:M
pole
� ¼ 761� 3 MeV and

�
pole
� ¼ 145� 4 MeV using different types of data and

methods (see [27] and references therein for details). Our

value in Table VI, spole� ¼ ð760� 4� i
2 ð157þ7�9ÞÞ2 MeV2 is

compatible both for the mass and width, although the last
value appears slightly large. We believe that this may be
the result of the degeneracies and instabilities of the fit
caused by the model used for the �. In the case of the
�ð1450Þ resonance, the comparison of our results in
Table VI with those in Ref. [27] show agreement for the
width but some tension on the mass that is 20 MeV smaller
in Table VI. It is important to note here, that there are
observed resonances, f2ð1270Þ and f0ð1370Þ, which were
reported CLEO [24,32] and are suggested by the fit to the
BABAR data. These additional resonances and the correla-
tions between the � and �0 parameters in the fits may also
have affected the pole parameters of these resonances.
Therefore, until these problems have been solved, the
pole values for the masses and widths for the �, � and �0
may be of limited use.
After a long-standing debate about the existence of the

�, it is well established now and the state-of-the-art
dispersive analyses of �� scattering data [12,15,39,40]
agree within a few MeV for the pole position of the
� around ðð459þ25

�15Þ � ið279� 30ÞÞ MeV. Although with

less precision, the results obtained using Dþ ! �þ�þ��

19Since for this purpose the size of the sample is more im-
portant than the quality of the result, we were able to make use of
the interpolation formula (17) (described in Sec. IV) instead of
dense pretabulation of a1 width. We have also neglected inte-
gration over bin width. These simplifications introduced bias for
�2 calculation which only weakly depends on the actual choice
of the model parameters. However, thanks to this, we have
gained a factor of 7 in speed of calculation, which greatly
increased the sample size.
20In other cases either MINUIT does not converge due to number
of parameters being at their limit or converges to other local
minima. This verifies our assumption that the fitted function has
several minima. It does, however, point out that the minimum
described in this paper has a very high chance of being a global
minimum of this function as all other minima have distinguish-
ably higher �2.

21The corresponding calculation for the a1 resonance is beyond
the scope of this paper, since the relevant three-meson cuts
include the � and �0 widths under a double integration making
this determination rather cumbersome.
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data, s
pole
� 	 ð0:47� i0:22Þ2 GeV2 [41], are in reasonable

agreement with the previous values, although with a

smaller width. Our figures in Table VI, s
pole
� ¼

ð0:57� 0:09� ið0:31� 0:08ÞÞ2 GeV2, are in accord
with the more precise determinations obtained analyzing
�� scattering data. Although this result supports the
consistency of our picture where the sigma meson is
present in the �� >�����decay, in particular in the
decay distribution at low values of the �þ�� invariant
mass, we judge that it is still too early to claim this as a
confirmed fact. Before doing so, wewould like to see if this
trend is kept when: analyzing the complete multidimen-
sional data set; improving the model of the contribution;
and/or adding the missing resonances, for example the
a1ð1640Þ resonance exchange, as it is discussed in the
conclusions.

E. Technical details

For the above applications to be possible we had to adapt
TAUOLA library. Let us document the necessary changes.

The following FORTRAN functions with one, two- and
three-dimensional distributions have been prepared.
Note that all of these functions have been also defined in
demo-fit/wid3pi_demo.h for use in C/C++ environment.
All of the parameters and return values of these functions
are DOUBLE PRECISION.

(i) FUNCTION FFWID3PI(QQ,S1,S3)
Input: QQ ¼ m2

�����þ, S1 ¼ m2
���þ,

S3 ¼ m2
����. Returns d�ð�� ! �����þ��Þ=

ðdQQdS1dS3Þ. If QQ S1 S3 are outside of the phase
space, this function returns zero.

(ii) FUNCTION DGAMS3QQ(QQ)
FUNCTION DGAMS1QQ(QQ)
Calculates �� ! �����þ�� width as function
of f(QQ,S3) and f(QQ,S1). The second parameter
of the calculation is hidden in common block
EXTERNAL. The definition in demo-fit/wid3pi_
demo.h also includes the wrappers for these
functions that handle the hidden parameter.

(iii) FUNCTION DGAMS1(XS1B)
FUNCTION DGAMS3(XS3B)
FUNCTION DGAMQQ(XQQB)

These functions calculate �� ! �����þ�� width
as function of S1, S3 or QQ using formulas (2) and
(3); limits of integration are in (10).

To run the example program, it is required that ROOT

is installed and its configuration is available through
root-config.
(i) Compile TAUOLA-FORTRAN library by executing

make in TAUOLA-FORTRAN/tauola.
(ii) Compile additional libraries by executing make in

TAUOLA-FORTRAN/demo-standalone.

(iii) Compile example by executing make in TAUOLA-

FORTRAN/demo-fit.

(iv) Execute./wid3pi_demo.exe in TAUOLA-FORTRAN/
demo-fit.

The program should return output:
Last integration variable QQ:total width of tau= . . .
Last integration variable S1:total width of tau= . . .
Last integration variable S3:total width of tau= . . .
Calculating h12 (DGAMS3) . . .
Calculating h13_23 (DGAMS1) . . .
Calculating h123 (DGAMQQ) . . .

where the total widths depend on the options and parame-
ters used for computation. Additionally, output file out.root
should be present with the histograms h12, h13_23 and
h123 containing the distributions S3, S1 (combined with
S2) and QQ correspondingly.
This is a basic example used mostly as a technical

test of numerical integration. It shows how the semiana-
lytic distributions can be accessed from the C++ program,
and how they can be used to produce the histograms for
comparison with the data. It also shows how fit parameters
can be modified. It can be used as a starting point for
further analysis or for writing new fitting algorithm.
The main fitting algorithm is located in subdirectory

TAUOLA/tauola/fitting. As the algorithm itself is not a focus

of this paper, its detailed description will be omitted. For
users interested in more details we refer to README inside
this directory for instructions on how to run the main pro-
gram and how to use the algorithms provided. We refer to
header files for documentation of the details of their use. We
would like to point out that, as reiterated in TAUOLA/fitting/
README, this code is not standalone and requires properly
formatted data files which are not part of the distribution.

TABLE VI. R�L and pole resonance masses and widths (in GeV) for the f0ð500Þ, �ð770Þ
and �ð1450Þ resonances corresponding to our best fit results in Table III including statistical
and systematic uncertainties. The R�L �ð770Þ width is given in terms of F� and M� (see

Ref. [1]).

Resonance R�L (GeV) mass R�L width (GeV) Pole mass (GeV) Pole width (GeV)

f0ð500Þ 0:48� 0:05 0:70� 0:21 0:57� 0:09 0:61� 0:16
�ð770Þ 0:772� 0:003 0:149� 0:007 0:760� 0:004 0:157þ0:007

�0:009

�ð1450Þ 1:35� 0:06 0:44� 0:06 1:24� 0:05 0:37� 0:05
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Finally let us point that the tar-ball of software distribu-
tion which includes code for the present work would also
include code for unfinished work on other � decay modes
such as KK���. That is why, at present, we plan to
distribute the tar-ball upon request only.

VI. SUMMARY

In the present paper we have documented modification
of the resonance chiral theory currents for �� !
�����þ�� decay of reference [1], necessary for
agreement with the experimental data. The choice of this
channel was motivated by its relatively large branching
ratio, availability of unfolded experimental distribution
and already nontrivial dynamics of three-pion final state.
In addition, this channel is important for Higgs spin-parity
studies through the associated di-� decays. Previously
missing contribution from the � resonance was added to
our currents and final-state Coulomb interactions were
taken into account. As a result, we improved agreement
with the data by a factor of about 8. Remaining differences
are well below uncertainties expected for the R�L currents
approach. This is the first case when agreement for a non-
trivial � decay channel was obtained between the BABAR
data [3] and the theoretical model. These comparisons
allow for future precision tau decays physics studies [42].

The agreement with data has improved, mainly, due to
the inclusion of the � meson, which is outside the R�L
approach. In Tables I and III, it can be seen that the value of
�� is at the boundary. This appears to be the result of a
numerical instability in the phenomenological description
of the � caused by the correlation between the R� in the
exponential decay, Eq. (6), and with width of the Breit-
Wigner, Eq. (4). This problem can only be resolved with a
better parametrization of the � which is currently not
available to us.22 Without the � contribution the R�L
demonstrates only slightly better agreement with data
than the CLEO model [2], Fig. 1. Therefore, we cannot
exclude that fits of similar good quality could be obtained
if further work was done on the CLEO model.23 However,
the R�L approach ensures that the results for all hadronic
currents reproduce the chiral limit of QCD at least
up to next-to-next-to-leading order.24 In contrast, the

phenomenological approximation, as it was done at
CLEO, does not do that [45,46]. We will come back to
this point in our future analysis of the KK� modes.
Even though this work is based on one-dimensional

unfolded experimental distributions, we think that it is an
important step forward. We have enriched our fitting
arrangements to profit from the availability of invariant
mass distributions. Use of unfolded distributions and our
technical arrangements substantially improved the speed
of our fitting. We have implemented solutions based on
parallel calculations.
The R�L currents are ready for comparison with data

for other � decay channels and for work when unfolded
multidimensional distributions are used. This may con-
strain the set of parameters obtained from fit to the
�� ! �������� channel, which features strong cor-
relations. There exist other solutions (local minima) for
the parameters which give somewhat worse agreement
with the experimental data. It is worth mentioning that
for the results of final fit the MINUIT HESSE method
evaluates some elements of the correlation matrix to
surpass 0.9.
An alternative approach, using linear approximation

of the dependence on fitted parameters (described in
Ref. [1]), is pursued independently [47]. It may become
useful in later phases of the project. It has an advantage
that it allows for experimental cuts to be introduced
into the fitted distributions. It is, however, much slower
and features instabilities if the choice of the fitted func-
tion is poor. It provides, however, independent test of our
numerical methods used in the paper. In the present
paper a simpler fitting method has been used as the
unfolded distributions from experimental data are now
available [3].
Discrepancies in the high mass region of the �þ��

invariant mass indicate the possibility of missing reso-
nances in our R�L approach. This is consistent with the
observation of additional resonances, more specifically
the f2ð1270Þ and f0ð1370Þ, by CLEO in [24,32]. Around
975 MeV, there is another discrepancy between the
model and the data that suggests the presence of the
f0ð980Þ resonance.25 Although we could add phenom-
enologically the contribution of these resonances to the
amplitude, we prefer not to do it at the moment to keep a
compromise between the number of parameters, the
stability of the fit and the amount of experimental data.
We also comment below on the need to include the
contribution of the a1ð1640Þ resonance. It should be

22Parametrization following more rigorous lines like in
Refs. [22,23] requires some work on theoretical side and
preferably multidimensional distributions for fits. We postpone
such improvement for the next step of the work.
23It may be interesting to redo the fits using old models.
Such test may provide more insight on the predictive power
of R�L approach.
24It is a consequence of the fact that the inclusion of resonances
is done using a Lagrangian, which is built requiring the known
chiral symmetry breaking of QCD, the discrete symmetries of
the strong interaction and unitary symmetry for the resonance
fields, without any ad hoc dynamical assumption [43]. Similar
discussion for the two-pion and K� decay modes can be found in
Refs. [27,44].

25When looking at the right-hand plot in Fig. 2, the significance
of the difference between the model and the data has been
computed to be around 4:3� in the region from 950 to
990 MeV. The f0ð980Þ resonance, as opposed to the �, is
included in the R�L framework [18] and its (small) contribution
to the �� ! �����þ�� decays can with some time be
evaluated.
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pointed out that the necessity of the � in our model may
be an artifact caused either by neglecting the dynamics
associated with these additional resonances26 or by the
crudeness of our � parametrization. The largest discrep-
ancies between data and the fitted distribution, which
are responsible for a significant part of the total �2, are
observed in the 3� invariant mass distributions. The
slope and shape of the disagreement in the 3� invariant
mass spectra, in particular around 1.5 GeV in Fig. 1,
indicates the possibility of interference between
a1ð1260Þ and its excited state a1ð1640Þ. The disagree-
ment in the low mass regions around 1.0 GeV and below
could be the result of a bias in the fit caused by leaving
out the additional resonance. Although we currently
restrict ourselves to the lowest axial-vector resonance,
a1ð1260Þ, in future analysis of multidimensional distri-
butions we are going to include the a1ð1640Þ in the same
way as it was done for the �0ð1450Þ to test our hypothe-
sis.27 We prefer not to do this at the moment because the
improvement of the fit on the peak and tail regions in the
three-meson invariant mass distribution will come again
together with an increase of the fit instability and a
growth of the correlations between the (larger number
of) fit parameters. Lacking the complete multidimen-
sional distributions it is advisable to proceed this way
at present. CLEO has also suggested a hint of a possible
contribution of the pseudoscalar resonance �0ð1300Þ,
which they have excluded at the ð1:0–1:9Þ � 10�4 level
with a 90% C.L. [24,32]. This is below the current
sensitivity of our fit. Finally, we note that previous
dedicated studies within the R�L framework [28,45]
did not obtain an improved description of the data
when including the chiral logarithms [48]. This question
could also be readdressed when more exclusive data will
become available.

This paper represents a significant improvement in the
agreement between our model and the data. The resulting

fit parameters are substantially improved and are reason-
able from the point of view of internal consistency of R�L.
The obtained value for the a1 mass can be used for the
future theoretical study.
Predictions for the �0�0�� are obtained from the

ones for �����þ directly with the help of isospin
symmetry without any modifications except the part of
� contribution which was adapted and constraints from
CLEO were used. Then, our current results with the
partial branching ratio, which is 1.1% higher than the
PDG result, is reasonable for our somewhat simplistic
assumption.
On the technical side, we have prepared fitting

environment which can be after minor adaptation used
for multidimensional experimental distributions or other
� decay modes.
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